CARDINALITY OF THE SET OF BOUNDED SUBSETS OF A CARDINAL
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ABSTRACT. If o and B are cardinals, then the cardinal exponentiation ¢/ is the set of all functions from «
into 8. Among the very few behaviors that can be inferred from the definition of cardinal exponentiation
and basic set construction principles, one can show that if & < v and 8 < § are cardinals, then |*8| < |7§].
The ABCD hypothesis is the aesthetically simplest behavior for cardinal exponentiation which asserts that
this is the only relationship between infinite cardinal exponentiations: For any cardinals w < o < 8 and
w <y <4, |*B8] < |74 if and only if & <~ and 8 < 4.

The axiom of determinacy AD asserts every two-player infinite game on w has a winning strategy for one
of the two players. ADT is Woodin’s extension of AD. Let © be the supremum of the ordinals onto which
R surjects. Determinacy axioms govern an important initial segment of the universe consisting of the sets
onto which R surjects and © is the height of this initial segment.

Assume ADT. The ABCD hypothesis holds below ©: For any cardinals w < a < 8 < © and w < v <
0 <O, |*B] < |74] if and only if & < v and B < 4. This provides a complete classification of the relationship
between any pair of infinite cardinal exponentiations below ©.

If x is a cardinal, then let g (k) = {A € P(k) : sup(A) < K} be the set of bounded subsets of k. The
previous result follows from the eponymous result of the paper: Assume ADT. For all cardinals w < k < ©
and € < kK, Zp(k) does not inject into “ON, the class of e-sequences of ordinals.

1. INTRODUCTION

The set of natural numbers is denoted w. A distinguished characteristic of w and each finite natural number
is the ability to make definitions by recursion and proofs by induction. This property is equivalent to the
usual ordering on w being a wellordering. Using recursion, one defines the usual arithmetic operations on w
including addition, multiplication, and exponentiation. Of particular significance here is the exponentiation
operation. If m and n are natural numbers, let "n be the set of all functions from an m-element set into an
n-element set. By arithmetic considerations, the usual exponentiation n" is the size of the set "'n and in
particular the set ™n is finite and wellorderable. The birth of set theory began with Cantor’s investigation
of exponentiation for infinite sets.

Cantor formalized the notion of size for arbitrary infinite sets. If X and Y are two sets, then X and
Y have the same cardinality if and only if there is a bijection from X to Y. An equivalence class of the
bijection equivalence relation is called a cardinality. If X is a set, then the cardinality of X, denoted | X/, is
the bijection equivalence class of X. Cardinalities are compared by the injection relation. |X| < |V if and
only if there is an injection of X into Y. |X| < |Y] if and only if | X| < |Y] and =(]Y] < |X]).

The infinite analog of the natural numbers are sets which possess a form of transfinite induction and
recursion or equivalently sets endowed with wellorderings. Ordinals are transitive sets « so that its own
membership relation € defines a wellordering. Ordinals are sets with a natural intrinsic wellordering and
every wellordering is order isomorphic to an ordinal. Each natural number does not inject into any smaller
natural number, but this is not true of all ordinals. A cardinal is an ordinal which does not inject into
any smaller ordinal. Cardinals are natural infinite analog of sizes which possess transfinite recursion and
induction. If a set X is wellorderable, then |X| has a unique member which is a cardinal. (Thus, if the
axiom of choice AC holds, then every cardinality has a cardinal. The investigation of cardinality under AC
is tantamount to the study of cardinals.)

For any two set X and Y, XY is the set of all functions f from X into Y which can be regarded as the
general exponentiation of sets. Cantor proved the first theorem of set theory that X does not surject into
X2 and thus |X| < |*2|. The behavior of cardinal exponentiation has received substantial investigation by
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set theorists. However, there are very few relationships between infinite cardinal exponentiations which can
be inferred solely from the definition of cardinal exponentiation and very basic set construction principles:

(1) For any cardinal &, °x = {0} = 1.

(2) For any cardinal x > 0, "0 = () = 0.

(3) For any cardinal &, |"1| = |1].

(4) For any cardinals 2 < § < k with & infinite, |*d| = | P (k)| = |°2| = |®k|.
(5) For any cardinals a, 3, 7, and §, if & < and 8 < 6, then |*j3]| < |7§].

Exponentiations of finite natural numbers have an intrinsic arithmetic reason for being finite and hence
wellorderable. There seems to be no natural way to infer the wellorderability of infinite cardinal exponenti-
ation from the definition of cardinal exponentiation and basic set theoretic construction principles. Cohen
[22] formalized this by showing that the Zermelo-Frankel set theory axiom (ZF) cannot prove R or “2 is
wellorderable. Thus the aesthetically simplest behavior for infinite cardinal exponentiation compatible with
the necessary properties which can be logically inferred from the definition of cardinal exponentiation is called
the ABCD hypothesis which states the above behavior completely classifies infinite cardinal exponentiation.

e (ABCD hypothesis) For all cardinals w < a < f and w <y <4, |*8| < |74] if and only if & < and
B <é.

The ABCD hypothesis does provide a complete classification of infinite cardinal exponentiation in the fol-
lowing sense: given any four infinite cardinals «, f3, v, and §, the ABCD hypothesis and property (4) can
be used to determine the injection relation between 8 and V6. (See Remark ) Ifw<a<fand
w < 4 < ¢ are cardinals so that a < v and § < 3, then the ABCD hypothesis would imply that |*3| and
[74| are incomparable cardinalities. Thus the ABCD hypothesis implies the failure of the axiom of choice.

If one assumes the axiom of choice, then for any cardinal x, “2 is wellorderable and hence is in bijection
with a unique cardinal which is frequently denoted 2%. The cardinal successor x is the least cardinal
which does not inject into k. By Cantor’s theorem, x < 2% and thus the smallest possible value for 2%
is kKT. Under the axiom of choice, the aesthetically minimal behavior for infinite cardinal exponentiation
is the generalized continuum hypothesis (GCH) which asserts that for all infinite cardinals s, 2% = x7.
However, the argument for the aesthetic minimality of the generalized continuum hypothesis assumes the
wellorderability of infinite cardinal exponentiation which seems to be an arbitrary judgement as it cannot
be naturally inferred from the definition of cardinal exponentiation and basic set construction principles. In
contrast, the failure of the axiom of choice from the ABCD hypothesis is a necessary consequence of the
aesthetic minimality considerations. The ABCD hypothesis is a more purely minimal behavior for infinite
cardinal exponentiation than the generalized continuum hypothesis from an aesthetic view.

The author does not know if the (global) ABCD hypothesis is consistent. If x is a cardinal, the ABCD
hypothesis below k is the assertion that for all cardinalsw < o < S < kandw < v < § < K, |*8] < |74 if and
only if « <~ and 8 < §. The ABCD hypothesis below w is vacuous. The ABCD hypothesis below w; is trivial
since the only infinite exponentiation below w; is “w. The first nontrivial instance is the ABCD hypothesis
below wy which amounts to showing |“w;| < [“*wy|. Let © be the supremum of the ordinals onto which R
surjects. The descriptive set theoretic world can be intuitively regarded as an initial segment of the universe
consisting of transitive sets which are images of R. © is the ordinal height of the descriptive set theoretic
world. R always surjects onto w; and thus ws is the smallest possible value for ©. An important instance is
whether the ABCD hypothesis holds in the descriptive set theoretic world or namely below ©. Theorem
will show that [“w;| < [“*w;| holds in the Solovay model ([564]) where ©® = wq. Thus the consistency of ZFC
and the existence of an inaccessible cardinal implies the consistency of the ABCD hypothesis below © = ws.

The classification of cardinal exponentiation is merely one of many other interesting questions of infinitary
combinatorics. Rather than investigating consistency strength of the ABCD hypothesis, this paper is more
concerned with showing the ABCD hypothesis is a consequence of a practically useful theory that can
serve as a foundational framework for many other combinatorial questions. Intuitively, one would like to
show that the ABCD hypothesis holds in an idealized universe which possesses all the regularity properties.
Descriptive set theory provides an opinion on the nature of this ultimate regular universe at least up to
the initial segment of sets which are images of R (the descriptive set theoretic world). Classical regularity
properties include the perfect set property, the property of Baire, and Lebesgue measurability. A particularly
prominent regularity property is the axiom of determinacy, AD, which states that all infinite two player games
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of perfect information with moves from w have a winning strategy for one of the two players. AD" is Woodin’s
extension of the basic axiom of determinacy, AD. It is open whether AD and AD™ are equivalent. AD' has
proven to be one of the most important theory in the modern development of set theory (with or without the
axiom of choice) and is central to many aspects of the inner model theory program, Woodin’s Ultimate-L,
forcing axioms, and descriptive set theory.

The inclusion of AD™ among the laws governing the ultimate regular universe empirically seems to yield
some remarkably fascinating structure to the descriptive set theoretic world. Many classically pathological
or paradoxical sets can no longer exist including wellorderings of the reals, Lebesgue nonmeasurable sets,
Banach-Tarski decompositions, Suslin lines ([9]), and maximal almost disjoint families ([53], [20]). It seems
empirically that AD™ is very successful at resolving natural combinatorial questions and independence phe-
nomenon among these natural problems are quite rare. The method of forcing is the most powerful technique
for establishing independence results. By the results of the Chan-Jackson ([I2]) and Ikegami-Trang ([26]),
any nontrivial forcing which is an image R over a model of AD must destroy AD in the forcing extension. Intu-
itively, the descriptive set theoretic world satisfying AD is quite fragile to the direct application of nontrivial
forcings which are themselves in the descriptive set theoretic world. This perhaps explains the empirical
rarity of independence phenomenon for natural combinatorial questions under determinacy assumptions.
The classification of cardinal exponentiation below © seems to belong to the class of natural problems that
determinacy should be able to resolve.

