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ABSTRACT. Woodin introduced an extension of the axiom of determinacy, AD, called ADT which includes
an assertion that all sets of reals have an oco-Borel-code. An oco-Borel code is a pair (¢, S) where ¢ is a
formula and S is a set of ordinals which provides a highly absolute definition for a set of reals. This paper
will use ADT and oco-Borel codes to establish a property of ordinal definability analogous to a property for
Z% shown by Harrington-Shore-Slaman in [9]. Under ADT, the paper will also use co-Borel codes to explore
the cardinality of sets below & (w1) which Woodin began investigating in [20] under ADg and DC. The
following summarizes the main results.

Assume ZF + ADT +V = L(Z(R)). If H C R has the property that there is a nonempty OD set of reals
K so that H is OD; for any z € K, then H is OD.

Assume ZF + ADT + —ADg + V = L(Z(R)). Then there is a cardinal strictly between |[w1]<“1| and
[fwi]“1] = |2 (w1)l-

Assume ZF + ADT. S = {f € [w1]<%! : sup(f) = wle} does not inject into “ON, the class of
w-sequences of ordinals. This implies [R| < |S1| and |[w1]*] < |[w1]<«1].

Assuming ZF + ADT. Let X be a surjective image of R and let 2., (X) = {A C X : |A| < w1}. If
w1 < |Pu, (X)], then w1 < |X|. If |2 (w1)] = |[w1]¥] < | P, (X)], then R Uwi| < |X]|.

ZF + ADg implies that the uncountable cardinals below |R X wi| are wi, |R|, |[R Uwi], and |R X wq].
An elaborate structure of cardinals below |R x w1| will be described under the assumption of ZF + ADT +
—ADg +V = L(Z(R)).

1. INTRODUCTION

An oo-Borel code is simply a pair (S, ¢) where S is a set of ordinals and ¢ is a formula of set theory. The
set of reals defined by (5, ¢) is %%S#)) ={x e R: L[S, z] E ¢(S,x)}. If Ais a set of reals, then one says
that (S, @) is an co-Borel code for A if and only if %%S#F) = A. An oco-Borel code for A is a highly absolute
definition for A in the sense that to determine membership of z € A, one simply needs to go into L[S, z],
which is the minimal model of ZFC containing the code S and z, and ask whether L[S, z] = ¢(S,z). Note
that for any inner model M = ZF with S € M, (%%SW))M = ‘B%S,g;) NM.

The axiom of determinacy, AD, states that certain two player games have a winning strategy for one of
the two players. Mathematics under AD is often regarded as being more effective, uniform, or definable.
Woodin [21] isolated an extension of AD called AD™ which includes DCg, a technical statement called ordinal
determinacy, and the statement that all sets of reals have an co-Borel code. The existence of co-Borel codes
strengthens the claim that AD™ captures definable combinatorics.

It is not known if AD can prove any of the three statements in AD". Kechris [I2] and Woodin showed
that if L(R) |= AD, then L(R) = AD". Moreover, Woodin showed that in natural models of AD™, i.e. those
models which satisfy ZF + AD + V = L(Z(R)), more is known about the structure of co-Borel codes. In
particular, in models of the form L(J,R) = AD + DCgr where J is a set of ordinals, Woodin’s result that
L(J,R) is a symmetric collapse extension of HODﬁ(J’R) outlines a procedure to obtain co-Borel codes from
definitions witnessing ordinal definability.

Under AD™, the Vopénka forcing of nonempty OD subsets of R ordered by C becomes a very powerful
tool. In the presence of strongly absolute definitions provided by the oco-Borel codes, the method of the

Vopénka forcing in local models of the form HODg[S’X]7 where S is a fixed set of ordinals and X varies over
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the Turing degrees, combined with the ultraproduct [y p HODQ[S’X] /e where g is the Martin measure on
Turing degrees is especially useful for combinatorics under AD™.

For instance, similar techniques were used by Woodin to prove the perfect set dichotomy (see [2]) which
generalized Silver’s IT] equivalence relation dichotomy ([I8]) and by Hjorth [10] to prove the more general
Ey-dichotomy which generalizes the Eyp-dichotomy of Harrington-Kechris-Louveau [§]. It is also used in
Woodin’s result that countable section uniformization for relations on R x R holds under AD™ (see [I5] or
[2]). Such techniques are also used in [3] to answer a question of Foreman that there are no Suslin lines
in L(R) = AD. In [4], the oco-Borel codes, Vopénka forcing, and the ultraproduct is used to show that if
(Eq o < wy) is a sequence of equivalence relations on R with all classes countable such that |R/E,| = |R|,
then the disjoint union | |, R/E, is in bijection with R x w;.

This article provides some new applications of co-Borel codes and the Vopénka forcing to questions about
ordinal definability and definable cardinals assuming AD™ or specifically in natural models of AD™.

Harrington, Shore, and Slaman [9] showed that if H C R has the property that there is a nonempty 31
K C R so that H is $1(2) for any z € K, then H is X}. In other words, if H is ¥} in any parameter z from
a nonempty 31 set K, then H is actually X1 with no parameters.

One can ask if a similar phenomenon holds for other notions of lightface definability. Ordinal definability
is a strong notion of definability which is closed under nearly any operation which does not introduce non-
ordinal parameters. One can ask if H C R is OD, in any parameter z from a nonempty OD set of reals K,
then is H ordinal definable with no parameters.

The answer is generally not positive under ZF since Fact shows that in the Sacks generic extension
of the constructible universe L, the Sacks generic real is OD, from any nonconstructible z but the Sacks
generic real is not OD. However, in natural models of AD™ the answer is positive:

Theorem Assume ZF + ADT +V = L(Z2(R)). Let J be a set of ordinals. Let H C R. Let K C R be
nonempty and OD ;. If H is OD; . for all z € K, then H is OD.

Using the arguments of Woodin in the proof that L(J,R) &= ZF 4+ AD + DCg is a symmetric collapse
extension of HODg(‘]’R), one can show that in L(J,R), there is a set of ordinals X which “absorbs” functions of
various types. As an example, this means that for any function @ : [w1]“t — [w1]<¥* (or @ : Rxw; — RXwi),
there is a real e so that for all z with e <x z, and f € [w1]“*"NL[X 2], ®(f) € L[X, z] and PNL[X, z] € L[X, z].
This function absorption idea is especially useful for studying definable cardinality under AD" and for
producing intermediate cardinalities in natural models of AD™.

[5] shows that [[w1]<“!| < |[w1]“| = |Z?(w1)| by establishing an almost everywhere continuity phenomenon
for functions of the form @ : [wq]“* — w;. Section [4] gives a more set theoretic argument as well as other
conditions on cardinals s which implies that |[]<%| < |[x]*|. This section also shows that in models of the
form L(J,R), where J is a set of ordinals, there is a cardinal intermediate between |[w1]<“*| and |[wq]“*]:

Theorem Assume ZF +AD™. Let J C ON be a set of ordinals so that V = L(J,R). Let X = (J,,0;)
(see Section |2 for more details). Define N{ by

NY = | (@FIB )RR = ((ra) s < (WEOR)H R
reR

One has the following cardinal relations: —(|N{| < [w1]<%1), R x wi| < |[N{| < |R x wal, |N{| < [[w1]**],
“(llwr]*] < INY]), and [[wa] <] < [fwn] <0 UNY| < [fwr] 2]

Intuitively, [wi]* and [w1]<“* appear to be distinct subsets of Z?(w1) in terms of cardinality. It is implicit
in [20] that under ZF+ADg +DC, |[w1]¥| < |[w1]<“*|. It appears that these cardinal distinctions are obtained
through an analysis of the set S; = {f € [w1]<“* : sup(f) = wle}, defined by Woodin. Sectionwill study
S) using oo-Borel codes and the function absorption idea under AD™.

In just AD, one can show that |R| < |S1| and —(w; < |S1]). However, all other interesting properties of
S1 appear to be only known under the existence of co-Borel codes. The main property of Sy is that it does
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not inject into the class of w-sequences of ordinals.

Theorem Assume ZF + AD 4+ DCgr and all sets of reals have co-Borel codes. Then there is no injection
of S1 into “ON, the class of w-sequences of ordinals.

This result can then be used to give the following cardinality computation under AD*:

Theorem Assume ZF + AD + DCgr and all sets of reals have co-Borel codes. Then |R| < |Si| and
[[wr]] < [fwr] =]

The proof of Theorem involves finding a filter which is generic over a model of ZFC for a forcing in
this model which is countable in the real world satisfying AD. If one would like to imitate this argument to
establish similar results on w9, then the naturally associated forcing in a model of ZFC would be uncountable
in even the real world and hence one may not have generics for this forcing. Thus the ADT methods in
Theorem are not suitable for generalization to ws.

S1 by its definition involves notions of constructibility which makes oco-Borel definition quite useful for
studying properties of its cardinality. However [wq]* and [w;]<“! are purely combinatorial objects whose
cardinal distinctions should be obtainable under AD alone. By establishing an almost everywhere continuity
result for functions of the form @ : [w1]¢ — wy, where € < wy, [7] shows in just AD that |[w1]“| < |[w1]<“1].
This argument provides the suitable template for studying combinatorics on wy. By establishing an almost
everywhere continuity result for functions of the form @ : [ws]® — wa, where € < wy, [7] shows in AD that
[[wa]“] < |wa] <] < |[wa]*“t| < |[w2]<¥2|. More recently, [6] established these almost everywhere continuity
properties purely from combinatorial principles. Thus [6] showed that if x is a weak partition cardinal
(satisfies K — (k)5"), then for all x < k, [k]<" does not inject into XON, the class of y-length sequences of
ordinals, and hence |[x]X| < |[]<*|. Hence these cardinality results apply to all the familiar weak and strong
partition cardinals of determinacy such as 5}) = w41 and 5%.

Using the properties of S, one can answer an interesting question of Zapletal: If X is a set, let 2, (X) =
{AC X :|A| <wi} and let Pwo(X) be the collection of A C X which are wellorderable. Zapletal asked
that if &, (X) has certain cardinality properties, then what can be said about the cardinality properties
of X. A concrete question would be if wy injects into 2., (X), then does w; already inject into X? The
following gives a positive answer:

Theorem Assuming ZF + AD™, for all cardinals k < © and all sets X which are surjective images of
R, k < |Pwo(X)| implies k < | X|. In particular, K < | P, (X)| implies k < | X]|.

Corollary Assume ZF + DCg + AD and all sets of reals have co-Borel codes. Let X be a set which is
a surjective image of R. Then wy < |Pwo(X)| implies wy < |X|. In particular, wi < |P,, (X)| implies
w1 S ‘X|

One can ask what other sets Y has the property that if Y injects into 2, (X), then X already has a copy
of Y. Note that £, (w1) = [w1]<“*. Thus for any uncountable Y C [w;]<“* such that |Y| # wi, Y injects
into &, (w1), but Y does not inject into wy. This reflection property fails for any Y C [w]<%* such that
|Y'| # wi. Naturally, one can ask if [wi]*" injects into &, (X), then what can be said about the cardinality
of X. The following results shows that X must contain a copy of w; and R:

Theorem Assume ZF + AD + DCgr and all sets of reals have an co-Borel code. Let X be a set which
is a surjective image of R. If |[[w1]“t| < | P, (X)], then [RUwq| < |X].

A natural conjecture would be that if [w;]*“! injects into £, (X), then [w;]*“! already injects into X.
However, an easier question may be if [w;]*“? injects into &, (X), then does R x w; inject into X7

Woodin [20] showed using elaborate AD™ techniques that under ZF 4+ADg 4+ DC, the uncountable cardinals
below [w1]¥ are wq, |R|, [RUw;]|, |R X wq|, and [w;]¥. Using a simple uniformization argument, Corollary



shows that under ZF + ADg, the uncountable cardinals below |R X w;| are wy, |R|, |[R U w;|, and |R X wy].
Woodin showed that if ADg fails, then there may be other cardinalities below |R x wy].

The final section studies the uncountable cardinalities below |R x wq| in natural models of AD" + —=ADg
such as L(J,R) where J is a set of ordinals which “absorbs” all functions from R X w; into R X wy. Let
¥ denote all the cardinals X below |R x wq| such that —(w; < X). Fact shows that every cardinal
Z < |R X wyq]| is either in U or is the disjoint union of w; with some cardinality in 2. Thus a complete
understanding of ¥ would elucidate the structure of the cardinals below |R x wy|.

Let Dy and p; denote the J-constructible degrees and the Martin measures on J-degrees, respectively.
For any F : R — w; which is J-invariant, let Wi = | | wé[(“;’)r]. For any F € [[p, wi/ps, there exists
an everywhere increasing J-invariant F' : R — w; which represents F. Let Y}-J = |W{| for any everywhere
increasing J-invariant F : R — w; which represents F. (It can be shown that Y7 is independent of the
choice of F'.)

Woodin showed that []ycp wr ) /15 = w) for any set of ordinals J and I« WX — @i Jis an

J €Dy ™2
“ultimate co-Borel code” in V = L(J,R). For a < wy, let F* : R — w; be the constant function taking value
a. It can be shown that F represents the ordinal o in [T, wi/py. Thus Y,/ = [W{.| for each o < wy.

Let 9 = {Y{ : F € [Ip, wi/ps}- Y € V. It can be shown that Yy’ =Yy = [R[. If 7y < F; in the
ultrapower ordering, then ijl < YfIQ. Also for any Y € 9, there is some F € HDJ w1/py so that Y < YZ.
By analyzing the behavior of F € HDJ w1/py which are succesor ordinals and limit ordinals of cofinality w,
one can show that (Y : a < wy) is the w;-length initial segment of V. The following summarizes the results
of Section

Theorem: Assume ZF + AD + DCg and V = L(J,R) where J is a set of ordinals which absorbs function
from R X wy to R x wy.

(YZ: F €Ilp, wi/ps\{0}) is an order preserving injection of the ultraproduct ordering into ) with the
injection ordering.

9) is cofinal in U: For all X € U, there is an F € [[5 wi/ps \ {0} so that X < Y.

For any X € ¥ and F € [[5 wi/py \ {0}, either &' < Y or Y <AX.

{YJ : @ < w} is the w;-length initial segment of Y: for any cardinality X below |R x wq| so that
—(w; < X), either there exists an o < w; so that X =Y,/ or for all a < wy, Y/ < X.