The origin of the ABCD hypothesis came from neither philosophical nor aesthetic considerations. Prior to
the formalization, many incremental cardinality computations had slowly suggested the possibility. Woodin
([65]) had known |[w1]¥| < [[w1]<“!| and —(]S1| < |“w1|) at least under ADg and DC. Jackson and the
author ([I3]) showed that AD, DCg, and all subsets of R have oo-Borel codes imply S; does not inject into
“ON and hence [w1]<“* does not inject into “ON. The methods of [13] uses heavily oo-Borel codes for
subsets of [w;]<“t (which does follow from all subsets of R having co-Borel codes) and that generic filters
exist for countable forcings that belong to an inner model satisfying ZFC. To generalize this proof beyond
w1, one would need the existence of generic filters over an inner model satisfying ZFC for a forcing which is
uncountable in the real world and the existence of co-Borel codes for sets of subsets of uncountable cardinals.
This first proof known to the author from [I3] will be the most suitable for generalization in this paper but at
the time, both problems seemed intractable. Generally generic filters for uncountable forcings cannot exist.
Woodin showed AD™ implies there are subsets of &?(w;) which do not have co-Borel codes (see [I5]). The
goal for the next several years was to find forcing-free and oo-Borel code-free proofs that |[wi]¥] < |[w1]<*?|
which could generalize to cardinals beyond w;. Jackson and the author ([I1]) investigated almost everywhere
continuity properties for functions of the form ® : [w;]“* — w;. Since continuity is a well controlled failure of
injectivity, this continuity result was used to show that AD implies |[w1]<“!| < |Z?(w1)|. Motivated by this
almost everywhere continuity result, Jackson, Trang, and the author ([I9]) established an almost everywhere
continuity property for functions of the form ® : [w1]® — w; when € < w;. This was used in [19] to give
the first known AD proof that |[wi]¥| < |[w1]<“*|. [19] also established an analogous almost everywhere
continuity result for functions of the form ® : [wy]¢ — wo when € < wy. This continuity result was used to
show |[wa]“t| < |[we]<*2| in [19] which was the first instance of these computations beyond w;. Using the
cardinality computation |[w1]¥] < |[w1]<**|, [I8] showed that AD and DCg prove [w1]<** does not inject into
“ON, the class of w-sequences of ordinals. However, the proof in [I8] used very specific properties of w; that
could not be generalized to ws. [21] then established an almost everywhere continuity property for function of
the form @ : [k]¢ — ON when € < k, cof(€) = w, and k satisfies the partition relation k —, (k)5¢. Using this
result, [18] showed that if x satisfies the weak partition property k£ —. (k)5", then for all € < x, [£]<" does
not inject into “ON, the class of e-sequences of ordinals. With this result, these cardinality computations
had now been extended to all the familiar weak and strong partition cardinal of determinacy including wy,
W2, Wet1, Wet2, the projective ordinals 5}1 (for n € w), and 6?. Jackson, Trang, and the author had enough
evidence to formulate the seemingly plausible ABCD conjecture which would completely classify cardinal
exponentiation below © (with the name of the conjecture due to Jackson and Trang):

e (ABCD Conjecture) AD™ proves that for all cardinals w < @ < 8 < © andw < v < § < O,
|*B] < |74] if and only if & < and 8 < 4.



The statement of the ABCD Conjecture is optimal. AD" cannot prove the ABCD hypothesis beyond ©. If
AD holds and V = L(R), then for any x > 0, k* = (k1)HOP (see discussion in the proof of [20] Theorem
6.3) and thus there is even an injection of O into £2(0).

The key to solving the ABCD conjecture is to generalize the phenomenon from [2I] that [k]<* does not
inject into “ON when € < k and & is a weak partition cardinal. At a singular cardinal, it was not clear if this
is the correct formulation. Let Pgp(k) = {A € P(k) : sup(A) < K} be the set of bounded subsets of k. If
k is regular, then |[k]<*| = |#p(k)|. However, if k is singular, then |Z5(k)| < |[£]<"| (which follows from
Theorem . The following conjecture is the key insight:

e (Bounded Power Set Conjecture) AD™ proves that for all cardinal £ with w < k < © and € < &,
Zp(k) does not inject into *ON.

The following is the eponymous main theorem of the paper:
o (Theorem The Bounded Power Set Conjecture is true.
From the Bounded Power Set Conjecture, one obtains the following:
e (Theorem The ABCD Conjecture is true.

The proof of the Bounded Power Set Conjecture will require both the Steel-Woodin inner model theoretic
analysis of HOD-type models as a direct system of certain iterable mice ([58], [64]) and Woodin’s oo-Borel
code analysis of HOD-type models. The Bounded Power Set Conjecture is proved first in AD and V = L(R)
in Theorem [6.2] where both the inner model theoretic and co-Borel code analysis of the relevant HOD-type
model are much simpler. This should provide most of the main ideas and be accessible to those familiar with
the inner model theoretic analysis of HOD*® from [60]. The proof of the Bounded Power Set Conjecture
under ADT will require an analysis of HOD-type models obtained from Suslin-coSuslin reflection, coarse
Woodin mice ([62]), their iteration strategies, and directed system of hybrid structures ([48], [49]). The
oo-Borel code analysis of these HOD-type structures will also be more challenging.

The Nairian models constructed by Blue, Larson, and Sargsyan ([2], [3]) have already been shown to
possess on a global scale some of the determinacy features which are used as ingredients of the proof in this
paper. There seems to be great promise that the consistency of the (global) ABCD hypothesis could be
established by adapting the framework here globally within the Nairian models.

The ABCD conjecture and the Bounded Power Set conjecture merely distinguishes the cardinality of
two sets. The existence and nonexistence of injections is the most primitive question of cardinality or
infinitary combinatorics. There are more sophisticated combinatorial properties of cardinalities and sets
can be endowed with additional mathematical structure. The class of w-sequences of ordinals corresponds
to the w-exponent cardinal exponentiation and is the simplest nonwellorderable cardinal exponentiation.
Many additional combinatorial properties have been established for set of w-sequences of ordinals under
determinacy assumptions.

If x satisfies k —. (k)5 T, then “x does not inject into #(8§) x ON for any § < k. The conjecture has
been that this should be true of all cardinals k < © under ADT. For any cardinal , let B(w, ) be the set of
functions f : w — k which are bounded below x. Note that B(w, k) C “k. If cof (k) > w, then B(w, k) = “k.
Factwill show that under AD™, if k < © and cof (k) = w, then | B(w, )| < |“’s|. The methods developed
to study the ABCD conjecture will resolve the above conjecture.

e (Theorem [7.19) Assume ADT. For all cardinals s with 2 < x < © and all x < , B(w, ) does not
inject into £2(x) x ON. In particular, for all cardinals k with 2 < k < © and all x < k, “k does not
inject into & (x) x ON.

Jackson, Trang, and the author ([I7]) developed a notion of regularity and cofinality in the choiceless
framework and calibrated the cofinality of some familiar sets under AD. If X is a set and Y is a class, X has
Y -regular cardinality if and only if for any function ® : X — Y, there is a y € Y so that [®~[{y}]| = |X].
[I7] shows that regular cardinals, R, and R/Ej have globally regular cardinality and provided substantial
evidence for the conjecture that &?(wq) is also globally regular. Much is also known about the cofinality
of w-sequences through certain cardinals. If cof(k) > w, then Yk = B(w, ) does not have cof(x)-regular
cardinality under ADT. If k —, (k)57 holds, then “k = B(w, k) is d-regular for all § < & = cof(x). Using
the strong partition property wi —. (w1)s* and Martin’s ultrapower representation of w1, [I7] can show
that “(wp41) has wi-regular cardinality but not ws-regular cardinality when 1 < n < w. (Martin showed
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cof (wp41) = ws for all 1 <n < w.) Upon some reflection, when cof(k) = w, there seems to be no witness to
¥k failing any form of ordinal regularity (in analog to “w being ON-regular and even globally regular). The
conjecture seems to be that under ADY, if K < © and cof (k) = w, then “x has ON-regular cardinality and
if w < kK < O, then B(w, k) does not have cof (k)-regular cardinality but does have d-regular cardinality for
all 0 < cof(k). For cardinals x of countable cofinality, this will be fully verified.

e (Theorem [7.29) Assume ADT. If k < © and cof(x) = w, then “x has ON-regular cardinality. If
w < Kk < O and cof(k) = w, then B(w, k) does not have w-regular cardinality but does have n-regular
cardinality for each n < w.

Some time after the author had proved Theorem Jackson, Trang, and the author ([I7]) showed that
“(w,) has ON-regular cardinality under AD and DCg using combinatorial and descriptive set theoretic
arguments.

To address the full conjecture concerning ordinal regularity for w-sequences of ordinals, it remains to
consider B(w, k) = “k when cof(k) > w. Steel ([58], [60]) showed that if AD and V = L(R) hold, then for
any 6 < O, cof” (R)((6+)HOD) = w. In the arguments, one will roughly need w-cofinal sequences through
the successor and double successor in HOD of cof(x)-many ordinals below x. The Uniform Cofinality of
HOD Successor and Double Successor Hypothesis (see Definition roughly states the desired sequence
of w-cofinal maps can be found. The hypothesis seems quite plausibly to be a consequence of AD'. When
cof (k) = w, the hypothesis follows from the appropriate form of countable choice available under AD. The
author can verify a substantial instance of the hypothesis for k with cof (k) = w; using a simple linear iteration
argument and the direct system analysis of HOD*® presented in [60]. In discussion with Schlutzenberg, it
seems promising that Schlutzenberg’s method of normalization can establish the hypothesis in full generality
in L(R). Assuming an appropriate form of the hypothesis, one can fully resolve the extent of ordinal regularity
for the exponent w.

e (Theorem [7.33) Assume ADT and the uniform cofinality of HOD successor and double successor
hypothesis. Let w < k < O be a cardinal. Then B(w, k) has §-regular cardinality for all 6 < cof(k).

The methods developed here should fully resolve many other combinatorial question surrounding the
w-exponent cardinal exponentiation under AD": Assuming k —, (n)?“’, Jackson, Trang, and the author
([16]) can show that “k is prime (see Definition [7.1)). Under AD, [16] also shows that for all n < w, “(wy,) is
prime and “(w,,) is prime. Jackson, Trang, and the author [I9] showed that “k is Jonsson if kK —, (k)5“.
The author ([5]) showed there is a four-element basis for the linear orderings on “ under order embeddings
if K =, ()51, For 1 <m < w, let p(m) be the set of prelinear orderings on m (which is also known as the
Fubini or ordered Bell number of m). Let ¢(1) = 1 and ¢(m) = p(m — 1) for all 2 < m < w. The author [7]
showed that c(m) is the optimal coloring number for partitions of m-element subsets of “x when k —, (k)§“:
For every 1 <r < w and P : #™(“k) — r, there is an A C “x with |A| = |“k| so that |P[Z™(A)]]| < ¢(m)
and there is a Q : 2™ (“k) — c¢(m) so that for all A C “k, if |A| = |“k|, then |Q[FP™(A)]| = ¢(m). The
extensions of these questions to all cardinals below © will be addressed in forthcoming work.

The author would like to thank Steve Jackson and Nam Trang for patiently listening to many presentations
of these results and for their helpful comments. The author would also like to thank Takehiko Gappo, Farmer
Schlutzenberg, and Benjamin Siskind for many helpful discussions concerning the inner model theoretic tools
and results used here.

2. BACKGROUND

Let € be a binary relation symbol. The language of set theory is %ot = {€}. ZF is the Z-theory of
Zermelo-Frankel set theory (without the axiom of choice). ZFC will denote ZF with the axiom of choice, AC.
The base theory of this paper will be ZF (and the axiom of choice will never be assumed in the real world).
All other set theoretical assumptions beyond ZF will be made explicit. However, the most important tools
will involve inner models (of the choiceless real world) satisfying ZFC and their forcing extensions.

Definition 2.1. If X is a set and A C “X, consider the game G in which two players alternate taking

turns playing elements g, x1, T2, T3, T4, ... from X which jointly produces an element f € “ X after w-many

moves. Player 1 is said to win this run of G if and only if f € A. If one of the two players has a winning

strategy then the game G is said to be determined. ADx is the assertion that for all A C “X, G is
5



determined.

G% !
II T T3 Ts5

AD will abbreviate AD, which is called the axiom of determinacy. “w will often be refer to as R.
ADgr = ADw,, is the axiom of real determinacy.

Capturing sets by inner models will be a very important notion throughout this paper. If A is a set
and M is an inner model, M captures A if and only if AN M € A. Here, one will be most interested in
capturing functions; however, capturing merely the graph of a function will not be sufficient. If # : X — Y
is a function, then let G = {(x,y) € X xY : ®(x) = y} be the graph of ®. M is closed under ® if and only
ifforallx € XN M, ®&(x) € M. M function-captures ® if and only if M is closed under ® and M captures
Gg. If M function-captures @, then ® [ X "M = {(z,®(z)):x e XNM} e M. If &: X — Z(d) where
0 € ON, then define the strong graph of ® to be Gro = {(z,a) € X X : a € ®(x)}. If M captures Grg,
then M will function-capture ®.

The following result is the basic template with the most elementary form of the notion of function-
capturingﬂ In this paper, one will frequently consider inner models of ZFC to prove theorems from certain
hypothesis. To help distinguish between these inner models and the background universe, the terms “true
universe” or “real world” will often refer to the background universe (which typically do not satisfy choice)
in which the hypothesis of the theorem being proved holds.

If k is a cardinal, Zp(k) = {A € P (k) : sup(A) < k}.

Theorem 2.2. Assume k is a cardinal such that for alle < k, —=(|s| < |2 (€)]). Then —(|[x]°¥)| < | Pp(k)|)
and therefore for all v < k with cof(y) = cof(k), ~(|[r]7| < |PB(K)]) and |Ps(k)| < |P(k)|. If K is a regular
cardinal, then |[k]<"| < |2 (k)|.

Proof. Let p : cof(k) — Kk be an increasing cofinal function. Suppose there is an injection ® : [k]°°f(®) —
Pp(k). Let Gre = {(f,«) : a € ®(f)}. The relative Godel constructible universe L[p, Grg] is an inner model
of ZFC and L[p, Gra) = cof(k) = cof (k)" as witnessed by p. For all € < , L[p, Gra] |= 2¢ < k. To see this,
suppose otherwise that L[p, Grg] = & < 2¢. Then there would be an h € L[p, Grg] such that L[p, Gre] =
“h : k = P(e) is an injection” and h would still be an injection in the true universe by absoluteness in
violation of the hypothesis. Thus L[p, Grg] |= |Z5(k)| = 2<% = k. L[p, Grg] |= |[s]©®)| = (%) > k by
a basic result of cardinal arithmetic in ZFC ([3I] Corollary 5.14). Using comprehension within L[p, Grs], let
® be defined by ®(f) = {a € & : Cra(f,a)} for each f € [k]<°f(®). Note that & = & | ([r]f(®))Elp,Gre]
and by absoluteness, L[p,Grg] = ® : [k]©f(") — Pp(k) is an injection. This is a contradiction since
L[p, Gra] = |[K70)] > 5 = | P (x)]. 0

Next, one will describe some important instances in which the hypothesis of Theorem [2.2/holds. A cardinal
K is a measurable cardinal if and only if there is a k-complete nonprincipal ultrafilter on x. The next fact
shows that the hypothesis of Theorem holds at measurable cardinals.

Fact 2.3. If k is a measurable cardinal, then k does not inject into P (e) for any € < k.

Proof. Let pu be a k-complete nonprincipal ultrafilter on . Suppose € < k and ® : kK — €2. For each v < ¢,
there is an i, € 2 so that A, = {a < x: ®(a)(y) =iy} € p. By r-completeness, A =, _ A, € p. Since
{ is nonprincipal, there exist ag < o1 with ag, 1 € A. Then ®(ap)(y) =iy = ®(an)(7y) for all v < e. Thus
®(a) = P(cv1) and hence P is not an injection. O

Definition 2.4. If £ is an infinite cardinal, then let boldface GCH at k be the assertion that there is no
injection of kT into (k). Say that boldface GCH holds below « if and only if for all cardinals w < § < &,
boldface GCH at ¢ holds.

I [I3] Fact 4.6, Jackson and the author first used oo-Borel codes to obtain the necessary function-capturing to prove
[[w1]<¥t| < |2(w1)|. In discussion with the author some years ago, Neeman observed that this earlier proof only requires
function-capturing in a single model and he suggested a simplification which requires only a simple cardinality hypothesis. This
simplification is presented in [I3] Theorem Fact 4.1 which is the precursor Theorem

6



The axiom of countable choice for R, ACE7 is the assertion that for all R C w x R, there is a uniformization
function F' : dom(R) — R for R which means that for all n € dom(R), R(n, F(n)). A remarkably powerful
tool under determinacy is the wellordered additivity of the meager ideal which is precisely stated below. It
will be very important in Section [3]

Fact 2.5. Assuming AC§ and all subsets of R have the property of Baire. Let (A, : o < ON) be a sequence
such that A, is a meager subset of R for all o € ON. Then |J,con Aa is a meager subset of R.

Proof. Suppose |J,con Aa is a nonmeager subset of “w. By the axiom of replacement, there is a § < ON so
that J,.¢ Ao = Uacon Aa- Let 0 be the least ordinals § so that |J, ., Aa is nonmeager. By the property
of Baire, there is an s € <*w so that | J, 5 Aq is comeager in Ny = {f € “w: s C f}. Let ®: Ny — “wbe a
homeomorphism and let B, = ®[A4] for each v < é. Then for all v < 6, U, Ba is a meager subset of “w
(by the minimality of 0) and (J,_s Ba is a comeager subset of “w. Let ¢ : (J,.5 Ba — 0 be defined by o(x)
is the least « so that x € B,. Define S C “w x “w by S(z,y) if and only if z,y € |J, .5 Ba and p(x) < ¢(y).
For all z in the comeager set (J,5Ba, So = {y € “w : S(2,9)} = (Us<s Ba) \ (Ua<p(s) Ba) is comeager
since a<o(@) B, is meager. By the Kuratowski-Ulam theorem, S is comeager. For each y in the comeager
set Uycs Ba, SY = {z € “w: S(z,y)} = Uy<p(y) Ba is meager. Thus S is meager by the Kuratowski-Ulam
theorem. This is a contradiction. |

Boldface GCH at w is a particularly common and useful hypothesis which can equivalently be restated as
there are no uncountable wellorderable subsets of R.

Fact 2.6. Assume ACE and all sets of reals have the Baire property and the perfect set property. Then
boldface GCH holds at w.

Proof. Suppose A C R is an uncountable wellorderable set. By the perfect set property, there is an injection
®: R — A. Since A is wellorderable, R is wellorderable and thus 2 is the unique cardinal in bijection with
R. Let (x4 : a < 2¥) be a wellordering of R. Since singletons are meager, R = |, . {7} is a wellordered
union of meager sets. R is meager by Fact which is a contradiction. (|

Actually, the perfect set property for subsets of R already implies the boldface GCH at w. To see this, as in
the proof of Fact the failure of boldface GCH at w and the perfect set property implies R is wellorderable.
A wellordering on R can be used to create a subset of R with the perfect set property.

Boldface GCH at w implies the following cardinality distinctions.

Fact 2.7. Assume boldface GCH at w. Then —(|R| < |w1|), =(lw1] < |R]), |R| < [RUw1], |w1] < |R U ws],
and [RUwi| < |R X wy].

Proof. All except the last are immediate consequences of boldface GCH at w. Suppose there is an injection
®:Rxw — RUwp. Let m : R x w; — R be the projection onto the first coordinate. m[®~1[w;]] is
a wellorderable subset of R and thus is countable by boldface GCH at w. Let r € R\ m1[® !{w;]]. Then
D [ {r} xw;s: {r} xw; — Ris an injection. This is essentially an injection of w; into R which is impossible
by boldface GCH at w. |

Let ACE (or Uniformization) be the assertion that for every relation R C R x R, there is a function
A : dom(R) — R so that for all » € dom(R), R(r, A(r)). ACy implies that |R], |w;|, R Uw;], and |R x wi|
are the only uncountable cardinalities below |R x wy]| (see [13] Corollary 7.6). [13] Theorem 7.33 produced
many intermediate cardinalities below |R x w;| in L(R) = AD where ACg fails.

An important source of measurable cardinals under AD comes from partition properties. (See [6], [8], [39],
[37], and [30] for more information concerning partition properties under determinacy.)

2/—\Dl is the statement asserting one of the two players has a winning strategy in games on R where one of the two players
2
is restricted to playing moves only from w. Kechris [36] showed that AD and AC% is equivalent to AD1p. AD 1, follows from
2 2

ADg but is not known to be equivalent. ADg and ADg + ADT are also not known to equivalent. ADg + DC is strictly stronger
than all the aforementioned theories by results of Solovay [55].
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Definition 2.8. Let € be an ordinal. A function f : e — ON is said to be discontinuous everywhere if and
only if for all & < €, sup(f | @) < f(«). f is said to have uniform cofinality w if and only if there is a function
F:exw— ON so that for all @« < € and n € w, F(a,n) < F(a,n+ 1) and f(a) = sup{F(a,n):n € w}. f
is said to have the correct type if and only if f is both discontinuous everywhere and has uniform cofinality
w. If X C ON, then let [X]¢ be the collection functions f : ¢ — X which have the correct type.

If e < k and v < kK, let the correct-type partition relatiorﬂ K = (H)f{ be the assertion that for all
P : [K]S — 7, there is a 8 <y and a club C C & so that for all f € [C]S, P(f) = 8. If e <k, then k —. (k)5°
is the assertion that for all § < €, Kk — (n)fsy. For v < K, k —. (k)< is the assertion that for all < v,
K =« (k). It can be shown that for all € < k, K —. (k)57 implies k£ — (k).