A very appealing conjecture given these results is that U = ). Let F“' : R — w; be defined by
Fr(z) = wlL[J’I}. It can be shown that F“' represents wi in [[p wi/ps. Is Y] = [Wi.,| the w ™
cardinality in U in the sense that for all X € U such that X <Y/, there is an o < wy so that X = Y;/?
The difficulty is that the behavior of cardinalities below Y}‘-’ when F has uncountable cofinality is not well
understood.

2. BAsics

This section summarizes some properties about co-Borel codes, Vopénka forcing, and the Martin measure
that will be needed throughout the paper. The reader can refer to [2] for a detailed exposition of these ideas
at least in the L(R) = AD setting.

Definition 2.1. Let S C ON be a set of ordinals and ¢ be a formula of set theory. The pair (S, ) is called
an oo-Borel code. For any n € w, define Biy , = {z € R" : L[S, 2] = ¢(5,2)}.

If A CR", then (S5, ¢) is an co-Borel code for A if and only if EB?S#) = A.

A set A C R" is said to be co-Borel if and only if it has an oco-Borel code.

Note that an co-Borel set of reals has a very absolute definition in the following sense: If A C R is oo-Borel
with oco-Borel code (S, @), then € A is determined completely by whether ¢(S,z) holds in the minimal
model of ZFC, L[S, z], containing the code (S, ¢) and the real .

Definition 2.2. Let n > 0 and S C ON be a set of ordinals. Let ,,Qg denote the forcing of nonempty ODg
subsets of R™ ordered by C with largest element 1 o, = R™. One will write Og for 1Og.
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Since there is an S-definable bijection of ODg with ON, one can transfer ,Qg onto the ordinals. In this
way, ,Og is a forcing in HODg.

Definition 2.3. Let S be a set of ordinals. For each k € w, let by = {z € R: z(k) = 1}. Note that b, € Os.
Let &gen = {(k,bx) : k € w}. Note that &g, is an Og-name which adds a real.

One can formulate the analogous ,,Og-name iy, for adding an element of R™ for all n > 1.

Fact 2.4. Let S be a set of ordinals. For each x € R", GI' = {p € ,Og : x € p} is a HODg-generic filter so
that £, [G7] = x and HODg[G?] = HODg|z].

gen

Fact 2.5. ([I0] Theorem 2.4, [2] Fact 8.1) Let M be o transitive inner model of ZF. Let S € M be a set
of ordinals. Suppose K € HODgw/[ is a set of ordinals and ¢ is a formula. Let N be a transitive inner
model with HODY C N. Letp = {x € R : L[K,z] = @(K,x)}, so p is a condition of QM. Then
NiEp H_@gf L[Kvx.gen] = ‘P(f(vigen)-

Definition 2.6. (Woodin, [21] Section 9.1) AD™ consists of the following:
(1) DCg.

(2) Every A C R is co-Borel.

(3) For all A < ©, A C R, and continuous 7 : “A — R, 7~ ![A] is determined.

Models satisfying ZF + AD* + V = L(Z(R)) are called natural models of AD". Woodin showed that these
either are models of ADg or take the form V = L(J,R) for a set of ordinals .J:

Fact 2.7. (Woodin, [1] Corollary 3.2) Assume ZF +ADT + —ADg + V = L(Z(R)). Then there is a set of
ordinals J so that V = L(J,R).

Many results about L(R) proved by Vopénka forcing can be relativized to an analogous statement about
models of the form L(J,R).

Fact 2.8. (Woodin, [1] Theorem 3.4) Assume ZF + ADT +V = L(Z(R)). Let J be a set of ordinals and
ACR. If Ais ODy, then A has an OD; oco-Borel code.

Fact 2.9. (Woodin, [1] Theorem 2.8) Assume ZF + AD" +V = L(Z(R)). Let J be a set of ordinals. There
is some set of ordinals X so that HOD ; = L[X].

Proof. See [2] Corollary 7.21 for a proof of this under AD +V = L(R). O

Woodin’s works showing that L(J,R) = AD + DCg is a symmetric collapse extension of HOD?MR)

gives additional information about co-Borel codes in such models. In particular, it shows the existence of
an ultimate oo-Borel code mentioned above which will be particularly useful in this article for “absorbing
fragments of functions” in relevant models of ZFC.

Assume V = L(J,R) = AD+DCg. For each m < n < w, let m, m, : R” — R™ be the projection of R™ onto
R™. One can induce map 7, m : Oy = Oy by Tpm (D) = T m[p], where the latter 7, ,, : R" — R™ is the
projection map. These maps 7, m, : Oy = O are forcing projections. Let ,0; denote the finite support
direct limit induced by (,Os,Tpm : 1 < m < n < w). Let myp : wO; — ,O; be the natural associated
projection map.

Each s € R™ induces canonically an ,, O j-generic filter over HODg(J’R) denoted by G%. Using 7, ,, let
w0 /G? refer to the associated remainder forcing. Moreover, every G C ,0; which is ,0 j-generic over
HOD; adds a generic element of R™. For each n, let 7, be the , 0 -name for the real in the last coordinate
of the generic n-tuple of reals added by the ,, O j-generic filter induced from an ., O j-generic filter. Let Rsym

be the ,0;-name for the set {7, : n € w}. Let &}, be a name denoting (7; : i < n).

Fact 2.10. (Woodin) Suppose L(J,R) = AD+DCg. Let s € R", z € L[J, 0y, s], and ¢ is a formula. Then
L(J,R) E w(J, s, 2) if and only if
L[J, w(O)J’ 8] ': 1w@.7/G? ”_u®J/G? L(j, Rsym) ): (p(j, i‘genv Z’)
Fact can be used to show that in L(J,R) = AD + DCg, for any A C R, there is an » € R and a
formula ¢ so that (J @ ,0;®r, ¢) forms an OD; ; co-Borel code for A, where J @ ,,0,; @ is a set of ordinals

that codes these three objects in some fixed way. It also gives following result.
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Fact 2.11. (Woodin) Assume ZF + AD + DCg and there is a set J C ON so that V = L(J,R). For each
z € R, HOD}® = L[J,,0,,4].

A more detailed exposition of these above results can be found in [2] in the L(R) case. It should be noted
that here these results are stated for the Vopénka forcing Q. These results are initially proved using A which
is the forcing of nonempty sets of reals with OD oco-Borel codes. It is then shown that @ and A are the same.

Definition 2.12. Let x <tuing ¥ indicate that = is Turing reducible to y. Let  =Turing ¥ indicate  <turing ¥
and ¥ <turing Y. Let D = R/ =tyring denote the collection of Turing degrees. For X, Y € D, let X <Y
indicate that there is some x € X and y € Y so that * <qyring y. If X € D, then the Turing cone above X
is the set {Y € D: X <Y}. The Martin’s measure p on D is the collection of subsets of D which contain a
Turing cone.

If J C ON is a set of ordinals. On R, define z <; y if and only if z € L[J,y]. Let  =; y if and only if
x<yyandy <;z. Let Dy =R/ = denote the collection of J-constructibility degrees. If X,Y € D, then
let X <Y indicates that there exist x € X and y € Y so that x <; y. If X € Dy, then the J-cone above X
is the set {Y € Dy : X <Y}. Let uy be collection of subsets of D; which contain a J-cone.

Fact 2.13. (Martin) Assume ZF + AD. p is a countably complete ultrafilter. For any J C ON, py is a
countably complete ultrafilter.

Fact 2.14. (Woodin, [1] Section 2.2) Assume ZF + AD*. []y.p ON/p, the ultrapower of the ordinals
by Martin’s Turing cone measure, is a wellordering. HXEDJ ON/py, the ultrapower of the ordinals by the
J-constructibility cone measure, is a wellordering.

Corollary 2.15. Assume ZF +AD™. Let S C ON be a set of ordinals. [Ixen HODg[S’X]/u s wellfounded.

Proof. Suppose F € [[ycp HODé[S’X]/N. Let f be a function on D such that [f], = F. Define ¢(f)
by §(f)(X) = k"% (£(X)). Let @ : [Ty cp HODEM /ju = [Txep ON/u be defined by 9((f],) =
[6(f)],. © is a well defined function. Moreover, it has the property that if F' € G, then ®(F) < ®(G). Fact
implies that [] y.p HODES Y /1 is wellfounded. O

3. OD v OD 1s OD
One will write R for 2, which is the collection of functions f :w — 2.

Theorem 3.1. Assume ZF + AD" 4V = L(Z(R)). Let J be a set of ordinals. Let H CR. Let K C R be
nonempty and OD . If H is OD;, for all z € K, then H is OD.

Proof. For simplicity, assume J = (). By Fact let X € HODY be such that HODY = L[X]. Using the
constructibility ordering of L[X], let ((Sa,¢a) : @ € ON) enumerate all the co-Borel codes in L[X] = HODY
(This is merely the canonical constructibility enumeration of all pairs (S, ¢) in HODY = L[X] where S is a
set of ordinals and ¢ is a formula.) The main observation is that for any X € D, HODY = L[X] C HOD§ % X]

and therefore the sequence ((Sy, ) : @ € ON) is definable in HODSLg[X’)q uniformly (by the same formula
X, X]

using X as a parameter for all X € D). In particular, every ODY oo-Borel code belongs to HODSLg[

Claim 1: For any R C R, R is OD;/ for some z € R if and only if there is some ODY co-Borel code
(S, ) so that

R= (%%S#,))Z ={zeR:(z,x)€ ‘B%S’@)} ={zeR: L[S zz] =Sz}

Proof. (=) Suppose R is ODY. There is some formula ¢ so that = € R < V |= ¢(z,z, @) where & is a tuple
of ordinals. Let R’ = {(a,b) € R? : ¢(a,b,@)}. R’ is an OD" subset of R?. By Fact there is some
(S,¢) € HODY so that %%S,w) = R'. Then R = (%%S’W))Z. (<) is clear. O

Since K C R is ODY, K has an oo-Borel code (U, ) € HODY by Fact Since K # 0, let z* € K. Let
Z* = [z¥] Throughout this entire argument, one will only work on the Turing cone above Z*.
6
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For all X € D, since (U,4)) € HODY = L[X] C LIX, X], (U,+) € HODL®Y . For any X > Z*, let

X = {z e REEX]: L[U, 2] |= (U, z)}. Note that ¢¥ is ODQX’X]. Since z* € RUXX] 2% ¢ K| and (U, )

is the oo-Borel code for K, one has V |= LU, z*] = ¢(U,z*). Thus LIX, X] = LU, z*] &= ¥(U,z*). Thus
z* € ¢X and ¢X # (). It has been shown that ¢% € @é[x’x]

(Case I) There is a cone of X € D so that there are no atoms in
©L[XX] —{pe ©L[XX p< -y Xy,
Let Z** € D with Z** > Z* be a base of a cone for which the Case I assumption holds. Now suppose
X € D with X > Z**,

LIX,X] \

Claim 2: There is a sequence J = (J, : n € w) of dense open subsets of Oy ¢~ and a sequence of

ordinals (€, : n € w) so that for all h € R which are @X[X X1 I ¢X-generic with respect to J, the following
holds:

(1) he K.

(2) his @BLg[X’X] | ¢X-generic over HODQX’X] [y] for all y € REEAXT,

(3) There is some m € w so that H = (B -

em Pem

Proof. Since L[X, X] = ZFC and V |= AD, w is inaccessible in HODng[X’X]. This can be used to show that
@i[x,x] I ¢ is a countable atomless forcing. In V, fix a forcing isomorphism @ : (D)QX’X] I ¢X — C, where
C is the Cohen forcing. (Specifically C = (<¥2,<c¢) is the forcing of finite binary strings ordered by <¢
which is reverse string inclusion. Note there is generally no way to uniformly choose ® depending on the
degree X.) Let &€ be the collection of all dense open subsets of @L[X Xl I ¢ which belongs to HODQX’)q [y]
for some y € REFX], Since V = AD, L[X, X] k= ZFC, and HOD! £l [y] = ZFC for all y € REXX] one has
that £ is countable in V. Let F = {®[D] : D € £}. Then F is a countable collection of dense open subsets
of Cohen forcing C.

For each g € R, let G((g: C C be the derived C-filter defined by GE ={g | n:n € w}. One say that g

is C-generic with respect to F if and only if GS intersects each dense open set in F. Similarly if J is a
collection of dense open subsets of (O)L[X X] A X]
respect to J if and only if there is an @X[X’X] I g% -generic filter G C @ng[
dense open set in J and dgen[G] = .

Since F is countable in V', let C' C R be the comeager set of reals which are C-generic with respect to F.
Let B be the collection of reals which are OXF*1 | ¢X_generic over HODE®X[y] for all y € REFX]. By
the definition of @, £, and F, the forcing isomorphism & induces a leeCtIOIl d:B—C.

For each g € C, let Gg-.(,) = oG] Gg-1(4
all y € REZX]] Note that o'cgen[G&),l(g)] = & 1(g). Since ¢¥ € Gg-1(q) and ¢ is a condition of the form
mentioned in Fact

, one says that a real x € R is @Qx’ I ¢X-generic with

XXl I ¢ so that G meets each

L[XX][ ]

) 1s an @L[X’X] I ¢X-generic filter over HOD for

HOD; " M[Gy-1(] F LU, &7 (9)] = (U, 37 (9)).
Thus
VI LU, &7 (g)] = $(U, 7 (g)-
Since (U, 1)) is the oco-Borel code for K, ®1(g) € K. It has been shown that whenever g € C, ®~1(g) € K.

By assumption, H is OD, for all € K. In particular, for each g € C, H is ODé,l(g). By Claim 1, there
is some € € ON so that H = (%%Sé’%))&),l(g). Define ¥ : C'— ON by ¥(g) is the least such e.

Under AD, a wellordered union of meager sets is meager, therefore, there must be some ¢ € ON so that
U—1[{e}] is nonmeager. Let 6y € ON be the least ordinal so that U—![{dp}] is nonmeager. Suppose ¢ € ON
has been defined. If Uazég U~1[{a}] is meager, then declare the construction to have finished. Otherwise,
again using the fact that wellordered unions of meager sets are meager under AD, there is a least ordinal
S¢t1 greater than ¢ so that ®[{d¢41}] is nonmeager. If ¢ is a limit ordinal and ¢ has been defined for
all ¢ < &, then let 6 = sup{d¢ : ¢ < £}. Since all sets of reals have the Baire property under AD and the
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topology on R has the countable chain condition, there must be a countable A € ON so that the construction
is finished at stage A.