For e < g, let puS, be the filter on [k]S defined by A € u¢ if and only if there is a club C C & so that
[C]s € A. pf is called the e-exponent partition filter on x and note that ul is the w-club filter on . If
K =4 (K)S, then pg is an ultrafilter. For any 6 < s, K —, (k)5 implies uf, is a 6T-complete ultrafilter. Hence
K =4 (K)S,, implies uf, is k-complete. £ —, (x)3 implies that the w-club filter u} is a normal measure on x.

k is said to be a strong partition cardinal if and only if kK —,. (k)5. & is said to be a very strong partition
cardinal if and only if Kk —, (k)%, (or equivalently pf is k-complete). r is said to be a weak partition
cardinal if and only if kK —. (k)5".

The exponent two correct type partition relation on an uncountable cardinal already implies the failure
of AC by the next result[]

Fact 2.9. Let x be an uncountable cardinal satisfying k —. (k)3. Then [k]* is not wellorderable.

Proof. Suppose otherwise that [k]* has a wellordering <. For each « € [k]} (that is, cof (o) = w), let f, be
the <-least f € [k]“ so that sup(f) = a. For each n € w, let ®, : [k]} — & be defined by @, (a) = fuo(n).
For all a € [k]L, ®,(a) < a. Since k —, (k)3 implies pl is normal, for each n € w, there is a )\, so that
A, =A{a €[]l : ®,(a) = Ay} € . Since k —, (k)3 implies £ —. (k)L, and hence the k-completeness
of ul, A = Npew An € pt. Let g : w — K be defined by g(n) = \,. For all « € A, f, = g. Since u:
is a nonprincipal measure, let ag, a3 € A with o # 1. Then o = sup(fa,) = sup(g) = sup(fa,) = 1.
Contradiction. O

Fact 2.10. Suppose k is an uncountable cardinal, w < e < Kk, § < K, and K =, (k)§ holds. Then there is no
injection of °k into P (§) x ON.

Proof. Suppose @ : °k — Z(5) x ON is an injection. Let mp : 2(8) x ON — Z?(0) be the projection onto the
first coordinate. For each 8 < ¢, let Ps : [k]¢ — 2 be Pg(f) =1 if and only if 8 € m1(®(f)). By k =« (K),
there is an i3 € 2 and a club C' C & so that for all f € [C]S, Ps(f) = ig. Thus Eg = {f € [k]S : Ps(f) =
ig} € py,. Since k —. (k)5 implies that pf, is 0" -complete, (\;_5 Ep € pf,. There is a club D C & so that
[D]S € Ng<s Es. Sofor all f € [D]S and all B < 6, Ps(f) =ig. Let K = {8 €6 :ig = 1}. Thus for all
fe[D]s, m(®(f)) = K. Hence @ [ [D]S : [D]¢ — {K} x ON. Since |[r]¥| < |[D]%] because w < €, one has a
wellordering of [k]“. This is impossible by Fact a

If € < k, Martin defined a good coding system for & ([30] Definition 2.33, [6]) which consists of a
pointclass and a method of coding elements of x by reals with very strict definability constraints relative
to the pointclass. Martin showed that if there is a good coding system for “*“k, then xk —, (k)5 holds.
Determinacy with the method of good coding systems is the only known set-theoretical setting with strong
partition cardinals. If T is a pointclass, then let T' be the dual pointclass of I’ consisting of complements
of sets of I'. Let §(I') is the rank of prewellorderings on R which belong to A = ' T. The projective
ordinal ), is defined as §(XL). 87 = §(3?). If ' has the prewellordering property and is closed under V¥,
A, and V, then for ¢ < wy, the natural coding of ¢6(I") by a real (or rather countably many reals relative to a
wellordering of w of ordertype ¢€) defines a good coding system for €§(I"). Hence for such I, §(I") satisfies the
countable exponent partition relation. Jackson’s description theory ([29], [28], [30]) is used to produce good

3The ordinary partition relation x — (,‘-c)fy is the assertion that for all P : [k]® — ~, there is a 8 < v and an A C k with
|A| = || such that for all f € [A]¢, P(f) = 8.
4The ordinary exponent two partition relation at an uncountable cardinal characterizes a weakly compact cardinal which

exists under AC assuming the consistency of a weakly compact cardinal which is a relatively mild large cardinal axiom.
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coding systems on the odd projective ordinals 83, +1- Kechris-Kleinberg-Moschovakis-Woodin [37] showed
that if T is a highly closed pointclass, then §(I") has a good coding system for 4T §(T") and hence §(T) is a
strong partition cardinal. This result will show 82 is a strong partition cardinal. For each A € Z(R), let
d 4 be the least § so that Ls(A,R) <5, L(A,R) in the language with a binary symbol € and unary symbol
R. [37] also implies that d 4 is a strong partition cardinal for each A € Z(R). Besides good coding systems,
Martin showed that a combinatorial analysis of the ultrapower of a strong partition cardinal by its measures
may sometimes yield partition properties. This is used to show that w, = le wy/ ,uijl is a weak partition
cardinal and more generally the even projective ordinals &3, 1o = (83, 4+1)T are weak partition cardinals.
The following summarizes the most important partition cardinals of determinacy.

Fact 2.11.

(1) (Martin; [30] Theorem 2.36) Let I’ be a pointclass with the prewellordering property and closed under
VR, A, and V. Then §(T) —. (6(I))5“".

(2) (Martin; [34] Theorem 12.2, [30] Corollary 4.16, [8] Section 4; [6]) Assume AD. wy is a very strong
partition cardinal.

(3) (Martin-Paris; [8] Theorem 5.19; [I1] Theorem 6.2) Assume AD. wy is a weak partition cardinal but
18 not a strong partition cardinal.

(4) (Jackson; [28], [29], [30]) Assume AD. For all n € w, 83, ., is a strong partition cardinal. For all
n e w, 8y, 1o 18 a weak partition cardinal but is not a strong partition cardinal.

(5) (Kechris-Kleinberg-Moschovakis-Woodin; [31], [6] ) Suppose T' is a pointclass with the prewellordering
property and closed under ¥®, A, and V and A =T NT is closed under I and VX. Then o) is a
very strong partition cardinal.

(6) (Kechris-Kleinberg-Moschovakis-Woodin; [37], [6], [42] Theorem 5.8) Assume AD. For all A €
Z(R), d4 is a very strong partition cardinal.

(7) (Kechris-Kleinberg-Moschovakis- Woodin; [37), [42] Theorem 5.5) Assume AD and DCg. 87 is a very
strong partition cardinal.

By Fact w1 does not inject into & (w) and wy does not inject into & (wq). This gives another proof that
boldface GCH holds at w and shows boldface GCH holds w;. Using Martin’s analysis of wy41 = H[wl]n w1/
sy, , for each n € w, one has that cof(w,) = wy for all 2 <n < w. (Thus ws is the first singular cardinal of
determinacy.) Using this ultrapower analysis, Jackson, Trang, and the author ([I4]) can show boldface GCH
below w,, under AD. These arguments generalize using Jackson’s description theory ([30], [29], and [28]) to
show boldface GCH below sup{d), : n € w}. The following is obtained from Theorem [2.2

Theorem 2.12. Assume AD.
(1) ]| < |2 ()| and [[ws]<] < |2 (w2)|. For all 3 < n < w, ~((wa]**| < |Zp(wn)]).
(2) For all k < sup{d), : n € w}, —(|[x]°")| < |Pp(k)|).
(8) For all A€ P(R), |[64]<%4| < |2(84)|.
(4) Assume DCg, [[8]<%| < |2(87)].

Note that under AD, cof(ws) = ws and hence Theorem and its proof method cannot show that
[lws]“?| < |P(ws)| or even |[ws]“?| < |[ws]<“3|. These cardinality distinctions will be established in Theorem
[6:12) as a consequence of the main theorem of the paper.

Since AD implies w; —, (w1)4, Fact implies the following. In the next section, this cardinality
computation will be shown to follow from classical regularity properties by a proof which is more suitable
for generalization (see Section .

Fact 2.13. Assume AD. “w; does not inject to R x ON. Thus |R X wi| < |[w1]¥| = [Yw1].

Forcing is a technique developed by Cohen ([22]) to extend a given model of set theory to larger model of
set theory in a constructive and minimal manner. Let P be a nonempty set. Let <p be a partial ordering on
P. Assume P has a <p-largest element denoted by 1p. P = (P, <p, 1p) is called a forcing. An element p € P
is often called a condition of P. A P-filter (in the sense of forcing) is a set F' C P satisfying the following
properties:

(1) Ip e F.



(2) For all p,q e P,if p<pqand p € F, then q € F.

(3) For all pg,p1 € P, there is a ¢ € F so that ¢ <p pg and ¢ <p p;.
If ACP, then let (A)p = {p € P: (3¢ € A)(¢ <p p)} which is the <p-upward closure of A. D C P is dense
if and only if for all p € P, there is a ¢ € D such that ¢ <p p. A C P is a P-antichain if and only if for all
po,p1 € A, if pg # p1, then py and p; are P-incompatible which means there is no ¢ € P with ¢ <p pg and
q <p p1. A P-antichain A is maximal if and only if A is an antichain and for all P-antichain B with B D A,
B = A. Let D be a collection of dense subsets of P. A P-filter G is P-generic over D if and only if DNG # )
for all D € D. Let M be an inner model of ZFC with P € M. Let Dj; be the collection of all dense subset of
Pin M. Let &y be the collection of all maximal antichain of P in M. A filter G is said to be P-generic over
M if and only if G is P-generic over Dy or equivalently G intersects every maximal antichain in &y, If G is
P-generic over M, then M[G] is the P-generic extension of M by G. M|G] = ZFC and is the minimal model
of ZFC containing G. See [31] or [41] for more information on the method of forcing, the explicit construction
of the generic extension, and details concerning the examples of forcing which will be used below.

An important application of boldface GCH at w is the existence of generic filters over inner models of the
axiom of choice for forcings which are countable in the true universe. The proof of the next result is a well
known argument which will be presented in the following manner to motivate Lemma later. The use of
this fact will be ubiquitous in this paper.

Fact 2.14. Assume boldface GCH at w. Let M be an inner model of ZFC and P = (P, <p,1p) € M be a
forcing which is countable in the true universe. Then there is a G C P which is P-generic over M.