As X is countable, one can enumerate (J¢ : £ < A) by (e, : n € w). Let D = (J,c, ¥ " [{€n}] which is
comeager by definition of A being the ordinal by which the construction finished.

Since D is comeager, there is a sequence (I,, : n € w) of topologically dense open subsets of R so that
NypewIn € D. Let J,, = {®" (o) : 0 € CAN, C I}, where N, = {f € R: 0 C f} is the basic open
subset of R determined by o and recall that C = <“2. Define J = (J,, : n € w) which is a sequence of

dense open subsets of @é:[x,x] I ¢. Note that if z is @QX’X] I ¢X-generic with respect to J = (J,, : n € w),

then ®(z) € D. Since D C C and by the observation above, G, = Gé—l(é(w)) is @QX’X] I ¢X-generic over

HODBLg[X’X] [y] for all y € RFFXT and 2 = dgen[G,]. This completes the proof of Claim 2. O
One will construct a sequence of conditions in @QX’X] I g% for as long as possible:

Let p_1 = ¢*~.

Suppose one has succeeded to construct py.

(Subcase i) There is some y € RLEX] and some u < QLI X] 1gx Pk SO that
X

LIX,X . y . .
Y ¢ HA HODX[ ][y] ': u “_®}I£[X7X] L[Sek+17xgen7 y] ): Pept1 (SekJrlaxgena y)

or
L[X,X . . y v . .
ye HAN HODX[ ][y] ': u ”_©§[X’X] L[Sek+17~xgem y} ): TPepi1 (Sek+1axgena y)

. LIX,X] . . . L[X,X]

In this case, let pr+1 € Oy be the least u € Jy41 according to the canonical wellordering of HODy .

(Subcase ii) Subcase i fails. Declare that the construction has failed at stage k + 1.

Claim 3: The construction must fail at some stage.

Proof. Suppose the construction never failed. Then one would have successfully produced a sequence (py, :
k € w) in @FLQ[X’X] I ¢ with the properties specified above. Let G be the (O)BLg[X’X] I ¢X-generic filter

produced by §QL[X,X] rqx-upward closing {p, : k € w}. By construction, py € J. Hence G is (D)QX’X] I gX-
X
generic filter with respect to J. Let h = &g4en[G] be the associated @QX’X] I ¢X-generic real. By Claim 2,

he K, his @g}[X’X] I ¢X-generic over HODQX’X] [y] for all y € REEXT and there is some m € w so that
H = (%%Se o )) n. However, the construction did not fail at stage m. Without loss of generality (the other

case being similar), p,, was found with the property that there is some y € RLEX] g0 that

y¢ HA HOD;'E[X’X] Y] = pm ||_@§[wa] L[Sema Tgen s 9] Pem (Sem,aigena )

Thus
HOD; ™ M[yl[h] & LIS.,,. hy] | e, (Se,, hy):
Thus
VL[S, byl E @e,,. (Ser, By y).
Since H = (%%SenL7Ws7,L))h7 this implies that y € H. However, it was also assumed that y ¢ H. Contradiction.
This completes the proof of Claim 3. ]

Claim 4: For all X > Z**, there is some p € @;lg[x’x] and some ordinal € so that for all y € RLIXX] ye H

if and only it HODE™ ™ y] = p I rpex) L[Se, dgen, 7] [ ©(Ses dgens §)-
X

Proof. By Claim 3, the construction described above must fail at some stage k. This means that the forcing
relation written above in HOD§[X’X] [y] for pr—1 and the co-Borel code (S, , ¢, ) can be used to determine
membership of y € H for any y € REFX] This completes the proof of Claim 4.

As mentioned in the proof of Claim 2, one non-uniformly selected a forcing isomorphism ®. The choice
of @ is irrelevant, however, since one will only need the existence of any condition p with the above property

in Claim 4. O



For X > Z**, using the canonical wellordering of HODng[X’X]
canonical enumeration of @SLg[X’X] gX.

,let (pX @ < §%), where 6% € ON, be the

In summary, it has been established that for any y € R, if one drops into a local model HODQ[XX] [y]
where X is a sufficiently strong Turing degree (i.e. X > Z** & [y]Turing), then one can determine membership
of y in H by merely two pieces of information: a condition p € @QX’X] and an ordinal e. Note that p is
coded by an ordinal since one can identify p with the least ordinal a < 6% so that p = pX. Next one will
show that roughly all this local information can be captured by just two ordinals by taking an ultrapower
by .

Using Claim 4, let X+ : D — ON be defined by .- (X) is the least o so that pX satisfies Claim 4 for
some € whenever X > Z**. For other X € D, let ¥,+(X) = 0. Define ¥+ : D — ON by .- (X) is the least
e satisfying Claim 4 with respect to py, . (x) whenever X > Z**. For other X € D, let ¥-(X) = 0.

[Yar], and [Ee], are ordinals since []yop ON/pu is a wellordering by Fact Let o* = [E4+], and
€= [ZE*]w

)

Claim 5: H is OD.

Proof. Note that for y € R, y € H if and only if for any ¥¢,3; : D — ON so that [£o], = o* and [£4], = €*,
for a cone of X € D,

L[X, X 5 . y 5 . .
HODX[ ][y} )ngo(x) |F@§[x,x] L[Ss, (x)s Tgens Y] F ©51(x) (S5, (x)s Tgen, §)-
The latter is ordinal definable (using the two ordinals o and €*). The expression successfully defines H by
the definition of a* = [X4-+], and €" = [E+], as well as Claim 4. O
The theorem is complete in the setting of Case I.

(Case II) There is a cone of X € D so that there is an atom in @Qx"x] I g,
Let Z** > Z* be the base of a cone satisfying the Case II assumption.
Fix an X > Z™*. Let p <jrix.x) X ¢~ be an atom.
X
Claim 6: There is some 7 € K N HODSLQ[X’X].

H= (%?Se,sae))’“'

Note that r € K implies there is an ordinal € so that

Proof. Since p € @;Lg[x’x], one has that p # 0. Let r € p. Let GL = {p € @QX’X] :r € p}. By Fact G}

is an @é[x’x]—generic filter over HODSLQ[X’X] and dgen[GL] = 7. Also p € GL. Therefore thinking of reals as

subsets of w, for each n € w, n € r if and only if p ”_@L[X,X] 7 € Tgen since p was assumed to be an atom
X

and hence has no nontrivial extensions. The latter is ODFLg[X’X]. This shows that r € HODSLg[X’X]

T € p was arbitrary, this argument actually shows that p = {r}.) Since p < v x) ¢ andp e G
X

. (Since

I one has

T

that r € ¢X. By definition of ¢, one has that L[U,7] = W(U,r). Since (U, 1) is the co-Borel code for K,
V = r € K. It has been shown that r € K N HODQX’X]. O

X, X]

Let (rX : a < &%), where ¥ € ON, be the enumeration of RHODY according to the canonical
LIX,X]

wellordering of HODy . Define £, : D — ON by X,«(X) is the least ordinal o so that rX satisfies
Claim 6 whenever X > Z**. Otherwise, let ¥y«(X) = 0. Let X« : D — ON be defined by ¥.-(X) is the

least € € ON so that H = (‘B%SE’%))T% - whenever X > Z**. Otherwise, let X~ (X) = 0.

Again since []y.p, ON/pu is a wellordering by Fact [Xa-], and [Ee-], are ordinals. Let o = [Eq+],
and € = [Xe+],.

Claim 7: H is OD.

Proof. Note that for all y € R, y € H if and only for all ¥y, % : D — ON so that [¥¢], = o and [¥4],, = €*,
for a cone of X € D,

L[Szl<x>,r§0(x>,y] )= Sﬁzl(x)(szl(x),rgo(x)’y)-
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This equivalence is true by Claim 6 and the definitions of ¥+ and X.-. The latter is ordinal definable (using
the ordinals o* and €*). O

The theorem has been shown in Case II as well. The entire argument is complete. (|

Some assumptions beyond ZF or ZFC are necessary to prove the conclusion of Theorem [3.1] The next
result shows that in a Sacks forcing extension of the constructible universe L, there is a nonempty OD set
K and a real g so that g is OD, for any z € K but g is not OD.

Fact 3.2. Let S denote the Sacks forcing of perfect trees. Let G C'S be an S-generic filter over L.
In L[G]: Let K = REGI\ RE be the collection of nonconstructible reals. K is an OD set of reals. Let
g € REE be the S-generic real over L derived from G. Then g is OD, for any z € K, but g is not OD.

Proof. A perfect tree is a subset p of <“2 with the property that for all o,7 € <*2, if ¢ C 7 and 7 € p, then
o € p and for all o € p, there exists a 7 O o so that 770,7"1 € p. Let S consists of the collection of perfect
trees. Define p <g ¢ if and only if p C ¢. The largest element is 1g = <“2. Sacks forcing is S = (S, <s, 1s).
If p €S, then define [p] = {f € “2: (Vn)(f [n€p)}. If r €R, thenlet G5 ={pcS:rcp}. IfGis
an S-generic filter over L, then one says that r is an S-generic real over L. See [I1] Chapter 15 for the basic
facts about the Sacks forcing S.

Fix G C S a Sacks generic filter over L. Work in L[G]. Let g be the Sacks generic real derived from G,
Le. {g} = Mpeclp):

Let K = RLIC] \RR¥ be the collection of nonconstructible reals. This set K is OD. Using a fusion argument,
one can reconstruct g from any nonconstructible real z (that is z € K) using only parameters in L. (This is
the argument used in [T1] Theorem 15.34 to show that g is a real of minimal constructibility degree. It also
shows that every element of K is itself an S-generic real for some S-generic filter over L.) So g is OD, for
any z € K.

However g is not OD. Suppose otherwise that g was OD. Then there must be some formula ¢ and some
ordinal € so that g is the unique solution v € L[G] to L[G] |= ¢(v, €). Therefore, there is some g € G so that
L = q ks o(&gen, €) where dgen is the canonical S-name for the generic real added by an S-generic filter.
Since q is still a perfect tree in L[G], [¢]*[®] must contain a nonconstructible real h with h # g. As mentioned
above, by the fusion argument of [IT] Theorem 15.34, h is also S-generic over L. Let GS = {p € S: h € [p]}
be the S-generic filter over L derived from h so that #gen[G5] = h. Note that G € L[G] and ¢ € G%.
Thus L|G%] = ¢(h,€). Since [IT] Theorem 15.34 implies every nonconstructible real in L[G] has minimal
constructibility degree, L|G] = L|GY]. Hence L[G] = ¢(h,€) and h # g. This contradicts g being the unique
solution in L[G] to ¢(v,€). O

4. CARDINALS BELOW [wy]“"

This section will show under AD™ that |[w;]<*| < |[w1]*!] = |2 (w1)]. In L(R), a cardinality intermediate
between |[wq]<*!| and |[w;]“!| will be isolated.

The argument for Theorem showing that |[w]<“!| < |[w1]“?| presented below using Fact was
suggested by Neeman and is simpler than the original argument. The original argument will be presented
later and is required in other settings involved absorbing a fragment of an arbitrary injection into a suitable
ZFC model. This idea is a powerful technique for studying cardinalities under AD' and especially for
producing intermediate cardinality under AD' + —ADg.

Fact 4.1. Assume ZF. Suppose k is a cardinal which is inaccessible in any inner model of ZFC. Then
[[R]="| < {[K]"].

Proof. Suppose there was an injection @ : [k]* — [k]<". Consider ® C [1]" x  defined by (f,a) € d < a €
®(f). (Here [k]<" is identified as a subset of x.) Note that if f € L[®], then ®(f) € L[®].

Identify the predicate ® with ®. Then L[®] = ZFC and L[®] = “® is an injection”. By Cantor’s theorem,
L[®] = |[x]"| = 2 > k. However, since L[®] thinks & is inaccessible, L[®] |= |[k]<"| = |2<%| = k. Then
within L[®], ® induces an injection of 2 into x which is not possible. O

Fact 4.2. Assume ZF. Suppose k is a cardinal such that there is a k-complete nonprincipal ultrafilter on k.
Let M be any inner model of ZFC. Then k is inaccessible in M.
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Proof. Let i be a k-complete measure on k. It is clear that  is regular in M.

Suppose k is not a strong limit cardinal in M. Then there is a § < & so that M = |27(J))| > k. Since
M = ZFC, one can find a s-length sequence of distinct subsets of d, (A, : @ < K).

For each 8 < 4, let Cf = {a <k : B ¢ Ay} and Cf = {a <k : f € Ay}, Since CUCE = k and p is
a measure, there is some ig € 2 so that C;ﬁ € p. Let A= {p:ig =1}. Since u is k-complete and § < x,
C = ﬂﬁ<5 C;B € p. Since p is nonprincipal, let ag, a1 € C with oy # ;. Then A,, = A,, = A. This
contradicts (A, : @ < k) being a sequence of distinct subsets of 4. O

Fact 4.3. ([16] Theorem 3.2) Assume ZF. Let k be a cardinal. Let n < k be a limit ordinal. The partition
relation k — (/{)72’+’7 implies that the n-club filter on k, W, is a normal k-complete ultrafilter on k.
Fact 4.4. Assume ZF + AD.

(Solovay) w1 — (w1)5* and therefore wy is measurable. (Martin) wy — (w2)g, for each a < wa, and
therefore wo is measurable.

(I13]) Suppose A CR. Let 64 be the least ordinal so that Ls(A,R) <y L(A,R). d4 — (84)5* and hence
04 18 measurable.

Theorem 4.5. Assume ZF + AD.

|[wa] =1 | < [fewn ]|

|[wa] =2 < [wa]*2].

For any set A CR, |[64]<04| < |[54]%4].

More generally, for any cardinal r satisfying the partition relation k — (k)5 T, one has |[k]<"| <

[[<]"]-

Proof. Under AD, wy, wa, and 4 for any A C R satisfies the w + w exponent partition relation by Fact [£:4]
and are thus measurable cardinals by Fact Each result now follows from Fact and Fact O

Fact 4.6. Assume V = L(J,R) = AD + DCg where J is a set of ordinals. Suppose ® : [k]" — [k]<". Then
there is a e € R so that for allx € R withe <; o, x (which refers to the (J, ,O y)-constructibility reduction),
one has the following properties:
(i) For all f € [k]" N L[J,,Oy,2], ®(f) € L[], ,0y, x].
(ii) N L[J,,0y,2] € LJ, Oy, x].

(i) and (i) together imply that ® N L[J, 0z, x| is a function which is even a set in L[J, Oy, x].

Proof. In L(J,R), every set is OD . for some real e. Let ¢ be a formula and let & be a tuple of ordinals so
that
(f,0) € ® = L(J,R) = o(J,e,a, f,0)
Now fix © € R so that e € L[J,,0y,z]. By Fact and the above, one has that for all (f,o) €
([5]" x [s]=") N L[J, .0y, ]
(f.0) €@ e L[J,,0s,2] E 1,0,/6: Foo,/6r L(J, Rym) E 9(J,e,a, f,0).

By comprehension in L[J, O, z], one see that (ii) follows.
Note that for each f € []® and § € &, one has that

pe®(f) & L(JR) | (Fo)(p(J; e, @, f,0) NS € 0).

(Here o € [k]<" is construed as a subset of .)
So for each z € R so that e € L[J,,0,,z], if f € L[J,,Oy,x], one has

ﬂ € (I)(f) ~ L[JauJ@Jax} ): IW@J/G; H_W(D)J/Gi, L(‘L Rsym) ': (ElO')(gO(J, 675[7 f7 U) A /8 € U)'
Again by comprehension in L[J, Oy, x], one has that ®(f) € L[J,,0y,x] and thus (i). O
The following result due to Steel is proved by inner model theoretic techniques:

Fact 4.7. (Steel, [19] Theorem 8.27) Assume ZF + AD + V = L(R). If k is regular, then for all z € R,
HOD, [ “k is measurable”.

Theorem 4.8. Assume ZF + AD +V = L(R). Suppose k < © is reqular. Then |[s]<"| < |[r]"].
1



Proof. If k < O is regular then Fact implies that HODé (R) = “k is measurable” for any x € R. Let
X = 0. By Fact[2.11] HODZ® = L[X, z].

Now suppose that there is an injection @ : [k]* — [k]<". By Fact[4.6] there is an e € R so that ®NL[X, ] €
L[X, e] and this set is a function in L[X, e]. Let ¥ = ®NL[X, e]. By absoluteness, L[X, e] | “V : [5]" — [5]<"
is an injection”. However, since & is measurable in HOD, = L[X] e], one has that L[X, e] [ |[x]<"| = k. By
Cantor’s theorem applied in L[X €], it is impossible such an injection exists. O

By Theorem [lwi]<t| < |fw1]“t|. A natural question at this point would be whether it is possible
under ZF + AD that there exists a set K such that |[w1]<“| < |K| < |[w1]*“]. Next, it will be shown that

such a set exists under ZF 4+ ADT + =ADg + V = L(Z(R)). Recall under this assumption, there is a set of
ordinal J so that V = L(J,R).

Definition 4.9. Assume ZF+AD™. Let J C ON be a set of ordinals so that V = L(J,R). Let X = (J,,0y).

N = | @Oy H T = {(ra) o < (W)LY,
reR

In other words, this is a disjoint union over r € R of the successor of wlL (JR)

Theorem 4.10. Assume ZF +AD™ and there is a set of ordinals J C ON so that V = L(J,R).
(1) =(IN{| < [wr]<“1).
(2) IR x wy| < |N{| < |R x wal.
(3) INY| < [lwi]*].
(4) ~(|lwr]*] < INY)).
(5) llwa] <] < Jlwr] <t UNY] < Jlwr]].
Proof. Let X = (J,,0;).

Suppose there is an injection ® : Ny — [wi]<“t. By the idea of Fact [4.6, there is an e € R so that
dNLX,e € L[X,e] and L[X, e] thinks that ® = & N L[X,e] is an 1nJectlve function with domain Ny N
L[X,e]. Thus with the model L[X,e], the restriction of ® to {e} x ((wL(J'R)) )Ll is an injection into
([wlL(J’R)]<W1L(J’R) )N L[X, e]. This is impossible since the inaccessibility of w; LUTE) i1 the model L[X, e] implies
that L[X,e] E |[w1L(J’R)]< L(m)| = W1( ) This shows that =(N{ < [wi]<1). This also implies |[w;]<“1| <
[[wa] < LY.

Suppose there is an injection ® : Ny — Rxw;. Using the same idea as the proof of Fact there is an e so
that ®NL[X, e] € L[X, e] and L[X, e] thinks that N L[X, ] is an injective function With domain Ny NL[X, e].
Let ® = ®NL[X, e]. Then L[X, e] = “® restricted to {e} x ((w L(JR)) VEBoel = fe} x (wy LITR) )T is an injection
of {e} x (wy L(J, ))+ into Rxwf(‘]R)” Note that L[X, e] = |R| < w; LB gince wy LUTR) 5 1naccess1ble in L[X, e].
Thus L[X, e] = |R x oJlL(J’]R)| = f(IR). It is impossible that L[X, e] has an injection of the successor w; L(TR)
(as computed in L[X| e]) into wlL(‘LR). This establishes ~(|N{| < |R x wy|).

Suppose there is an injection ® : R x wy — Ny . Agaln using the idea for Fact |4.6, there is an e
so that ® N L[X,e] € L[X,e] and L[X,¢] thinks that ® = & N L[X,¢] is a function w1th domain (R x
wQL (J’R)) N L[X,e]. Since L[X,e] = AC and there are no uncountable wellordered sequences of distinct reals,
LX,e] E R < wlL(J’R). Since AD implies that w; and ws are measurable, the argument of Fact
implies that there are no uncountable wellordered sequence of distinct reals and no wy length sequence of
distinct subsets of w;. Thus RY¥€l is countable and for each r € R, ((wlL(J’R))JF)L[X’T] < wQL(J’R). Hence
LX e] E ||_]T€R((wf(J’R))+)L[X’T]| < wQL(J’R). Thus it is impossible that L[X, e] thinks that ® restricted to
{e} x w2L(J’R) is an injection of {e} x sz(']’R) into L[X, ] N N{ = |, cgrim.e (wy (JR)) YLEr] This establishes
that —(|R x wa| < |NY|).

As observed above, for each 7 € R, ((wX"™) L& < ,EPB - Thys it is clear that NY is a subset of
R X wy. Thus |R X wi] < [N{Y| < |R X wa.

For each r € R, define in L[X,r], 4, = {f € [wlL(J’R)]“lLum : min(f) > w}. Observe that L[X,r] |
|A,| = |[w L(JR)] LUR)| = |2W1L(J’m)| > (wlL(J’R))+. Let U, : ((wf(J’R))"’)L[X’T] — A, be the least injection from
((w IL(JR)) VLT into A, according to the constructibility order on L[X,7]. (Note that (¥, : 7 € R) does
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exists as a set in L(J,R).) Out in L(J,R), define an injection ' : N{ — [wq]“* by T'(r,a) = 7" ¥,.(c), which
is well defined if one considers R as [w]“, the collection of strictly increasing w-sequence in w, and the fact
that min ¥,.(a) > w since ¥,.(a) € A,. T witnesses that |N{| < |[wq]«2].

Let add : wy X [w1]<¥t — [w1]<“* be defined by add(«, f)(8) = a + f(B), whenever 8 < dom(f). If
B C w; is unbounded in wq, then let enump : wy; — w; denote the increasing enumeration of B. Let

A(f) = (sup(f)) add(sup(f), f) enumy, \rang(add(sup(£).f))-

In words, A(f) first outputs sup(f), then put down the values sup(f) + f(8) for each f < dom(f), and then
fills up the rest with an increasing enumerating of the remaining countable ordinals. A is an injection of
[w1]<“* into [wq]“t.

Let A = {f € [w1]<** : min(f) > w}. Observe that |A| = |[w1]<“*|. Note that A[A] and T[Ni] are
disjoint subsets of [w1]*1 since for any f € A[A], min(f) > w but for all f € T[N{], min(f) < w. Thus one
can merge these two injections together to obtain an injection of [w1]<** U Ny into [w;]“*. This shows that
fr) <2 U N < [fun]].

Now suppose ® : [w1]* — N{ is an injection. Let 7 : R X wy — R denote the projection onto the first
coordinate. Thinking of N/ C R x wy, w0 ® : [w;]¥ — R. Thinking of R as “2, let 0,, : R — 2 be defined to
be the projection onto the n'"-coordinate, that is, o, (1) = r(n). Thus for each n € w, o,omo® : [wy]¥ — 2.
By the correct-type partition relation, w; —. (w1)y, there is a club C,, and i,, € 2 so that for all f € [C),]¥,
n(T(®(f))) = in, where [C},]¥ is the collection of all f € [C,]* which are of the correct type. (See [2] Section
2 for the definition of functions of correct type, the correct-type partition relation, and its equivalence with
the usual partition property.) By AC§7 let (Cp, : n € w) be such that C, is a club subset of w; which
is homogeneous for o, o o ® in the sense above for each n € w. Let s € R be defined by s(n) = i,.
Let C = (,c, Cn- Then for all f € [C]Y, m(®(f)) = s. Thus & restricted to [C]% is an injection of

[C]% into {s} x ((wlL (J’R))+)L[X’e]. This is impossible since [C]¥ is not wellorderable under AD. This shows

~([fwi]?] < [NY)).
Now suppose @ : [w1]“t — [w1]<“ U N{. Define P : [wi]“* — 2 by

[0 e el
””{1 ®(f) < N/

By w1 — (w1)37, let C C wy with |C] = w; and homogeneous for P. If C' is homogeneous for 0, then ® gives
an injection of [C]“* (which is in bijection with [w1]*?) into [w1]<“*. This contradicts Theorem Suppose
C was homogeneous for P taking value 1. Then @ is an injection of [C]*! into N{. From this, one obtains
an injection of [wq]¥ into Ny . But it was shown above that —(|[w1]*] < |N{|).

This completes the proof of the theorem. O

Note that the failure of ADg is important. With ADg, one cannot have a set X that absorbs fragments
of functions as in Fact Moreover, the natural analog of the N{ sets under ADg are simply in bijection
with R x w1.

Fact 4.11. Assume ZF + ADg. Let S C ON be a set of ordinals. Let N = | |
IN| = |R x w].

reR((wY)+)L[S”"]. Then

Proof. Using a prewellordering on R of length wq, one can code subsets of w; (and also subsets of wy X wy)
by reals using the Moschovakis coding lemma. Define a relation R C R x R by R(z,y) if and only if y codes
a subset of wy x w; which is a wellordering of w; of ordertype ((w})T)X5*]. By ADg, let F: R — R be a
uniformizing function for R. For each xz € R, let ¥, : w/ — ((w})")*%7 be the bijection induced by the
wellordering on wy coded by F(x) according to the fixed prewellordering of length w;.

Define ® : R x w; — N by ®(z,a) = (z, U, («)). ® is a bijection. O

A natural question, under ADg, is whether there an intermediate cardinal between |[w]<“*| and |[w]“*|?
5. CARDINALITY OF S;

Recall the definition of S; from the introduction.

Definition 5.1. (Woodin) Let S1 = {f € [w1]<“* : sup(f) = wlL[f]}.
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This section will establish several properties of the cardinality of S; under AD, DCg, the statement that all
sets of reals have co-Borel codes. It will be shown that S7 does not inject into “ON, the class of w-sequences
of ordinals, which implies that |[w;]*| < |[wi]<*?].

Woodin [20] defines the set S; and establishes a very elaborate dichotomy which asserts that S; has a
very special position among uncountable subsets of [w] <.

Fact 5.2. ([20] Theorem 19) (Woodin’s Sy dichotomy) Assume ZF +DC+ ADg. If X C [w1]<** is uncount-
able, then either | X| < |[w1]¥] or |S1] < |X]|.

The proof of the Woodin’s S; dichotomy is very elaborate. This section will present some elementary
arguments to establish several of the basic cardinal properties of S; under AD™.

The next result shows that S; contains a copy of R but has no uncountable wellorderable subsets. These
properties are mentioned in [20] without a proof, but for completeness, the brief arguments given in [4] will
be reproduced below.

Fact 5.3. (Woodin) Assume ZF. |R| < |S1].
Assume ZF and there are no uncountable wellorderable sets of reals. Then —(wy < |S1]).

Proof. For this proof, consider R as the collection of infinite subsets of w. For each r € R, let A, =r U {«a:

w<a< wlL[T]}. Let f, € [w1]<“* be the increasing enumeration of A,. Note that wlL[M = wlL[T] = sup(f,).
Thus f, € S;. The function ® : R — S; defined by ®(r) = f, is an injection.
Suppose @ : w; — 57 is an injection.

e L[®()] | — -

Claim: sup{w; o <wi}=wr:
To see this, suppose not. Let € = sup{sup(®(a)) : @ < w1} and € < wy. Since ® maps into S7, one has
that sup{wf[é(a)] o < wit = sup{sup(®(@)) : @ < w1} = € < wi. Then ® would be an injection into

[€ + 1]<¢F1 which is in bijection with R. This is impossible since there are no uncountable wellorderable set
of reals.

Let w : w1 X w1 — wy be a constructible bijection, for instance the Godel pairing function. Think of
S; C [wi]<“" as subsets of w;. Then let ® = {w(a, ) : B € ®(a)}. Note that ® is a subset of w; which

codes the function ®. That is, ® € L[®]. Therefore, one has that & € L[®] = ZFC.

Since there are no uncountable wellordered sets of reals, one has that wlL @] < wy. By the claim, there is
some o < wy so that wf[é(a)] > wlL[cb]. However, since ® € L[®], ®(«) € L[P]. Thus one has wlL[q)(o‘” < wlL[q)}.
Contradiction. 0

Woodin’s S;-dichotomy (Fact [5.2]) and Fact are not sufficient to distinguish |S;| from |R|, or |[w1]¥]
from |[w;]<“!|. Next, Theorem [5.7| will be shown in order to make these distinctions. (These cardinality
distinctions seem to be implicit in [20].) The most interesting properties of S; require at least some of the
properties of ADT.

First one will fix a simple coding for elements of <“1w; by reals.