Proof. Let 0 : P — w be a bijection. Let 7 : Z2(P)™ — 2(w) be defined by 7(A4) = o[A] and observe that
7 is an injection. Since M = AC, there is an injection ¢ : W(IP)M — ~ for some ordinal v with : € M. Then
vor b 7[P2(P)M] = v is an injection. Thus 7[2(P)"] is a wellorderable subset of 2(w) and must be
countable in the true universe by boldface GCH at w. Thus @(IP’)M is countable in the true universe. Let
D be the collection of all dense subsets of P in M. Since Z(P)™ is countable and D C Z(P)™ | there is a
bijection v : w — D. Note the following important observation:

(1) Every forcing is < w-closed and thus M | “P is < w-closed”.

(2) For every n € w, v [ n € M since it is finite.
Since M | AC, fix a wellordering C for P which belongs to M. By the two observations, one can work
within M to define a sequence (p}}, : m < n) so that for all m < n, p}, is the C-least p € P so that p <p p}
for all k < m and p € v(m). By the uniformity obtained by using C, for all m < ng < ng, pl0 = p™. For

m

each m € w, let pp, = p7 . Let G = ({pp :n€wl)p={p€P: (In € w)(p, <p p)}. Since v enumerates
all dense subsets of P in M and {p, : n € w} C G, G is P-generic over M. O

Let © be the supremum of the ordinals « for which there is a surjection © : R — «. The Moschovakis
coding lemma is a powerful tool of determinacy proved using the recursion theorem. It can be used to show
that if AD holds, M is an inner model of AD with R C M, and x < O™, then 2(x)" = 2 (k). However,
one of its frequently used coarse consequences is that if kK < © (that is, R surjects onto ), then R surjects
onto # (k). The proof of various forms of the coding lemma and background concerning pointclasses can be
found in [45] Section 7D, [30] Theorem 2.12, [37] Lemma 1.5, and [40] Theorem 3.2 and Theorem 3.4.

Fact 2.15. (Moschovakis coding lemma; [44]) Assume AD. Let T be a nonselfdual pointclass closed under
IR and A. Let P C R, k € ON, and ¢ : P — K is a surjection. Define < on R? by x < y if and only if
xz,y € P and p(x) < o(y). Assume <€ T'. Let R C P x R. Then there is an S C R with S € T so that for
all a < K, if there exists x € P with p(r) = a and x € dom(R), then there exists y € P with p(y) = o and
y € dom(S).

As a consequence, if k < ©, there is a surjection of R onto (k).

The following illustrates one use of the Moschovakis coding lemma.

Fact 2.16. Assume AD. For any x < ©, ACZ"™ holds: For any R C w x P(k), there is a function
A dom(R) — P (k) such that for all n € dom(R), R(n,A(n)).

Proof. Since k < ©, there is a surjection 7 : R — Z?(k) by the Moschovakis coding lemma (Fact [2.15)).
Given R C w x Z(k), let S C w x R be defined by S(n,z) if and only if R(n,n(x)). Since AD implies
10



ACE, there is a ¥ : dom(S) — R such that for all n € dom(S), S(n,%(n)). Since dom(R) = dom(S),
for all n € dom(R), R(n,n(X(n))) holds. Thus A : dom(R) — (k) defined by A = 7o ¥ is the desired

uniformization function. O

Under AC, successor cardinals are regular. This is not true under AD since ws is the least singular cardinal
with cof (w3) = wy. However under AD and x < O, Asz (%) can recover a fragment of the argument to show
cof (k1) > w.

Fact 2.17. Assume AD. If w < k < O, then cof (k') > w.

The following consequence of boldface GCH will be needed later. If x € ON and «a € ON, then x™* will
refer to the o cardinal greater than x.

Fact 2.18. Assume boldface GCH holds at a cardinal k. Let M |= ZFC be an inner model. The cardinals of
M below k™ is unbounded in k. Thus for all a < cof(k), (k)M < x*.

Proof. Suppose not. Let A < kT be the largest ordinal § < % so that M | “§ is a cardinal”. This
implies (AT)M = k. Since kK < XA < kT, let ® : A — & be a bijection. Define ¥ : (Z(\))M — Z(k) by
PU(A) = P[A] = {®(a) : @« € A}. T is an injection. By Cantor’s theorem in M, M = “X does not surject onto
P(N\)". Since M |= AC, M has an injection T : (AT)M — (2(A\)M. Since st = (AT)M, Wo T : st — P(k)
is an injection which violates the boldface GCH at k. |

Fact 2.19. Assume AD. Let w < k < © and boldface GCH holds at k. Let M |= ZFC be an inner model.
Then for all o < wy, (kT*)M < k7.

Proof. The result follows by Fact and Fact O

Becker and Kechris showed that AD implies cof(xT) > w; for all w; < £ < © using a simple version of
the Kechris-Woodin generic coding function on wy ([38]). Thus Fact can be strengthened to show that

(kT)M < kit for all @ < wy when w; < Kk < O. One can say much more when M = HOD*®_ Jackson,
Ketchersid, Schlutzenburg, and Woodin (Fact [7.16} [27]) showed that for all w; < k < ©F®) there are kT

many cardinals (even measurable cardinals) of HOD* ®) below k.

Definition 2.20. An co-Borel code is a pair p = (S, ¢) where S is a set of ordinals and ¢ is a first order
Ziet-formula with two free variables. Let %, denote the set of all co-Borel codes. Let X be a set of sets of
ordinals. Let B,X = {z € X : L[S, z] = ¢(S,z)}. A set AC X is co-Borel if and only if there is an co-Borel
code p so that A = %I)f.

oo-Borel codes provide the most absolute and uniform way to capture a set: Suppose A C R and (S, ¢) is
an oo-Borel code for A. Then any inner model M of ZF with S € M can capture A by using comprehension
and the observation that « € A if and only if L[S, z] = (S, x).

The following is Woodin’s theory AD™ which is a very powerful extension of determinacy.

Definition 2.21. (Woodin) AD" is the conjunction of the following three statements.

(1) DCg (dependent choice for R).
(2) For all k < ©, continuous function 7 : “kx — “w, and A C “w, the game Gfr_l[A] is determined.

(3) For all A C “w, A is co-Borel.
Under AD™, boldface GCH holds below ©.
Fact 2.22. (Steel, Woodin; [61] Theorem 2.16) Assume AD™. For all k < ©, boldface GCH holds at k.

Since boldface GCH below x implies the hypothesis of Theorem at k, the following theorem is obtained
as a corollary.

Theorem 2.23. Assume ADT. For all cardinals k < O, —(|[k]°f¥)| < |Pp(k)|) and therefore for all
v < k with cof(y) = cof(x), =(|[k]7| < |Zs(K)|) and |Ps(k)| < |P(k)|. If k is a regular cardinal, then
|[K]=% < |2 (k)]
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Theorem shows that |[w1]<“| < |Z(w1)| = |[w1]“*]. Other proofs of this fact using more substantial
amount of determinacy or partition properties can provide more information about the cardinality such as
insight into the cofinality of &?(wy). (Cofinality and regularity in the choiceless context is developed in
[17].) [1I] showed that every function ® : [wi]*" — w; is continuous p!-almost everywhere in the sense
that there is a club C' C w; so that for all f € [C]¥1, there is an o < w; so that for all g € [C]¥, if
fla=g1la, then ®(f) = ®(g). This implies that & (w;) has w;-regular cardinality: If & : P (w;) — w1,
then there is an o < wy so that |27 1[{a}]| = |2 (w1)|. P5(w1) does not have w;-regular cardinality since
Pp(w1) = Ugey, Z(a) and |Z(a)| = [P (w)| whenever a < w; (and note that [P (w)| # [Zp(w1)| by
boldface GCH at w). This gives another proof that |[w1]<“*| = |Pg(w1)| < | P (w1)].

The next natural cardinality computation to consider would be the relation between |[“wq| = |[w1]¥|
and |Zp(w1)] = [[w1]<“'|. Woodin [65] investigated the cardinality below |[w;]<“*| under ADgr and DC
(which is known to imply AD'). Woodin also isolated an important subset of [w;]<** which he called
S1={f € [wi]<: wle =sup(f)}. (See Fact below for some basic properties of S;.)

In [65], Woodin proved two dichotomy results below [w;]<“* under ADg and DCg.

(1) If X C [wq]¥, then either |X| < |R x wq] or | X]| = |[w1]¥]-

(2) If X C [wy]<¥, then | X| < |[w1]“| or |S1] < |X].
The author can prove the first dichotomy for |[w;]*| under AD and ACk (or equivalently AD ) using classical
determinacy techniques for wy. The first dichotomy also provides a complete classification of the cardinality
below |[w:]*| under ADg and DC (or just ADip): If X C [w;]* is uncountable, then [ X[ is |wi], [R], [RUwi|,

lwi X R|, or [[w1]*]. Tt was unknown whether the first dichotomy could fail without ACE. As an application
of the material developed in Section [d] Theorem [4:23] will produced an intermediate cardinality which is
example of this failure.

The second dichotomy of Woodin is only meaningful if |[w1]“| < |[w1]<“!| and |R|] < |S1|. Although
the proofs of these cardinality distinctions do not seem to be included in [65], Woodin had known these
cardinality computations at least under ADg and DC. [I3] provides a proof that S; does not inject into
“ON, the class of w-sequences of ordinals, using just AD, DCg, and all sets of reals have co-Borel code. To
motivate the use of function capturing in generic extensions in the main result of the paper, weak versions
of the main result will be shown and a survey of the relevant results from [I3] will be provided.

Under ZF alone, w; < © can be proved with a very explicit surjection of R onto wy. Let 7:w X w — w
be a recursive bijection. If z € “w, let R, C w X w be defined by R,(a,b) < x(n(a,b)) = 1. Let WO
be the set of w € R such that dom(R,) = w and (w,R,) is a wellordering. If w € WO, then let ot(w)
be the ordertype of (w,Ry). ot : WO — w; is a surjection. If n € w and w € WO, then let ot(w,n) be
the rank of n in the wellordering (w, R). If a < ot(w), then let num(w, a) be the unique n € w so that
ot(w,n) = a. If z € “w and m € w, let z™ € “w be defined by zI™(n) = z(x(m,n)). Let u € BS if
and only if ul” € WO and for all n € w, (ul)" € WO. If u € BS, then let seq(u) : ot(ul’)) — w; be
defined by seq(u)(a) = ot((ul)Pum(w.l) for each o < ot(ul”). seq : BS — <“iw; is a surjection. Let
iseq : BS — Zp(w1) be defined by iseq(u) = seq(u)[ot(ul?)] and note that iseq is a surjection. From the
explicit nature of the coding, if £ € <“'w; and A € Pp(w;), then in any inner model M with ¢ € M and
M = “max{dom({),sup(¢)} is countable”, there is a u € BS N M so that seq(u) = ¢ and in any inner model
M with A € M and M = “sup(A) is countable”, then there is a u € BS N M so that iseq(u) = A.