Definition 5.4. Let p : w X w — w denote a fixed recursive and bijective pairing function. Thinking of R
as “2, one can code relations on w by reals. That is, for each z € X, let R;(n,m) < z(p(n,n)) = 1. Recall
WO is the collection of x so that R, is a wellordering on w.

For each © € R, let x,, € R be defined by z,, (k) = z(p(n, k)).

Say that x € BS if and only if zp € WO and for all n € w, (z1), € WO. For each x € BS, let
oz 1 ot(xg) = wy defined by o(a) = B if and only if for the unique n € w with rank « according to the
wellordering Ry, ot((z1)n) = B.

In this way, every o € <“1w; has a code x € BS so that o, = 0.

Fact 5.5. Assume ZF + AD + DCg, and all sets of reals have co-Borel codes. Suppose R C <“1w; X k, where
Kk < ©. Then there is a set of ordinals S C ON and a formula 9 so that for all o € <¥iwy and B < k

R(o, ) < L[S, 0] = 9(5,0,5).
If @ : <“iw; — Yk is a function, then there is a set of ordinals S so that for all o € <“1w;, ®(o) € L[S, g].

Proof. Since k < ©, let < be a prewellordering on R of length . Let (J', ¢’) be an co-Borel code for <. Let
¢ : R — Kk be the associated ranking function of <.
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Fix R C <“'w; x k. Let R C R x R be defined by

R(z,y) & x € BSA R(og, ¢(y)).

Let (J”,¢") be an co-Borel code for R.

Let J be a set of ordinals coding in some fixed constructible way the two sets of ordinals J’ and J”. Let
»O be the finite support direct limit of the Vopénka forcing (, O, Ty m : 0 <m <n < w). Let S be a set
of ordinals that codes (J,,Q).

Fix ¢ € <“w; and let P, denote the forcing Coll(w,sup(c)). Observe that forcing with P, over L[J, o]
canonically adds a surjection of w onto sup(c). From this, one can canonically obtain a bijection of w with
sup(f). Thus one can naturally produce an element of BS which codes ¢ in any P,-generic extension of
L[S,0]. Let 7, be a Py-name in L[S, o] for this naturally produce element of BS which codes o.

Let 9 be the following formula: 9(S, o, 8) if and only if

1p, ke, L[va@JvTU] ': ]‘w@J/qu,g |FW(D>J/G$U

L(J,Reym) = () (o(y) = BALLT" 76, y] = ¢"(J", 70, y))
In the above, “p(y) = B” is an abbreviation for a statement asserting that 5 is the rank of y in the
prewellordering defined by the co-Borel code (J', ¢').

It is very important that “p(y) = 8” is expressed in this way. The purpose of using L(J, R) and Woodin’s
results on the symmetric collapse is to express “p(y) = 8,” which can not be computed correctly by evaluating
the prewellordering directly in an inner model of ZFC which can only contain countably many of the reals
of the original universe satisfying determinacy.

Claim: For all 0 € <“*wy, R(c, ) if and only if L[S, o] = ¥(S, o, 3).

To see this: (=) Let p € P,. Since sup(o) < wq, the powerset of P, computed in L[S, 0] is countable
in the real universe satisfying determinacy. Thus there is a G C P, containing p which is P,-generic over
L[S,0]. In L[S,0][G], 75[G] € BS is a code for o, that is 0, ;g = 0. In L(J,R), there is a y € R so that
©(y) = B. Hence R(7,[G],y). Thus

L(J,R) = (Fy)(e(y) = BA LI, 1[Gl y] = ¢"(J", 75[G,y)).-

“

By Fact [2:10}
L[J,u04,7[G] E1,0,/c e

L(J,Rym) E Gy)(e(y) = B AL 1[Gl y] | ¢ (", 1[G y)).-

sty IM05/G1

In particular,
L[S, 0][G] L[, .0,, %Gl E 1,0,/61_, @)

L(J, Reym) = (Fy)(¢(y) = BA LI, 75[G], 9] E ¢"(J", 761G, )
By the forcing theorem and the fact that p € G, there is a ¢ <p_ p so that

L[S, o] = qlre, L[J,.0,75] E1,0,/61, IFL0,/61,

L(J,Rsym) = (F)((y) = BA LI, 76,9] = ¢ (", 70, 9))-
Since p € P, was arbitrary, one has that L[S, o] believes that 1p,_ forces the statement in the forcing language
above. Thus L[S, o] = 9(S, 0, §).
(<) Since the powerset of P, computed in L[S, o] = ZFC is countable in the real world satisfying AD,
there exists a G € V which is P,-generic over L[S, o]. Note that by the explicit definition of the coding used
in BS, one has 7,[G] € BS and o [g] = o by absoluteness. Since L[S, o] |= ¥(S, o, 3), one has

L[S, O'][G] ): L[J7w@J77—U[G]] ': 1W©J/Gid[ - 1G]

L(J,Reym) = By)(w(y) = B AL, 75[Gl, 9] | ¢ (J", 7 [G], )
Since G is a set in the real world V,

Vv ': L[J)UJ@J)TG'[G]] ): lw(D)J/G}'a[ él

L(J, Ryym) = () (p(y) = BA LT, 7,[G,y] E ¢ (J",7(G],y))-
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Fact implies
L(‘L R) ': (Ely)(@(y) =BA L[JN7 TJ[GL y] ': ¢//(J//7 TU[G]a y))
Since (J”,¢") is the co-Borel code for R, one has that R(7,[G],y). By definition of R and the fact that
T,|G] € BS is a code for o, R(o, ) holds.
This concludes the proof of the claim and hence the first statement in the fact.
Now suppose ® : <“w; — “k is a function. Let R(o,n, ) assert that ®(c)(n) = 3. By the first part,
there is a set of ordinals S C ON and a formula ¥ so that

R(o,n,pB) & L[S, o] = 9(S,0,n,B).
Then by comprehension in L[S, o], one has that ®(o) € L[S, o]. O

A consequence of Fact is that (under ZF + AD + DCg and all sets of reals have co-Borel codes) every
subset A of [w1]<*! has an co-Borel code (S, ¢) in the sense that o € A if and only if L[S, o] = (S, o).

A key idea of the previous argument was to use co-Borel codes to go into a suitable L(J,R) = ZF+AD+DC
and then by considering the forcing language Coll(w, sup(o)), one can speak of a canonical real coding . For
f € “k, there are various ways to code f by a real; however, it is unclear where to find or how to uniformly
speak of a real coding f within the ZFC model HODg(‘]’R) = L[J,,0y].

One can only prove the following weaker result which is quite similar to Fact

Fact 5.6. Assume ZF + AD + DCgr and all sets of reals have an oo-Borel code. Let ® : ¥k — <®iw; be a
partial function, where Kk < ©. Then there is a set of ordinals S C ON so that for all z € R, one has that
for all f € dom(®) N L[S, z], ®(f) € L[S, #].

Proof. Since k < O, let < be a prewellordering of R of length k. Let ¢ be it associated ranking function.
Let (J',¢’) denote the oco-Borel code for <.

For each z € R, let x,, denote the n'" section of x. Define f, € “s by f.(n) = p(z,). In this way, every
f €%“Kk has an x € R so that f, = f.

Define a relation R C R x R x R by R(z,v,w) if and only if

fo € dom(®) Av,w € WO Aot(v) € dom(P(f)) A ®(f2)(ot(v)) = ot(w).

Let (J”,¢") be an co-Borel code for R.

Let J be a set of ordinals that codes J’ and J” in some fixed constructible manner.

Now work in L(J,R) = ZF+ AD +DC. In L(J,R), R is OD,. Let ¢ be a formula with ordinal parameters
so that L(J,R) | R(x,v,w) < L(J,R) = ¢(J, z,v,w). In L(J,R), let ,0; denote finite support direct limit
of J-Vopénka forcing.

Define ¥(z, J, f, «, 8) by

Lo,/¢ k0,76t L(J, Rsym) E (Jz,v,w)((Vn)(o(z,) = f(n) Aa =ot(v) A B =ot(w) As(J,z,v,w))).

Then for any z € R, by Fact one can conclude that for all f € L[J,,0y, z] that L(J,R) = ®(f)(a) = 8
if and only if L[J, ,0y, z] E ¥(z, J, f, a, 5). By comprehension, one has that ®(f) € L[J,,0;, z]. ]

Theorem 5.7. Assume ZF +AD + DCg and all sets of reals have co-Borel codes. Then there is no injection
of S1 into “ON, the class of w-sequences of ordinals.

Proof. Suppose @ : S; — “ON is an injection. Since R surjects onto <“*w; (for example, BS and the coding
from Definition [5.4)), one has that R surjects onto S; € <“*w;. Thus one can show that A = (J{rang(®(c)) :
o € S1} is a collection of ordinals which is a surjective image of R. Thus the Mostowski collapse of A is
some ordinal k < ©. Hence from ®, one can derive an injection ¥ : S; — “k. Since V¥ is an injection,
U195 = S is a partial function.

Let S C ON be a set of ordinals satisfying Fact [5.5] for the function ¥ and Fact [5.6] for the partial function
vl

Since w; is measurable in L[S] = ZFC, let ¢ < wy be an inaccessible cardinal of L[S]. Let Coll(w, < () be
the Lévy collapse of ¢. Since ¢ < wy and L[S] | ZFC, the powerset of Coll(w, < () is countable in the real
world satisfying AD. Thus in the real world, there is a G C Coll(w, < ¢) which is Coll(w, < ¢)-generic over
L[S].
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From G and its generic surjection of ¢ onto ¢, one can find a cofinal function g : ¢ — ¢ so that L[g] = L[G].
Since L[g] = L[G], wlL[g] = wlL[G] = ¢ =sup(g). Thus g € 5.

By the property of S from Fact U(g) € L[S, g]. Since ¥(g) € “k, and using the main property of the
Lévy collapse Coll(w, < (), there exists some £ < { so that U(g) € L[S][G | £]. By using the Coll(w, £)-generic
obtained from G, one sees that there is a real z € L[S][G] so that L[S][G | £] C L[S][z]. Thus ¥(g) € L[S, z].
By the property of S from Fact for the partial function U1, one has that g = W=(¥(g)) € L[S, z]. Thus
L[S][G] = L[S][g] C L[S][z] € L[S][G | € + 1]. Tt is impossible that L[S][G] = L[S][G | £ + 1] for any £ < (.

It has been shown that no such injection can exist. O

Theorem 5.8. Assume ZF + AD + DCg and all sets of reals have oo-Borel codes. Then |R| < |S1| and
[[wr]] < [fon] =]

Proof. Since |R| = [“w|, Theorem [5.7]implies that there is no injection of S; into R or [w;]*. Thus [R| < [Si].
Since S7 C [w1]<¥* and S; does not inject into [w1]¥, one has that |[w1]*] < |[w1]<*!]. O

6. COUNTABLE POWERSET OPERATION

Definition 6.1. Let X be a set. Let £, (X) ={A C X : |A] < Ny} be the collection of countable subsets
of X.

This section will discuss the question of what cardinality properties of 2., (X) must have already been
exhibited by X. For example, it will be shown that if x is a cardinal and « injects into £, (X), then s
already injected into X. It will also be shown that if &(w;) injects into Z,,, (X), then RUw; already injects
into X.

Fact 6.2. (Woodin’s perfect set dichotomy) Assume ZF + AD + DCgr and all sets of reals have an co-Borel
code. Let E be an equivalence relation on R. Then exactly one of the following holds:
(1) R/E is wellorderable.
(2) R injects into R/E.

Morover, if R/E is wellorderable and if (S, ¢) is an co-Borel code for E, then there is a uniform procedure
that takes (S, @) to an ODg(S’R) wellordering of R/E.
Proof. This result is attributed to Woodin by Hjorth [I0]. A proof of these results can be found [2] Section
8 and [4] which give particular attention to the uniformity aspects of (1) and (2). O

Definition 6.3. Let X be a set. Let Pwo(X) = {A C X : A is wellorderable}. Note that &, (X) C
Pwo(X).

Fact 6.4. Assume ZF + AD + DCg and all sets of reals have co-Borel codes. Let k < © and E be an
equivalence relation on R. Suppose @ : kK — Pwo(R/E) is a function. Then there is a sequence (<q: a < K)
so that <, is a wellordering of ®(«) for each a < k.

Proof. Let (Jy, o) be an oo-Borel code for E. Let < be a prewellordering on R of length k. Let ¢ : R — &
be the ranking function of <. Let (Ji, ¢1) be an oco-Borel code for <. Define R C R xR by R(z,y) < [ylg €
®(¢(x)). Let (J2,¢2) be an co-Borel code for R. Let J be a set of ordinals that codes Jy, Ji, and J.

Now work in L(J,R) = ZF + AD + DC. Note that from J, one can recover in L(J,R), the sets F, <,

R, and ®. In fact, all these sets are ODg(J’R). Thus for each o < K, () is ODg(J’R) with a witnessing

definition obtained uniformly in «. Consider |J®(«a) CR. Let E, = E [ |J®(«a). E, is ODg(‘]’R) uniformly

from the definitions witnessing £ and ®(«) is ODg(‘]’R). The OD?“’R) set E, has an ODg(J’R) oo-Borel
code obtained uniformly from a definition witnessing that E,, is ODg(‘]’R). (This follows from an application

of Fact ) If the co-Borel codes for each equivalence relation in (F, : @ < ) can be obtained uniformly,
then Fact states that one can uniformly produce a sequence of wellorderings (<,: o < k) so that each
<4 is a wellordering of (| ®(«))/E, which is ®(«). O

The following is the “Boldface GCH”. It was established first in L(R) by Steel. Woodin extended this
result to ADT.
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Fact 6.5. (Woodin) Assume ZF + ADT. Let k < © be a cardinal. If X C P (k) is wellorderable, then
|X]| < k.

Theorem 6.6. Assume ZF + AD 4 DCg and all sets of reals have oo-Borel codes. Suppose k < O is a
cardinal with the property that for all 6 < &, there is no k length sequence of distinct subsets of P(0). Let X
be a set so that there is a surjection m : R — X. Then k < |Pwo(X)| implies that k < |X|. In particular,
k < | P, (X)| implies k < | X].

Assuming ZF + AD™, for all cardinals k < © and all sets X which are surjective images of R, k <
| Pwo (X)| implies k < |X|. In particular, k < |P,, (X)| implies k < | X].

Proof. Define an equivalence relation on R be 2 E y if and only if 7(z) = m(y). Then X is in bijection
with R/E. Thus one will work with R/FE rather than directly with X. If K < |Pwo(X)|, then one has an
injection @ : k = Pwo(R/E). By Fact let (<4: a < wi) be a sequence so for each a < K, <, is a
wellordering of ®(«).

By using the usual wellordering on x and the sequence of wellorderings (<,: @ < k), one can define a
wellordering of |J ®[k] = U{®(a) : @ < k}. Thus || ®[«]| is a wellordered cardinal.

The claim is that ||J ®[k]| > k. To see this: Suppose ||JP[k]| = § for some § < k. Let ¥ : |JP[x] — ¢
be a bijection. Then I'(a) = ¥[®(a)] = {¥(x) : © € P(a)} is an injection of k into F(§). However, by
assumption, there are no k-length sequences of distinct subsets of 42(4). The claim has been shown.

The claim immediately implies that x < |R/E| = | X].

In the setting of ZF + AD™, Fact implies that for every cardinal § < k, every wellorderable set of
subsets of ¢ has cardinality §. Thus x can not inject into &(4). The second result now follows from the
first. |

Corollary 6.7. Assume ZF + DCr 4+ AD and all sets of reals have oo-Borel codes. Let X be a set which
is a surjective image of R. Then wy < |Pwo(X)| implies wy < |X|. In particular, wy < | P, (X)| implies
w1 S ‘X|

To analyze the structure of the cardinality of sets X so that |[w]¥!| < |2, (X)], one needs an almost
everywhere (with respect to the strong partition measure) continuity result for functions ® : [w1]“* — w;.
The result holds in ZF + AD and its proof is quite different from the method used in this article.

Fact 6.8. ([5]) Assume ZF + AD. For every function ® : [w1]“* — wi, there is a club C C wy so that
D | [C]Yr — wy is continuous.

If C C w is club, then [C]¥* is the collection of f € [C]¥* which are of the correct type, i.e. have
uniform cofinality w and are discontinuous everywhere. One can check that |[wy]“'| = |[C]<*]. @ | [C]«*
being continuous means that for all f € [C]¥, there is an o < wq so that for all g € [C]¥1,if f [a=g | a,
then ®(f) = ®(g).

Zapletal had also asked the authors that if one partitions [w1]“! into wy many sets, then must one of the
pieces have cardinality |[w1]“?|, under determinacy assumptions. The almost everywhere continuity property

gives a positive answer.

Fact 6.9. ([5]) Assume ZF+AD. Let (X, : o < wi) be such that each X, C [w1]“* and |J
then there exists some o < wy so that | Xo| = |[w1]“".

Xa = [wl]wlf

a<wiy

Theorem 6.10. Assume ZF + AD + DCg and all sets of reals have an co-Borel code. Let X be a set which
is a surjective image of R. If [w1]“"] < | P, (X)], then RUw| < |X].

Proof. Let m : R — X be a surjection. Again define an equivalence relation on R by x F y if and only if
m(x) = 7(y). Since | X| = |R/E|, one will work with the quotient of E. Now suppose ® : [w1]** — Z,,, (R/E)
is an injection.

Note that [[w1]“] < | P, (R/E)| implies, in particular, that wy < |R/E| by Corollary Suppose
—(|R| < |R/E]|). Then the Woodin perfect set dichotomy (Fact implies that R/E is wellorderable and
hence there is some cardinal x so that |[R/E| = k. Let A : R/E — k be a bijection.

Let T': [wq]*“t — [£]<“! be defined by T'(f) = A[®(f)]. ®(f) € L, (R/E) so ®(f) is a countable subset
of R/E. Thus A[®(f)] = {A(z) : x € ®(f)} is a countable subset of k.
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Let ot(A[®(f)]) be the ordertype of this countable subset of x in the usual ordering on &, which of course
is a countable ordinal. Note that ot oI': [w1]¥! — w;.

By letting X,, = (ot o T')~!({a}), one has that [w1]* = J,.,, Xa- By Fact there is some a < w; so
that |Xo| = |[w1]¥t]. Let Z: [w1]“* — X, be a bijection.

Since a < wy, let B : w — a be a bijection. For each f € [k], define X(f) € [k]¥ by recursion as follow:
2(f)(0) = f(B(0)) and Z(f)(n +1) = Z(f)(n) + f(B(n+1)). The map ¥ : [k]* — [k]¥ is an injection.
Then Y oT 0 Z: [wy]“t — [f@]‘“ is an injection. Since |S7| < |[w1]¥?], one can derive an injection of S into
[k]“. This violates Theorem

It has been shown that |R| g [R/E| = |X|. Thus RUwq| < |R/E| = |X]. O

7. THE CARDINALITIES BELOW R X w;

This section will investigate the cardinalities below R X w;. Assuming ADg, a uniformization argument
will show there are only four uncountable cardinalities below |R x w;|. In models of the form AD", —ADg,
and V = L(Z(R)), this section will show that there are many intermediate cardinalities below R x wy. This
large family of cardinalities will correspond to the ultrapower of w; by the J-constructibility degree measure
for a certain set of ordinals J.

Definition 7.1. Let ® : R — w;. Define | |[® = {(r,a) : @ < ®(r)}, which is a R-index disjoint union of
countable ordinals given by the function ®.

Fact 7.2. Assume AD. For every ® : R — wy, wy does not inject into | |®. If {r : ®(r) > 0} is uncountable,
then |R| < ||| ®|.

Proof. Let m; : R X w; — R denote the projection onto the first coordinate. Suppose ¥ : w; — | |®
is an injection. Since for all r € R, ®(r) < wy, the set of a so that 7 (¥(a)) = r is countable. Thus
X ={r: (Ja <wi)(m(¥(a)) =r)} is an uncountable set of reals. X is wellorderable by setting « C y if and
only if the least o so that m1 (U («)) = z is less than the least a so that 71 (¥(«)) = y. This is a contradiction
since there are no uncountable wellorderable sequence of reals.

Suppose Y = {r : ®(r) > 0} is uncountable. By the perfect set property, let A’ : R — Y be an injection.
Then A : R — | | ® defined by A(r) = (A’(r),0) is an injection. O

Fact 7.3. For all X C R X wy such that ~(wy < |X]|), there is a ® : R — wy so that X ~ | | .

Proof. For each r € R, let X, = {a: (r,a) € X}. Since w; does not inject into X, X, is countable. Let §, be
the ordertype of X,.. Let @, : X, — 4, be the associated collapse map. Let ® : R — wq be defined ®(r) = 9,
Define A : X — | |® by A(z) = (71(x), @r, () (m2(2)), where m1 : R X w1 — R and 75 : R X wy — w; are the
projections onto the first and second coordinate, respectively. A is a bijection. O

Fact 7.4. Assume AD. For every X C R x wy, one of the following holds:
(1) X = R x .
(2) X =%y,
(3) X is an uncountable set such that —~(wy < |X]).
(4) There is an uncountable Y so that ~(wy < |Y]) and | X| =Y Uwy].
(5) |X| < No.

Proof. Let X C R x wy. For each r € R, let X, = {a: (r,a) € X}. Let §, = ot(X,). For each r € R, let
wy : X — §, denote the collapse map.

Let A={r:|X,| =%}

Suppose A is uncountable. Let ¥ : R — A be a bijection which exists by the perfect set property and the
Cantor-Schroder-Bernstein theorem. Define A : R x wy — X by A(r,a) = (¥(r), w;(lr) (). A is a bijection.
Hence | X| = |R x wy|. This gives possibility (1).

Hence assume A is countable. Then R\ A is uncountable. Let ® : R — wy be defined by

@(T){& r¢ A

0 otherwise
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Let A : | |® — X be defined by A(r,a) = (r,w, *(a)). A is an injection. In fact, it is a bijection onto
XN(R\Axwy). Thus XN(R\ Axw;) does not contain a copy of wy by Fact[7.2] If B = {r € R\A: ®(r) > 0}
is uncountable, then X N (R\ A x wy) is an uncountable set without a copy of wy. If B is countable, then
since a countable union of countable ordinals is countable, X N (R\ A x wy) is a countable set.

Suppose A is nonempty. One can show that a countable union of sets in bijection with w; is in bijection
with wy. Thus X N (A X w1) & ws.

Note that X = X N(AXxw;)UXN((R\ A) Xxwy). If A is empty and B is countable, then | X| < Xy which
gives case (5). If A is empty and B is uncountable, then X is an uncountable set without a copy of wy which
gives case (3). If A is nonempty and B is countable, then | X| = N; which gives case (2). If A is nonempty
and B is uncountable, then X is a union of two sets: one set which is in bijection with w; and another set
which is an uncountable set without a copy of wy, which gives case (4). (Il

Fact 7.5. Assume ADg. Every X C R x wy such that ~(w1 < |X]|) injects into R.

Proof. Let WO be the set of reals coding wellorderings with underlying domain w.

Let X, = {a: (r,a) € X}. Let §, = ot(X,.). Let w, : X, — 4, be the collapse map of X..

Define R C R x R by R(x,w) if and only if w € WO and ot(w) = d,. By ADg, let ¥ : R — R be a
uniformization for R. For each w € WO, for each o < ot(w), let a* denote the element of w with rank «
according to w. (If w codes a finite ordinal, then let n* = n.)

Define A : X — R x w by A(z) = (m1(2), @r, (2) (mo(x))>(™1 (=), A is an injection. Since |R x w| = |R|,
the proof is complete. O

Corollary 7.6. Assume ADr. The uncountable cardinals below |R X wq| are |R|, Ry, [RUw1]|, and |R X wy].

Proof. This follows from Fact and Fact

This is also a consequence of Woodin’s dichtomy below |[w1]*| ([20] Theorem 18) which is proved under
ZF + DC 4 ADg. However, the proof above under ADr uses an elementary uniformization argument while
Woodin’s stronger result uses very sophisticated AD™ techniques. ]

One will need several facts about J-constructibility degrees and J-pointed perfect trees:

Definition 7.7. Let J be a set of ordinal. A perfect tree p C <“2 is J-pointed if and only if for all z € [p],
p<yx.

Definition 7.8. Let p be a perfect tree on 2. s € p is a split node of p if and only if s°0,s"1 € p.

By recursion, define ZP : <¥2 — <¥2 by: =ZP(()) be the least split node of p. If ZP(s) has been defined,
then let ZP(s) be the least split node of p extending ZP(s)".

Define Y7 : 2 — [p] by letting YP(r) = U, ¢, ZF(r [ n). TP is called the canonical homeomorphism
between “2 and [p].

Fact 7.9. (Martin) Assume AD. For all A C R, A or R\ A contains the body of a Turing-pointed tree.
Hence for any set of ordinals J, A or R\ A contains the body of a J-pointed tree.

(Martin) The Martin Turing degree measure, u, and the J-degree measure, g, is a countable complete
ultrafilter.

Proof. Let A CR. Let G4 denote the game
1 Xo T2 T4
Ga T

11 T z3 Ts

where Player 1 wins if and only if = € A.

Suppose Player 1 has a winning strategy o. For any r € R, let o(r) be Player 1’s response using o when
Player 2 plays r. Similarly, if t € <“2, then o(t) is Player 1’s response using o when Player 2 plays ¢ in the
finite partial run of G 4.

Thinking of ¢ as an element of “2, let o,, denote the n*® bit of 0. Let Z = {x € “2: (Vn)(x(2n) = 0,,)}.
Note that Z is the body of a perfect tree.
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Let p be the C-downward closure of {o(x [ n)® (x [ n) :n € wAz € Z}. (Recall that if s,t € <“w of
the same length k, then s @ ¢ has length 2k where (s ®t)(27) = s(j) and (s @ t)(2j + 1) = ¢(j) whenever
j<k. Iz ye“w, one can similarly define x @ y.) Observe that p is a perfect tree and p is Turing reducible
to 0. Suppose f € [p]. There is an & € Z so that f = o(z) @ z. Since o is a Player 1 winning strategy,
f=o0(z)®x € A. This shows that [p] C A. Note that p is Turing reducible to f since o, = f(4n + 1) for
all n. p is a Turing pointed tree. Every Turing pointed tree is a J-pointed tree.

If Player 2 has a winning strategy 7, then a similar argument shows that “2\ A contains the body of a
Turing pointed tree.

Suppose C C Dy. Let C = {x € “2 : [z]; € C}. By the above, C or R\ C contains the body of
a J-pointed tree p. Without loss of generality, suppose [p] C C. Suppose = € R is such that p <; z.
Note YP(z) <; p@ x <; z. Since YP(z) € [p] and p is J-pointed, p <; YP(z). With knowledge of p,
x = (YP)~1(YP(x)) <; YP(x). Thus YP(x) has the same J-degree as z. It has been shown that for any
x >y p, thereisay € [p] C C with the same .J-degree as z. Thus C contains the J-cone above the J-degree
of p. If R\ C contains a J-pointed tree, then the same argument shows that D\ C contains a J-cone. This
shows that u; is an ultrafilter.

Suppose (A, : n € w) is a countable sequence from p ;. Using ACY, let (a,, : n € w) be a sequence of reals
so that for all n € w, [ay]=, is the base of J-cone inside A,. Let a = @ a,, where € is some recursion
coding of sequences of reals by a real. Then [a]=, is a base of a J-cone within (), . A,. This shows that

=J new
.y is countably complete (in fact, AD alone implies every ultrafilter is countably complete). O

Lemma 7.10. Let J be a set of ordinals. Suppose X2 : “2 — “2 is a Lipschitz continuous function. Suppose
p is a J-pointed tree such that ¥ <; p. Assume that ¥ is not constant on any basic neighborhood of [p).
Then there is a J-pointed subtree ¢ C p so that for all v € [q], X(r) B g=; 7.

Proof. Since ¥ is a Lipschitz continuous function, ¥ can be considered a Player 2 stategy in a game where
both players make moves from {0,1}. In this way, one will consider 3 as a real. Since ¥ is Lipschitz, for
each u € <2, let X(u) € 1*I2 be the string ¢ such that every = € “2 with u C x, t C X(x). If one considers
Y as a Player 2 winning strategy, then X (u) is just the response of Player 2 using ¥ when Player 1 plays w.

Fix a J-pointed tree p. One will construct a sequence (us : s € <“2) in the tree p and a sequence of
natural numbers (n; : s € <“2) with the following properties:

(1) For all s € <¥2, ug C ug~,; for both i € 2.