Fact 2.24. If boldface GCH at w holds and all subsets of R have oco-Borel codes, then all subsets of Zp(w1)
and all subsets of <“1wy have oo-Borel codes.

Proof. Let X C Pp(w;). Let X = {u € BS :iseq(u) € X}. Since X C R, the hypothesis implies there is
an oo-Borel code (S, ¢) for X. If £ is an ordinal, then let Coll(w, &) be the forcing of finite partial functions
from w into & ordered by reverse function inclusion. The claim is that for all A € Pp(w1), A € X if and
only if
L[S, Al = Lcon(w,sup(a)) IFcolwsup(a)) (Fu € BS)(iseq(u) = A A L[S, u] |= ¢(S,u)).
(=) Suppose A € X. Since L[S, A]  AC and sup(A) is countable in the true world,
) is countable in the true universe. By Fact there is a G C Coll(w,sup(A)) which is
)-generic over L[S, A]. Since L[S, A][G] = sup(A) is countable, there is a u € BS N L[S, A][G]
A][G] E iseq(u) = A. Since G belongs to the true universe, by absoluteness, iseq(u) = A.
12
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Since A € X, one has u € X. Since (S,¢) is the co-Borel code for X, L[S,u] = ¢(S,u). By absoluteness,
L[S, A][G] E “iseq(u) = AA L[S,u] |E ¢(S,u)”. Thus

L[S, A|[G] |= (3u € BS)(isea(u) = 4 A L[S, u] k= (S, u)).
By the forcing theorem, there is a p € Coll(w,sup(A)) so that
L[S, Al[G] & p IFcol(w,sup(a)) (Fu € BS)(iseq(u) = A A L[S, u] = (S, u)).
By the homogeneity of Coll(w, sup(A)),

L[S7 A} [G] ': 1Coll(u.z,sup(A)) ”_Coll(w,sup(A)) (E"U; € BS)(ISEQ(U) = A A L[S7 u] ': (,O(S,U))

(<) Again by Fact let G C Coll(w,sup(A)) be Coll(w,sup(A))-generic over L[S, A]. By the forcing
theorem,
L[S, 4][G) = (3u € BS)(iseq(u) = A A L[S,u] k= (S, ).

Let w € BS N L[S, A][G] be such that L[S, A][G] k= iseq(u) = A A L[S, A] = ¢(S,u). Since G belongs
to the true universe and hence u belongs to the true universe, one has by absoluteness, iseq(u) = A and
L[S, A] = ¢(S,u). Since (S, ¢) is the co-Borel code for X, u € X. By definition of X, iseq(u) = A € X.
The completes the proof of the claim.

Let ¢(S, A) be the statement

]-Coll(w,sup(A)) IFColl(w,sup(A)) (Elu € BS)(lseq(u) = A A L[Sa u] ': L,O(S, U))
The claim implies that (S, ¢) is an co-Borel code for X. O

The proof of the next result will introduce the forcing and the basic skeleton of the capturing arguments
used throughout the paper.

Fact 2.25. Assume boldface GCH at w and all subsets of R have oo-Borel codes. Then |“wq| = |[w1]*] <
|Zp(w)| = [T @] = [fwi] =]

Proof. Suppose @ : Zp(w1) — “w; is an injection. Let Grg = {(A,n,a) € Pp(w1) Xw xXw; : P(A)(n) = a}

and Grg-1 = {(f,a) € “wi xw; : f € ®[Pp(w1)] Aa € ®71(f)}. By Fact let (So, o) and (S1, 1)
be co-Borel codes for Grg and Grg-1, respectively. Let Coll(wt,wt+)L50:51] = Coll(wy, wy)XI50-51] be the

forcing defined in L[Sy, S;] consisting of countable partial functions from wlL[SO’SI] into wy [S0-51] rdered by

reverse function inclusion. Since this forcing is countable in the real world by boldface GCH at w and Fact
m Fact implies there is a G C Coll(wy, wy) 50511 which is generic over L[Sy, S1]. G adds a generic

surjection g : wlL[SO’Sl] — WZL[SO’Sl]. Let A ={(«, ) : g(ar) = B} be the graph of g which may be regarded as
an element of #p(w) (after coding pairs using the Godel coding function) using the fact that w2L [So-51) )
by Fact Note that for all n € w and « € wy, P(A)(n) = « if and only if Gre(A,n,«) if and only if
L[Sy, A] E ¢0(So, A,n, «) if and only if L[Sy, S1][G] = L[So, A] E ¢o0(So, A,n,«) by the fact that (S, o)
is the oo-Borel code for Grg and absoluteness. Thus by applying comprehension in L[Sy, S1][G], this shows
that ®(A) € “w; N L[Sy, S1][G]. Since L[Sy, S1] = “Coll(wy, wy ) %0:%1] is < wi-closed”, no new w-sequence
through L[Sy, S1] is added by this forcing. Hence ®(A) € L[Sy, S1]. Note that for all @ € wy, a € A
if and only if a € ®~1(®(A)) if and only if Grg-1(®(A), ) if and only if L[S1, ®(A)] E ¢1(S1, ®(A),a)
if and only if L[Sy, S1] E L[S1,P(A)] E ¢1(S1,P(A),«) since (S1,¢1) is the co-Borel code for Grg-1
and by absoluteness. By comprehension, A € L[Sy, S1]. Since A is the graph of g, g € L[Sp, S1]. Since
L[Sy, S1][G] E “g : wlL[SO’SI] — wQL[SO’Sl] is a surjection”, L[Sy, S1] E “g : wlL[SO’SI] — wQL[SO’Sl] is a
surjection” by absoluteness. This is a contradiction. O

Inspecting the proof, one found an inner model M which was used to solve two crucial problems:
(1) (Generic existence problem) There is a generic G C Coll(wy,w2) which is Coll(wy,ws)™-generic
over M. (This is provided by Fact and boldface GCH at w.)
(2) (Capturing problem)
e MIG] is closed under ®: for all A € Pp(wi) N M[G], ®(A) € M[G].
e M is closed under the partial function ®~1: For all f € dom(®~!)N M, ®~1(f) € M.
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Since Gre and Grg-1 have co-Borel codes (S, po) and (S1,¢1), any inner model of ZF containing Sy and
S; can capture ® and ®~! in the above sense.

Toward the goal of classifying cardinal exponentiation, one needs to prove a strong instance of Fact
namely, #p(w1) does not inject into “ON. Suppose ¢ : Pp(w1) — “k where & is any cardinal below ©. The
challenge is to find an inner model M = ZFC which is closed under the partial function ®~! : “x — Pg(k).
Grg-1 is a subset of Yk X wy. If Kk > wyq, then Fact cannot be applied to show that Grg-: has an oo-
Borel code. Instead, [13] used the co-Borel code forcing (see Section []) and Fact to obtain the necessary
model closed under ®~!. However at the time of [13], only Fact r the Woodin’s classical co-Borel code
forcing B# which adds reals (for some set Z and n € w) was known at least to the authors. The forcing
Coll(w*,w™ )M (for some suitable inner model M of ZFC) used in the proof of Fact does not add any
new reals and hence the classical Fact for adding reals could not be used. It is for this reason that the
more natural forcing Coll(w™, w )™ was not used in [I3] but rather the Lévy collapse Coll(w, < €)™ where
¢ is an inaccessible cardinal of M which is countable in the real world was used since it adds many new reals.
One additional benefit of using the Lévy collapse is that it provides a cardinality result even for S;.

Fact 2.26. ([13] Theorem 5.7) Assume AD, DCg, and all sets of reals have oo-Borel codes. Sy does not
ingect into “ON and thus Pp(w1) does not inject into * ON.

Several questions arises from these early results.
(a) Can AD alone prove [w;]<“? does not inject into “ON?
(b) Can AD alone prove S; does not inject into “ON?
(¢) (Bounded Power Set Conjecture) From any determinacy hypothesis, can it be shown that for all
cardinals £ with w < k£ < © and ordinals € < x, #p (k) does not inject into CON?

Question (a) has been solved using descriptive set theoretic properties and partition properties. These
methods also provide partial solutions to Question (¢). A few remarks about these combinatorial methods
will be mentioned below. Question (b) will be solved in the next section and the techniques will motivate
the methods used to solve Question (c¢). The solution to Question (c) is the main result of this paper.

Using descriptive set theoretic properties of the pointclass 31 and Kunen trees ([30]) from the study of
measures below w,, under AD, the following almost everywhere continuity result with respect to the partition
measures i, (€ < wp) was established.

Fact 2.27. ([19] Theorem 2.14, [18] Fact 2.5) Assume AD. For every e < wy and function ® : [w1]S — wi,
there is a club C' C wy and a 6 < € so that for all f,g € [ClS, if f 10 =g ]9 and sup(f) = sup(g), then

(f) = 2(g)-
The continuity property of Fact is a very well controlled failure of injectivity. This is used to obtain
a proof of Fact from AD alone.

Fact 2.28. ([19] Theorem 2.16) Assume AD. |“wi]| < |[[w1]<*!| = | PB(w1)].

Building on Fact and Martin’s ultrapower representation of w, 11 = H[wl]n wi/pg, forall 1 <n < w,
one can show ¥g(w;) does not inject into “(w,,). Furthermore using Fact and extensive descriptive set

theoretic properties of w; and the pointclasses of £1 and 31, one can show that %5 (w;) does not inject into
“ON.

Fact 2.29. ([I8] Theorem 2.9 and Theorem 4.4)
o Assume AD. =(|Zp(w1)| < |¥(ww)])-
o Assume AD and DCg. Pp(w1) does not inject into “ ON.

The proof of Fact [2:29] uses many descriptive set theoretic property surrounding w; which are not known
to generalize to any higher cardinals. Moreover, DCg is used directly in the proof and indirectly in several
descriptive set theoretic property (such as the wellfoundedness of the Wadge degree in pointclass arguments).
To remove DCg and answer instances of Question (c) for higher cardinals, a strengthening of Fact was
established using pure combinatorics.

Fact 2.30. ([2I] Theorem 8.7) Assume € < kK, cof(e) = w, and k —. (k)5 holds. For any function
O : [k]S — ON, there is a § < € and a club C C k such that for all f,g € [CIS, if f [0 =9 ] and

sup(f) = sup(g). then () = B(g).
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This is used to answer Question (a) and Question (c) at weak partition cardinals. The following result
gave the most compelling evidence to formulate the Bounded Power Set Conjecture.