(2) For all s € <2, if t C s, then n; < ng.

(3) For all s € <*2 and i € 2, X(us)(ng) = 1.

(4) Both (us : s € <¥2) and (ns : s € <“2) are Turing computable from p®X. Since ¥ <; p, both sequences
belong to L[J, p].

First suppose that such sequences exist. Let ¢ be the C-downward closure of {us : s € <“2}. ¢ is a perfect
subtree of p. ¢ is Turing computable from p @ X and therefore, ¢ <; p. Suppose r € [g]. Then r € [p]. Since
p is J-pointed, p <; r. Thus ¢ <; r. This shows that ¢ is also a J-pointed tree.

Let f be the left-most branch of g, i.e. T9(0) where 0 € “2 is the constant 0 sequence. Note that f <; q.
Since f € [p], p <; f. Thus p <j ¢ and as a result p =5 q. Hence X, (us : s € <“2), and (ns : s € <¥2)
belong to L[J, .

Now suppose r € [g]. As observed above, p <; . One seeks to define a sequence (v, : n € w) <; ¢ X(r)
in <“2 so that for all n € w, v, C vpt1, |vn| =n, and u,, Cr.

Let vg = 0. By construction of ¢, u,, = ug C r. Suppose v, has been defined. Let vy,41 = v, (E(r) (1w, ))-
By the induction hypothesis, w,, C r. If r € [q], then u,, -¢o or wu, -1 is an initial segment of r. By
construction, one can determine which of the two is an initial segment of r by determining the value of
Y(r)(ny, ). This shows that u,,,, € r. This completes the construction of the sequence (v, : n € w) which
is Turing computable from (us : s € <“2), (ns: s € <*2), and X(r). Thus (v, : n € w) <; ¢ @& 3(r).

Note that r = {J,,c,, tv,. Thus r € L[J,q,X(r)], i.e. 7 <; ¢ @ X(r).

Also since r € [g] and ¢ is J-pointed, ¥ <; ¢ <; r. Thus ¢ ® X(r) <; r. It has been shown that
r=yq®%(r).

Therefore, it remains to show that one can construct the sequence (us : s € <¥2) and (n, : s € <¥2).

Let ug = 0. Since ¥ is not constant, find the least triple (ug,u1,m) so that ug € p, u; € p, up(m) =0
and ui(m) = 1. Let ng = m, uyy = ug, and wu(y = u1.
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Let s € <“2 and |s| > 0. Suppose u, and ng}sj—1 have been defined. Since ¥ is not constant on N,,,
find the least triple (ug,u1,m) so that ug € p, u1 € p, us C ug, us C U1, M > Ngyjs|—1, |Uo| > m, ui| > m,
Y(ug)(m) =0, and X(uq)(m) = 1. Let uso = ug, us'1 = u1, and ny = m.

This produces the sequences (us : s € <¥2) and (ng : s € <“2) with the desired property. The proof is
complete. O

Definition 7.11. A function F' : R — wj is J-invariant if and only if for all x,y € R, z =; y implies
F(z) = F(y). N

If F/: R — w; is a J-invariant function, then let F' : D; — wy be the induced function on D;. That is
F(X) = F(z), where z € X.

A J-invariant function F is everywhere increasing if and only if for all z,y € R, x <; y implies F(z) <
F(y).

A J-invariant function F' is increasing pj-almost everywhere if and only if there there is an a € R so that
for all z,y € R with a <; z and a <; y, z <; y implies that F(x) < F(y).

Definition 7.12. Let J be a set of ordinals. For each §,® € [[xcp, ON, define § =,, & if and only if
{XeD;:3(X)=6(X)} €pny. Let §F<,, & if and only if {X € Dy : F(X) < &(X)} € .

The ultraproduct [[ycp, ON/puy consists of the equivalence class of [[y.p, ON under =,,. For two
elements F,G € HXeDJ ON/pg, one lets F < G if and only if for all § € F and & € G, § <., &

Let HDJ w1/ consists of the equivalence classes having a representative which is a function § : Dy — wy.

Fact 7.13. (Woodin) Assume ZF + AD. Let J be a set of ordinals. [[xcp, wy L[J.x] [y = wi

Proof. For each a < wy, let F,, : R — w; be the constant function taking value «. Note that Fa S
[Ixep, wlL[J Xl By the countable additivity of s, [Fal,, = . Thus w; C [Ixen, wL[J X1,

Let F € [[xep, w1 JX]/,LLJ. Let F: R — w; be a J-invariant function such that F is a representative of
F. Consider the following game from [I4] Lemma 3.3:

I Zo T T2 T
Gr
11 Yo, 20 Y1, 21 Y2,22 - Y,z

Player 2 wins if and only if 2 <; y, z € WO and ot(z) = F(y).

Claim 1: Player 2 has a winning strategy in this game.

To see this: Suppose otherwise that Player 1 has a winning strategy o. Consider ¢ as both a real and as
a strategy. Since I € [Ixen, oJlL[J ], pick a y > o such that F(y) < wlL[J Y Pick a 2 € WO 5o that
ot(z) = F(y). Note that o(y,z) <; y since o0,y,z <; y. Thus Player 2 has won which contradicts o being a
Player 1 winning strategy. This proves Claim 1.

Thus suppose 7 is a Player 2 winning strategy. Let 71, m : R2 — R be the projection onto the first and
second coordinate, respectively. Since 7 is a winning strategy for Player 2, m[7[R]] is a £} subset of WO.
By boundedness, there is a § < wy so that for all v € m2[T[R]], ot(v) < 0. Now take z >; 7. Then 7(x) <j z
and therefore 1 (7(z)) <j x. Since 7 is a winning strategy for Player 2, x <; m1(7(z)). So x =5 m1(7(z)).
Since F is J-invariant, F(z) = F(mi(7(x))) = ot(m2(7(z))) < §. Then by the countable additivity of p,

there is an « < § so that for py-almost all z, F'(z) = . Hence [F],, = a.

1254
This shows that [[yep, wlL[J’X]/NJ C wy which completes the proof. O

Fact 7.14. Assume ZF + DCg + AD. Let J be a set of ordinals. Every J-invariant function is increasing
wy-almost everywhere.

Proof. Consider the set A = {x eER: (Vy)(z <;jy= F(z) < F(y))}. Since F is a J-invariant function,
A is a J-invariant set. Let A = A/ =; be the corresponding set of J-degrees. By Fact |7 . A€ pyor
Dy\A€py. .

(Case 1) Suppose Dy \ A € py. There is some ¢ € R so that for all x € R with ¢« < z, v ¢ A. Let
C, ={x € R:v <2z} Thus for all x € C,, there is a y € R with  <; y and F(y) < F(x). Since
v <y x <jy, one in fact has for all z € C,, there is some y € C, so that F(y) < F(z). Define a binary
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relation R on C, by y R x if and only if F(y) < F(x). By DCg, there is a sequence (z,, : n € w) so that
F(zp4+1) < F(zy). This contradicts the wellfoundedness of ON. Thus Case 1 can not occur.

(Case 2) Suppose A € py. There is some ¢ € R so that for all z € R with ¢ <; x, x € A. Suppose z,y € R
is such that ¢ <j x <; y. By definition of z € A, F(z) < F(y). F is increasing on the cone above ¢.

Since only Case 2 can occur, ' must be increasing pu j-almost everywhere. O

Fact 7.15. Assume ZF + DCr + AD. Let J be a set of ordinals. Let F': R — wy be a J-invariant function.
Then there is a G : R — wy which is a J-invariant everywhere increasing function such that F ~uy G.

Proof. By Fact[7.14] there is an ¢ € R so that F is increasing above the J-cone of ¢. Define G(z) = sup{F(z) :
L <y z<ya}. (If this set is empty, then G(z) = 0.) G is J-invariant.
Ife<jy,then{z::<;2z<;2} C{z:1<;2<;y}. Thus G(z) < G(y). G is everywhere increasing.
If © € R is such that ¢ <; z, then G(z) = sup{F(z) : ¢ <; z < a2} = F(x) since F is increasing on the
cone above ¢. ]

Fact 7.16. (Woodin, [I7] Theorem 5.9) Assume AD. Let J be a set of ordinals. For pj-almost all z € R,
L[J,z] |= CH.

Fact 7.17. Assume ZF + DCg + AD and V = L(J,R) for some set of ordinals J. There is also a set
of ordinals X that absorbs every function on R X wy in the following sense: for every partial function
AR xw — R xw, there is a real z, a formula ¢, and an ordinal £ so that for all (r,a) € dom(f),
A(r,a) € LIX,2z,r] and A(r,a) = (s,8)  L[Xj, 2,1, 8] E o(Xy,2,&,1,,8,8). In this context, z is said to
code A.

Proof. The proof is quite similar to Fact and Fact As in those argments, one can take X; to be
J@,0y. O

Remark 7.18. Next one will study the cardinals below R x w; under the failure of ADg. By Fact if one is
working in the theory ZF +ADT +V = L(Z(R)) +—ADg, then there is set of ordinals J so that V = L(J,R).
In the rest of this section, one will work with models of the form L(J,R) = ZF + AD 4+ DCg. By Fact
there is an associated set of ordinals X; € L(J,R) which absorbs all functions A : R x wy — R X w; in
L(J,R). Without loss of generality by replacing J with X, one can assume that J is a set of ordinals that
absorbs all function from R X wq into R X w;.

Definition 7.19. Let J be a set of ordinals. Let I’ : R — wy be a J-invariant function. Define ®z : R — wq
by Op(x) = wiiy). Let Wi =] ®p.

Fact 7.20. Assume ZF + AD. Let Fi,F> : R — w1 be two everywhere increasing J-invariant functions so
that Fy =, F». Then WF]1 ~ WF]2~

Proof. Let £ € R be such that for all x >; ¢, Fy(z) = Fy(x). By Fact let p be a J-pointed tree such that
plC{zeR: <)}

Define A : W, — W, by letting A(z,a) = (YP(z),). Since p is J-pointed, p <; T?(z). Hence
p € L[J,TP(x)]. Using p and YP(x), one can Turing compute . Thus x <; YP(x). Since YP(z) € [p],
Fi(Y?(z)) = Fo(YP(x)). Thus a < wF[‘(] I)] < wﬁl['(];gp(m)] < wlgl[(];f(%))] = Fz[{;?(%))] since z <j YP(x), Fy is
everywhere increasing, and F; and F» are equal on [p]. This shows that A is well defined. A is an injection.
Thus [W7 | < W |

By reversing the role of F and F; in this argument, one has that [W7, | < |[W} |. Hence W ~ Wi . O

2

Definition 7.21. Assume ZF + DCg + AD and there is a set of ordinals J so that V = L(J,R). For each
F € [Ip, wi/ps, define the cardinality Y7 to be [Wy| where F' : R — w is any J-invariant everywhere
increasing function so that F € F. (Note that such an F exists by Fact and this definition is well
defined by Fact )

Fact 7.22. Let J be a set of ordinals. For every ® : R — wq, there is an everywhere increasing J-invariant
function F so that || |®| < [W{|.

Thus every subset of R X wy without a copy of wy injects into Wi for some everywhere increasing J-
invariant function F. Of course, W3 also does not contain a copy of wy since it is of the form | |® for some
function ®.
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Proof. Let F': R — w be defined by F'(x) is the ordinal such that L[J,z] = |®(x)] = Rp/(y).

For each x € R, let I'* : &(z) — wﬂ{;;] be the L[J, z]-least bijection. Then A’ : | |® — W, defined by
N(z,a) = (2,T%()) is a bijection.

Let F(z) = sup{F'(z) : z <j x}. F’ is everywhere increasing and W, injects into W..

The last statement follows from Fact O

Example 7.23. Let J be a set of ordinals. Let Hy, H; : R — w; denote the constant 0 and constant 1
function, respectively. Then |WI‘§O\ = |WI§1\ = |R].

Proof. Note Wi, = Lt 2 R xw~R.

For each x € R, let I'" : wlL[J’m] — R denote the L[J, z]-least injection of wlL[‘]’x] into RE21 Define
A Wi, — RxR by Af(z,a) = (z,I7(a)). A is an injection witnessing |[Wj}, | < [R x R| = |R|. Thus
Wél ~ R. ]

Fact 7.24. Assume ZF +AD 4+ DCg and V = L(J,R) where J is a set of ordinals that absorbs all functions
from R X w1 into R X wy as in Factlm aNnd RemNark . Suppose F1,Fy : R — wy are two everywhere
increasing J-invariant functions such that Fy <,, Fo and F is not py almost everywhere equal to 0. Then
WA < W4,

Proof. Since Fy is not pj-almost everywhere 0 and Fy <,, Fb, let £ € R be such that for all z € R
with ¢ <; z, 1 < Fy(z) < Fy(x). Let p be a J-pointed tree such that [p] C {z € R : ¢ <; x}. Define
A: W7 — Wi by Az, o) = (YP(x),c). Forall (z,a) e Wi, o < wlel[‘(];;] < wﬁ‘{ﬁigg] < w%{ﬁp(%))] since
x <; YP(x), Fy is everywhere increasing, and ¢ <; TP?(x). Thus A is a well defined injection witnessing
Wi | < W,

Suppose there was an injection A : WFIQ — WFI1~ Since J absorbs all functions, let z € R and ¢ be some
formulas such that within L[J, z], A is correctly defined in the sense of Fact That is, for all (r,ar) € W7, ,
A(r,a) € L[J, z,r] and A(r,a) = (s,8) & L[J, z,r] = ¢(J, 2,7, a, s, 5). By Fact let e € R be such that
for all x € R, e <; x implies that L[J, z] = CH.

Let w = z & & e. Within L[J,w], A as defined by ¢ is a injection of W, N L[J,w] into W, NL[J,w]. In

particular, within L[.J, w], there is an injection of {w} x wg‘xg] into W N L[J,w] € REVw) wél[‘(llzg] since

Fy is an everywhere increasing function. Since L[.J,w] = CH, |R|l/] = . By the definition of ¢, for
all z such that ¢ <; x, Fi(z) > 1. Thus in L[J,w] F |R X Wg, ()| = Wp, (w). Thus within L[J, w], one has an

L[Jw]
Wy

injection of wﬁi‘(jﬁg] into wlel[‘(]uIS] Since ¢ <j w, Fy(w) > Fi(w). Such an injection can not exists in L[J, w].
Contradiction. This shows [WZ | < [W|. O

Corollary 7.25. (Woodin) Assume ZF +AD" + -ADg +V = L(Z(R)). There is a set X C R x w; so that
IR| < |X] and =(w1 < [X]),

Proof. By Fact there is a set of ordinals J so that V = L(J,R) and J absorbs functions. Let F!, F? :
R — w; be the constant funtion taking value 1 and 2, respectively. By Example Wi,jl ~ R. Then by

Fact [ [R| = (W | < [WE|
The set W}, is essentially the example in [20] Theorem 25. O

Theorem 7.26. Assume ZF+AD+DCg and V = L(J,R) for some set of ordinals J which absorbs functions
from R X wy into R x wy. Let B be the collection of | X| such that X C R x wy and —(wy < |X]|); that is, T
is the collection of cardinalities of sets below R x wy that do not possess a copy of wy.

The sequence (Y¢ : F € [Ip, wi/ps \ {0}) is an order-preserving injection of the wellordering []p, w1/
wr \ {0} with the ultrapower ordering into U with the natural cardinality ordering induced by injections.
Moreover, this sequence is cofinal in U in the sense that if Y € U, then there is a F € [[pwi/p\ {0} so
that Y <YZ.

Proof. This is clear from Fact and Fact Also note that it is necessary to remove 0 for otherwise
the sequence would not be injective since Yy = |R| = Y;/ by Example [7.23 O
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Fact 7.27. (Woodin) Assume ZF+DCgr~+AD and V = L(J,R) for some set of ordinals J. Let X; = JB,0;.
hen Tl 57/, = O

Proof. This is shown in [I4] Theorem 5.16. a

As in Remark if one has that V' = L(J,R), one could have always chosen the set of ordinals which
absorbed functions to be J&,,0,. Moreover L(.J,R) = L(J&,0,;,R). Thus the length of (Y : F € [Ip, w1/
1) is quite long.

Let Y ={Y{: Fe [Ip, wi/ps \ {0}}. A natural question would be is U, the collection of uncountable
cardinals below R x w; which does not contain a copy of wy, the same as 9 = {Y# : F € [[p, wi/ps \ {0}}.
Certainly, ) C U and 2) is cofinal in ®J. Moreover, for all Y € ) and X € U, either X <Y or Y < X. This
will follows from the next result. Moreover, the game in the proof is important for later results.

Theorem 7.28. Assume ZF + AD. Let J be a set of ordinals. Let F': R — wy be an everywhere increasing
J-invariant function so that for allz € R, F(x) > 1. Let ® : R — wy be any function. Consider the following
game S§:
I To ! T2 T3 r
S

17 Zo r1 T2 3 x

where Player 1 and Player 2 separately play natural numbers to produce reals r and z. Player 2 wins S if
and only if L[J,r,x] = ®(r) < wr(ras)- If Player 2 has a winning strategy in S&, then || |®| < [W{|. If
Player 1 has a winning strategy in S&, then |WZ| < ||| ®|.

Thus either ||| ®| < |[WZ2| or WL < || ®|.

Proof. Statement 1: Suppose Player 2 has a winning strategy 7. For each r € R, let 7(r) denote the real
that Player 2 produces using 7 when Player 1 plays 7.

Since 7 is a Player 2 winning strategy, for all r € R, L[J,7,7(r)] E ®(r) < wr@r@r(r). Define A : [ |® —
Wby A(r,a) = (r @ 7(r), ). A is an injection witnessing || | ®| < [W/|.

Statement 2: Suppose Player 1 has a winning strategy o. For each x € R, let o(x) be the response by
Player 1 using o0 when Player 2 plays x.

Since ¢ is a Player 1 winning strategy, for all z € R, L[J,0(2), 2] F Wp(s(a)az) < P(o(x)). Note that if

70,71 € R are such that o(zo) = o(z1) and o(xg) ® zo =7 o(x1) ® 71, then wf?[('(];a(:)"e)afo")] = wg[';’?;f)gf:)].

By Fact let e € R be such that for all x € R with e <; x, L[J,z] = CH. By Fact let p be a
J-pointed perfect tree such that e ® o <; p, i.e. [p] is inside the cone above e & o.
Note that when one considers o : R — R as a Lipschitz function, it cannot be constant on any neighborhood

f?[(‘ié(%;)] < ®(o(z)) and F(z) > 1 for all z € R. Thus by Lemma , there is a J-pointed

perfect subtree ¢ C p with the property that for all z € [¢], o(z) ® g = «.

Before proceeding, one should give intuition for the next function: ¢ as a Lipschitz function is not an
injection; however, for any r € o[[q]], one knows where the possible preimages of r come from. Precisely, for
any r € o[[q]], o~ [{r}] € REI"®4. Thus there are at most |R|“[/"®9 many = € R so that o(z) = r. Since
L{J,r ® q] = CH, L[J,r @ q] = |R| = wi. In anticipation of this many possible x sharing the same r as its
image, one will split wfﬁ[(‘i’é?)q] into REI g[(‘ié ?)‘1]
of the possible x such that o(x) = r. The details are as follows:

For each r € o[[q]], let TI" : REIJr®dl wlg[(‘:’é?)q] — wg[(ié?)q] be the L[J,r @ g]-least injection which exists

since L[J,r ® ¢] = CH and F(z) > 1 for all € R. Define A’ : [ |, ., wg[(‘i)m] — || ® by

of [p] since w

Jr&4] many disjoint pieces of size w . This makes room for each

N(z,a) = (0(2), 17" (2, a)).

Note this is well defined since for all € [¢], 0 <; ¢ <; z and thus o(z) Bz =5 2 =, o(x) D q. If x € [q]

and a < wle[(‘;’)m}, then » € REV# = REV0(@)®d] and o < wf?[(i)x] = wﬁi’ﬁ%ﬁq]. Thus (z, ) is in the domain

of 7™, Also TI°(*) maps into wﬁi’fé%%ﬂ = wé%ﬁ%%ﬂ < B(o(x)).
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Suppose (2o, o) # (1, 1) belong to | |, ¢, wlﬁ[(‘;f] If (o) # o(x1), then it is clear that A’'(zg, ag) #

A (x1,0a1). Suppose o(xg) = o(x1). Let r denote the common value r = o(zg) = o(x1). As noted above,
since xg,z1 € [g], one has xg =5 o(xg) D qg=5r®q =y o(x1) D q =y x1. Thus xg,z1 € RLWVr®d | Since
xo # x1, (20, ap) # II"(x1, 1) since II" is an injection. By definition of A’; A'(zg, ag) # A'(x1,@1). Thus
A’ is an injection.

Finally, define A" : Wi — Ueerq wfj[(ir] by A" (x,a) = (T9(z),«). Note x <; TI(zx) since ¢ is J-pointed.
Thus wﬁEJ;E ] <w [(‘])T *(@)] < L[({rz( ()m))] since I is everywhere increasing. Thus A” is a well defined injection.
Thus (W] < [Leg @iy | < U@ 0

Corollary 7.29. Assume ZF +AD. Let J be a set of ordinals. Let F': R — wy be a J-invariant function so
that F(x) > 1 for all x € R. Suppose X C R x wy and —~(wy < |X|). Then either | X| < Y7 or Y7 <|X]|.
In other words, for all X € W and Y €, X <Y or Y < X.

Proof. By Fact there is some ® : R — w; so that |X| = || |®|. The result now follows from Theorem
(.28 (]

Theorem 7.30. Assume ZF+AD. Let J be a set of ordinals. Let F': R — wy be an everywhere increasing J-
invariant function. Let X C W, |, where (F+1)(x) = F(x)+1. Then either | X| < [Wi| or Wi, | = |X].

Proof. By Fact [7.3] there is a ® : R — wy so that [ X| = ||| ®|.
Consider the game Sf_ ; from Theorem

I 7o 1 T2 T3 T
X
Sy

II Zo T T2 xs3 T

where Player 1 and Player 2 separately play natural numbers to produce reals r and z. Player 2 wins Sy if
and only if L[J, 7, z] = ®(1) < Wp(r@z)+1- By AD, one of the two players has a winning strategy.

(Case 1) By Theorem if player 1 has a winning strategy that [Wi, | < [[J®| = |X| < [W{,4].
Thus |X| = [W{,,|.

(Case 2) Suppose Player 2 has a winning strategy 7. One will need a more careful look at the proof of
statement 1 in Theorem [7.28

For each r € R, let 7(r) denote the real that Player 2 produces using 7 when Player 1 plays r.

Since 7 is a Player 2 winning strategy, for all r € R, L[J,r,7(r)] | ®(r) < wp@ar@))+1- That is,

LJ,r,7(r)] E |®(r)| < wp@ar)). Let T7: &(r) — wF[JrT(T)] denote the L[J,r, 7(r)]-least injection of ®(r)

L{T.r.r(r) e
nto wF(T’@’T(T‘))'
Define A : | |® — W by A(r,a) = (r & 7(r),T7()). A is an injection witnessing || |®| < |[WZ|. O

Note that the assumption for Theorem and Theorem [7.30|is just ZF + AD and J is any set ordinals
(with no assumption about function absorption although the two cardinalities may degenerate without these
assumptions).

Corollary 7.31. Assume ZF + AD + DCgr and V = L(J,R) where J is a set of ordinals which absorbs
functions from R x wy — R X wy. Then for alln € w'\ {0} there are no cardinalities between Y, and Y,/ .
In particular, there are no cardinalities between |R| =Y, and Y5 .

Theorem 7.32. Assume ZF + DCg + AD and V = L(J,R), where J is a set of ordinals. Let F € [[p, w1/
wr \ {0} be such that cof (F) = w. Let (F,, : n € w) be any w-cofinal sequence through F. Then there exists
everywhere increasing J-invariant functions from R into w1, F and (F,, : n € w), so that [F]w = F and for
alln € w, [Fn}w =F,.

Furthermore, assume J is a set of ordinals which absorbs functions from R X wy to R X wy. Then for any
X C Wy, either |X| = |W{| or there exists an n € w so that | X| < [W |.

Proof. By Fact every G € [[p, wi/ps has an everywhere increasing J-invariant G : R — wy so that

G = [G],.,. Since AD implies ACS and every set in L(J,R) is ordinal definable from J and a real, one has
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that L(J,R) satisfies AC,,, the full axiom of countable choice. Thus one can obtain F and (F), : n € w) as in
the first statement of the theorem. One may assume that for all n € w, for all z € R, F,(z) > 1.

Now fix an X C W. Suppose there is no n so that | X| < [W}

Let m € w. Suppose (Xj : k < m) is a sequence of disjoint subset of X and X}, ~ WF]k for all & < m.

Let Y = X \ (Upcpm Xk). For each r € R, let §, = ot(Y;.). Let ® : R — w; be defined by ®(r) = d,. Note
that Y ~ | | ®.

Consider the game S, from Theorem

(Case 1) Suppose Player 2 has a winning strategy in Sgim. By Theorem there is injection A : | |® —
W . Since Y ~ | |®, there is an injection of ¥ into W, .

Note that W is in bijection with | |, ., Wy . Since X =~ W}, and [Wg,| < [Wp,,| for all k < m, there
are injections of X}, into W . Thus there is an injection of X = Y L Upcm Xi into | J, ., Wi~ W/ .
This contradicts the assumption that there is no n € w so that |X| < [W7 |. So Case 1 can not occur.

(Case 2) Player 1 has a winning strategy in S}{?m. Theorem states that there is an injection A,, :
W) — Y. Let X,, be the image of this injection.

Consider the tree T of (Ag, ..., A;,—1) so that each A, : WF] — X is an injection and for all i < j < m,
A [WITNA; [WJJ ] = 0. Order this tree by extension. By the anaysis above, this tree has no dead branches.
Since L(J,R) = DCg and all sets are ordinal definable from J and a real, L(J,R) |= DC. Thus let (A; : i € w)
be a branch through the tree T'.

Let K :R Xw; — R X w; by

K(r.a) {Fa(r) a<w
0 otherwise
Since J absorbs function, as in Fact there is an £y € R so that for all 2 >; ¢y and a < wy, K(z,a) €
L[J, z]. In particular by absorbing K, one has that for all z with ¢y <z, (F,,(z) : n € w) € L[J, x].

Since (F, : n € w) is cofinal through F, one can use the countable additivity of p; to find an £ >; £y so
that for all x € R with ¢ <; z, (F,(z) : n € w) is a cofinal sequence through F(z). Let p be a J-pointed
tree such that ¢ <; p. For each s € [p], let 3° : wf?[(‘;)s] = pew ng;)] by the L[J, s]-least injection. (Note it
is important that (F},(s) : s € w) € L[J, s] to make sense of this.)

Let A* : ep @iy — X be defined by
A" (SC, Oé) = ATrl(E“‘((;E,a)))(‘T7 ﬂ-?(zx(xa Oé)))

Here one thinks of | |, .. wa’[i;} ={(n,a) :newAha< wg[{f)]} as a subset of w X wy. The functions

T w X w; = wand mo : w X w; — wy are the projections onto the first and second coordinate, respectively.
Here one considers Wl:l as a subset of R X wy. Observe that A* is an injection.

As usual, A*: ngl(x) = Lsep) wé[(‘i)x] defined by A*(x, ) = (YP(x), «) is an injection. It has been shown
that [W7| < |X| and hence | X| = |[W{|. O

By Fact the first wy elements of [ [ w1/p, are the elements [[ycp, wlL[J’X]/pJ. For each o < wy,

let F*: R — w; by the constant function a.. Note [F],, is a in the ultrapower. So Y,/ = [W.|. From the
results shown so far, one can determine the first w initial segment of 2, the collection of cardinalities below
IR x wq| without a copy of wy:

Theorem 7.33. Assume ZF + AD +V = L(J,R) where J is a set of ordinals which absorbs functions from
R X wy into R x wy. The collection of cardinalities {YO‘Z i1 < a<w}is closed under the injection relation,
<. That is if X is an uncountable cardinality and there is some o < wy so that X < YC;], then there is some
1 <8 <asothat X = Yﬁ‘]. Moreover, {Yo‘f i1 < a < wi} is an initial segment of U under the injection
relation in the sense that for all X € B, either X € {Y,) : 1 <a <w} or foralla <wy, Y/ < X.
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