Fact 2.31. ([21] Theorem 4.4) Let k be a weak partition cardinal (that is, k —. (k)5") and € < . Then
Pp(k) does not inject into “ON.

Thus under AD, &g (w;) does not inject into “ON and Zp(w2) does not inject into “* ON. Also Pp(ws)
does not inject into “'ws. Since wg is not a partition cardinal, the first relevant open cardinality computation
is whether &5 (ws3) injects into “2ws which will be solved here. This is the history of these questions until
this paper.

The rest of the paper will prove the main result. An important step is finding an appropriate form of
capturing in certain inner models of ZFC and it generic extension without the given function possessing
oo-Borel codes. In fact, Woodin showed under AD™ that there is always a subset of & (w;) which does have
an oo-Borel code. (See [15].) So Question (c) (the Bounded Power Set Conjecture) cannot be solved using
oo-Borel codes for functions of the form ® : #p(k) — “ON. Fact says that 51 does not inject into “ON
if all subsets of R have oo-Borel codes. Question (b) asks how this can be done without co-Borel codes. The
next section will solve Question (b) and the technique will motivate how to resolve the Question (c), the
eponymous Bounded Power Set Conjecture.

3. CAPTURING WITHOUT oco-BOREL CODE WITHIN THE HEREDITARILY COUNTABLE SETS

This section will provide an answer to question (b) above and show that under AD (and in fact, less
than AD), S7 does not inject into “ON. Fact used the existence of co-Borel code. A solution must do
without oo-Borel codes. Capturing will be obtained by using an appropriate HOD-type model. This will
motivate some of the techniques of the main theorem of the paper where one will also need to work without
the assumption that subsets of the power set of uncountable ordinals have co-Borel codes.

Let P be a countable forcing. Let Fin(P,2) be the set of all finite partial functions from P into 2. For
each s € Fin(P,2), let N¥' = {f € ¥2: 5 C f}. Give F2 the topology generated by {N¥ : s € Fin(P,2)} as a
basis. 2 is homeomorphic to “2 with its usual topology and thus F2 is a Polish space. Let Fp C F2 be the
set of all P-filters (or more accurately the characteristic function of P-filters).

Note that Fp is a ITJ subset of ¥2 (using the fact that basic neighborhoods are clopen). Thus Fp is a
Polish space with the subspace topology inherited from 2. One can then define the usual notions of category
for this Polish topology. If AC§ holds and all subsets Fp has the property of Baire (defined using it natural
Polish topology), then the argument of Fact shows that wellordered unions of meager subsets of Fp are
meager subsets of Fp. (Under AD, all subsets of all Polish spaces have the Baire property relative to its
Polish topology.)

For each s € Fin(P,2), let MY = NP N Fp. It may be the case that some s € Fin(P,2), MY = ). Let
sFin(P, 2) be the collection of s € Fin(P,2) such that MY # (. Say that s € Fin(P,?2) is P-suitable if and
only if there is a p € P so that for all p € dom(s) with s(p) =1, p <p p and for all p € dom(s) with s(p) =0,
p and p are not compatible. Suppose s is P-suitable. Let p € P be such that for all p € dom(s) with s(p) =1,
p <p p and for all p € dom(s) with s(p) = 0, p and p are not compatible. Let f : P — 2 be defined by
f(p) = 1if and only if p <p p. Then f € Fp and s C f. This shows that ME # (). Now suppose s € Fin(P,2)
be such that MY # (). Let f € MF. Since f codes a filter, there is a p in the filter coded by f so that p <p p
for all p € dom(s) with s(p) = 1 and for all p € dom(s) with s(p) = 0, p and p are not compatible. This
shows that s is P-suitable. Thus {M?F : s € Finp} = {M?F : s is P-suitable} is a basis for the topology on Fp
and sFin(P, 2) is the collection of P-suitable s € Fin(P, 2).

If D C P is dense, then let 72 = {f € 7 : (3p € D)(f(p) = 1)}. Suppose f € FL. Then there is some
p € D so that f(p) = 1. Let s : {p} — 2 be defined by s(p) = 1. Note f € ME C FP. This shows F
is open. Suppose s € sFinp or equivalently P-suitable. There is a p € P so that for all p € dom(s) with
s(p) =1, p <p p and for all p € dom(s) with s(p) = 0, p and p are not compatible. Since D is dense, there
isape D withp <pp. Let s =sU{(p,1)} and note that s’ is still P-suitable and MF, C MF N FP. This
shows that -7:11? is dense open.

Suppose D is a countable collection of dense subsets of P. Let Gen]? = Npep ]-'H;P be the collection of
f € P2 which codes P-generic filter over D. Note that Gen]? is comeager since it is a countable intersection
of dense open subsets of Fp.
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Recall that if Z is a set, then ODyz and HOD refer to ordinal definability with parameters from Z. If
Z € ODg, then HODy = ZF. If Z € ODy and Z has an ODy wellordering, then HODz = ZFC.

Lemma 3.1. (Woodin; [A0] Theorem 5.42, Claim 2) Assume AC:, all subsets of all Polish spaces have the
Baire property, and boldface GCH at w. Let Z be a set such that there is an ODz wellordering of Z Let
P € HOD be a forcing which is countable in the real world. Let ¢5 be the least ordinal vy greater than w} such
that ZU{P} € V,YE| Let DY, denote the collection of P-dense subsets of P in HODyz. Let S5 be the collection of
all tuples (0,7, Z, §) such that v € ON with ¢, <, ' is aﬁmte tuple of elements from Z, § s a finite tuple of
ordinals less than v, and ¢ is a Liet-formula with |Z]+ |§| +1 free variables. Uniformly from P and Zﬁ there

is a TZ - GenPZ which is comeager in the topology of Fp and sequence <P]sz75 Ns]l:j,ff: (go,’y,z,f) € Sg)

with the following properties:
(1) For any (p,~,7,€) € SY, PP Z _CsFin(P,2) and NIP> Z . CsFin(P,?2).

7 7 7&' 7 7Z7E
(2) For any G € T% and (p,7,? 7,8) € SV, E (G, 7€) if and only if there is an s € P]P)’ZZg so that
Ge M. o
3) For any G € Ty and E €Sy, V, = G,Zg if and only if there is ansGNPZ ~ so that
(- y P72 7 Vo E (G2 y oy
G e M.

(4) For any finite Z in Z, let SP > be the collection of (¢,7, E) such that (cp,’y,é',g) € S,. Then Sgg €
HOD and <P“”Z NDZ i (0,7.€) € SE L) € HOD .

0758 1B
Proof. Let (p,7, 2, 5) € S5 Let Pf’f;* be the collection of s € sFin(P,2) so that AS _-={F €
o T 7 . »
MENGeny? : V, E o(F, 7€)} is comeager in ME. Let A, 2= UsePi'Z AS e Let N(/”z’5 be
the collection of s € sFin(P,2) so that BS’ .y ={F e MIn Genp VL E ﬂgo(F,z;ﬁ)} is comeager in
P o DY .
M. Let B - == eNiiz : B* A EE Let C, -¢=A, -¢UB,_ -z Notethat C - -C Genp? is a
comeager subset of Fp. Let T ﬂ(%%g,@ es C(/J V2 E = which is a comeager subset of ]:]p since wellordered

intersection of comeager subsets of Fp are comeager because all subsets of the Polish space Fp has the

property of Baire and S} is a wellorderable set (since Z is wellorderable by the hypothesis that there is even
an OD wellordering of Z). Note that for all (¢,7, Z,€) € SY, PP 7 2e € HOD; and N]Pf € HODy and
for any finite z € Z, Sga € HODy and (P™Z _ N™7 _: (p, ’y,f) € ngﬁ € HODyz. Let G € T} and

01,58 e BE
(p,7,7,€) € S, ThenGeT, CC,_ .=A ~UB Since A and B

1 5E TRRA
G is in exactly one of the two sets. If G € A

are d1s301nt

ERN-A 0,7, 7,€ 0,7, 7,€

L= A® then there is some s € P77 _ .
CREAT USGPP:Z AR < %%Z&

®,7,%Z,€
S0 thatGeA;ﬂ{aEC MF and V, | o(G,Z,€). If G € B s = U,enrz  B® _ _ - then there is some

©,7,2,§ o B E ©,7,2,€’

s € NP’qu so that G € BS V2E C MF and V,, E —¢(G, 7,&). This completes the argument. O

Lemma 3.2. (Woodin; [A0] Theorem 5.42, Claim 2) Assume ACY, all subsets of all Polish spaces have the
Baire property, and boldface GCH at w. Let Z be a set such that there is an ODyz wellordering of Z. Let
P € HODy be a forcing which is countable in the real world. Let Tj, C Fp be the comeager set from Lemma

[3.1 For all G € T, HOD4[G] = HOD zucy-

Proof. Let G € T5. Tt is clear that HODz[G] C HODyy¢qy. Suppose Y € HODzyqgy. Let U be the
transitive closure of {Y'}. Because there is an ODz wellordering of Z, HODzy(qy = AC. Let 7: 6 — U be a
bijection where ¢ is an ordinal and m € HOD zy¢¢y. Within HOD z(¢;, define R C § x 6 by R(a, 3) if and

only if m(a) € w(8). There is some ordinal v > max{d,s5}, finite z in Z, and finitely many ordinals £<n,

5VW refers to the sets of rank less than v in the real world.

6The comeager set Tg and the sequence <P]P’Z 2 Pz 2
©,7,%, 07,7,
ODyz wellordering of Z and P € HOD is countable in the real world and does not depend on any witness that P is countable

in the real world.

@, 7, 2, E) S SE) depend only on P and Z such that there is an
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and a formula with |Z] + |£] + 3 variables so that for all a, 8 < 8, R(a, ) if and only if Vy = (G, Z, £ a,pB).

For o, B € 0, let £n.5 = £'(av, B). By Lemma the set (P77 . :a,8€d) € HODz. Forall a,f €4,
Y28, B
R(a, p) if and only if there is an s € Pifﬁf with G € MY if and only if
3328, B
HODZ[G] E (3s e P*Z . (G e MP).
©,7:Z,8a,p

By the axiom of comprehension inside of HODz[G], R € HODz[G]. Then U € HODz[G] since U is the
Mostowski collapse of the wellfounded relation (4, R). Finally Y € HODz[G] since Y is the unique element
of highest rank in U. Since Y € HODzyygy was arbitrary, HODz;q; € HODz[G]. Thus HODz[G] =
HODzuay- O

Theorem 3.3. Assume ACE, all subsets of all Polish spaces have the Baire property, and boldface GCH at w.

Then there is no injection of Zp(w1) into “ON and hence [“wq| = |[w1]¥] < | Pp(w1)| = <9 wi| = |Jw1] <.

Proof. Suppose there is an injection ® : Zp(w;) — “ON. Let P = Coll(wt,wt+)HOP(#) = Coll(wy, wy)HOPe)
which is the forcing of countable partial functions from wi{OD”’} into w?OD{q’} as defined within HOD 4.

P is a countable forcing from the view of the real world. By Lemma there is G C P which is P-generic

over HODyg) such that HODyg ¢y = HOD(4}[G]. P adds a generic surjection g : w?ODW} — w;{OD{q’}. Let
T w1 X w; — wy be the Gédel pair function which belongs to HOD(4y. Let A = 7[g] which is a bounded
subset of the true w; and thus A € #p(w1) N HOD(4}[G]. Since A is ordinal definable from G, ®(A) is
ordinal definable from ® and G. Thus ®(A4) € HOD(g ¢y = HODy4)[G]. So ®(A) € HOD¢4[G] N “ON.
Since HODyg) = “P = Coll(w;,ws) is < wi-closed”, no new w-sequences through HOD4y are added by
forcing P over HODy¢y. Thus ®(A) € HODygy. Since ®(A) is ordinal definable from ®, A = &~($(A))
is ordinal definable from ®. Thus A € HODyg}. Then g = n~'[A] is ordinal definable from ® and so
g € HODy4y. By absoluteness, HOD(4y = “g : w1 — wo is a surjection”. Contradiction. |

The hypothesis of Theorem follows from AD but moreover it follows from ACE and all subsets of all
Polish spaces have the Baire property and the perfect set property by Fact Thus Zg(w1) does not inject
into “ON is a consequence of classical regularity properties.

Theorem 3.4. The consistency of “ZFC and there exists an inaccessible cardinal” implies the consistency
of “the Bounded Power Set Conjecture and the ABCD Conjecture below © = ws”.

Proof. The Solovay model ([54]) constructed from the Lévy collapse of an inaccessible satisfies the hypothesis
of Theorem and © = wy. Theorem shows that the Solovay model satisfies the Bounded Powerset
Conjecture below wy: Pp(w;r) does not inject into “ON. Since © = wy, the only nontrivial instance of the
ABCD conjecture below © is that [“w;| < |“*w;| which follows from &Zp(w;) not injecting into “ON since
D5 ()] < [ . O

Theorem 3.5. Assume ACE, all subsets of all Polish spaces have the Baire property, and boldface GCH at

w. “wy does not inject into P (w) x ON. Thus |[R X wy| < [Ywi| = |[w1]¥].

Proof. Suppose otherwise that there is an injection ® : “w; — Z(w) x ON. Let Coll(wy,2%)HOP(#) he
the forcing defined in HODyg} consisting of countable partial functions from wi{OD{q)} into the RHOD{e}
ordered by reverse function extension. Let N e HODy4y be such that HODyg) = “N is the Coll(w;, R)-
name for Namba forcing”. (Namba forcing N consists of p C <“wsy which are nonempty trees on ws so that
each node of p has wy many extensions. Let <y be the subset relation. See [3I] Theorem 28.10 for more
information on Namba forcing.) Let P be the two step iterated forcing Coll(w,2¥) * N. P is a countable
forcing in the real Worldﬂ Thus by Theorem there is a P-generic filter over HOD g, with the property
that HOD{4}[G] = HOD{g . There are H C Coll(wy,2%)#OPt2} which is Coll(wy,2*)TOPe} -generic over
HODygy and K C N[H] which is N[H]-generic over HOD 4} [H] so that G = H * K. Coll(wy, 2%)HOP e}
adds no new reals or even w-sequences through HOD g4} since HODyg) = “Coll(wi,2¥) is < wi-closed” and

7Here7 one assumes that some reasonable presentation of the iterated forcing Coll(w, 2¢) * N is used to limit the Coll(w1, 2¢)-
names for elements of N
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HODy4y[H] = CH (which is the primary purpose of this first forcing). Since HOD gy [H] = CH, the N[H]-

generic filter K adds a generic cofinal function k£ : w — w? P} and adds no new reals by [3I] Theorem

28.10. Therefore & (w) NHODgy = #(w) N HOD(4}[G] = #(w) N HOD4y[H * K]. Since boldface GCH

at w holds, w?OD{‘P} is less than the true w; and thus k € [w;]”. Since ®(k) € ODyg xy € ODys.qy},

(I)(k') S HOD{@(}} = HOD{@}[G] Since (I)(k) S :@(w) x ON and @(w) N HOD{@}[G] = @(w) N HOD{@},
®(k) € HOD{g}. Thus k = & *(®(k)) is ODe} and thus k € HODygy. By absoluteness, HOD(q} =
“k : w — wo is cofinal” which is impossible since successor cardinals are regular in HOD (4} = AC. ]

At the moment, the only known proof of the cardinality computation, |R X wi| < |“w;|, under classical
regularity property involves HOD-type models and Namba forcingﬁ However, this proof involving Namba
forcing is the only proof of this result suitable for generalization to higher cardinals. Section [7] will use a
form of Namba forcing to prove the analog of this result for all cardinals below © in AD™.

Next one will resolve Question (b) from this same hypothesis.

Fact 3.6. Let P = (P, <p,1p) and Q = (Q, <g, 1lg) be two forcings. Let m : Q — P be a map such that
for all go,q1 € Q, qo <p q1 implies w(qo) <p 7(q1) and 7(lg) = lp. The map Ar : Fg — Fp defined by
A(F)=(n[Fl)p ={p €eP: (3q € F)(w(q) <p p)} is a well defined continuous map (with respect to the
topology on Fg and the topology on Fp).

Proof. Suppose F € Fg. Then (x[F])p € Fp. To see this, suppose pg,p1 € (7[F])p. Let go,q1 € Q be such
that m(qo) <p po and m(g1) <p p1. Since F is a Q-filter, there is a g2 € F such that g2 <g go and ¢» <g ¢1.
Thus 7(q2) € (7[F])p, 7(q2) <p 7(q0) <p po, and 7(q2) <p 7(q1) <p p1. {(7[F])p is clearly <p-upward closed.

Let s be P-suitable. Suppose F' € A_1[MF]. Since A, (F) = (n[F])p € ML is a filter, there is a p € A, (F)
so that p <p p for all p € dom(s) with s(p) = 1 and p is incompatible with all p € dom(s) with s(p) = 0.
By definition of p € (7[F])p, there is a ¢ € F so that n(¢) < p. Let ¢t : {¢} — 2 be define by t(¢) = 1. Tt
is clear that F € Mé@ Now suppose that H € M,i@ Since 7(q) <p D, p € (r7[H])p = Ar(H). Since p <p p
for all p € dom(s) with s(p) = 1 and p is not compatible with any p € dom(s) with s(p) = 0, one has
that p € A, (H) for all p € dom(s) with s(p) =1 and p ¢ A (H) for all p € dom(s) with s(p) = 0. Thus
A-(H) € M2. Tt has been shown that F € M2 C A;'[MF]. This shows that A, is continuous. O

Some basic properties of forcing projection will be presented next. (Forcing projection of the co-Borel
code forcings will be very important in Section )

Definition 3.7. Let P = (P, <p, 1p) and Q = (Q, <g, 1g) be two forcings. A function = : Q — P is a forcing
projection if and only if the following holds:

(1) For all o, 1 € Q, g0 <@ ¢1 implies 7(go) <p 7(¢1) and 7(lg) = 1p.

(2) For all ¢ € Q and p’ € P such that p’ <p 7(q), there is a ¢’ € Q so that ¢’ <g ¢ and 7 (¢') =p'.

Suppose M is an inner model of ZF so that P,Q,7 € M and M | “r : Q — P is a forcing projection”.
If H C Q be Q-generic over M, then A(H) = (w[H))p = {p € P: (3¢ € H)(w(q) <p p)} is a P-generic
filter over M. To see this, suppose D € M is P-dense. Let D = 7~1[D] which belongs to M. Let q € Q.
Since D is dense there is a p’ € D so that p’ <p w(q). By the properties of a forcing projection, there is a
¢ <g ¢ so that m(¢") = p’ and hence ¢’ € D. This shows that D is dense in Q. Since H is Q-generic over
M, HND #0. Let g€ HN D. Then 7(q) € (x[H])s N D.

Let G C P be P-generic over M. Let Q/-G = {q € Q: n(q) € G}, <g/,0=<ol Q/~G, and 1y, ¢ = lg.
Q/+G = (Q/=G,<qg/.as1lg/,¢) is a forcing in M[G] and is called the remainder forcing of Q by G. Let G
denote the canonical P-name for its generic filter. Let @/WG be the canonical P-name such that 1p IFp Q/
G ={q€Q: (g €G}. Note that if G is P-generic over M, then (Q/,G)[G] = Q/,G. Q is forcing
equivalent to the two step iterated forcing P x (Q/G). If H C Q is Q-generic over M and G = (x[H])p

8The important feature of Namba forcing is that it adds a new w-sequence below the true w; without adding any new reals.
Prikry forcing at a measurable cardinal adds a new w-sequence without adding any bounded subsets below the measurable.
Under the hypothesis of Theorem [3.5] there may be no inner models with a measurable. In fact, even in L(R) = AD, no ordinals
which is countable in the real world can be measurable in HODL(®) | Steel’s HOD-analysis in L(R) ([60] Lemma 8.25) shows
that the real world never has a Prikry generic sequence over HODY ®) for any measurable cardinal of HODY ®),
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which is P-generic over M, then H is Q/G-generic over M[G], G  H is P % (Q/,G)-generic over M, and
M[H] = M[G][H] = M|G % H]. (See the introduction of [I] for more information.)

Fact 3.8. Suppose w : Q — P is a forcing projection. If E is dense open in the topology on Fp, then
AJYE] is dense open in the topology of Fg. Thus for any C C Fp which is comeager in the topology of Fp,
A [C) C Fo is comeager in the topology of Fo.

Proof. Since A, is continuous by Fact A[E] is open. Suppose s is Q-suitable. There is a ¢ so that
G <g ¢ for all ¢ € dom(s) with s(¢) = 1 and ¢ is not compatible with any ¢ € dom(s) with s(¢) = 0. Let
u = {(m(§), 1)} which is P-suitable. Since E is dense open, there is a P-suitable ¢ so that M} C MF N E,
7(§) € dom(t), and t(ﬁ(éj)) = 1. Since t is P-suitable, there is a p’ € P so that for all p € dom(t) with
( ) =1, p’ <p p and p’ is not compatible with any p € dom(t) with ¢(p) = 0. Since 7(¢) € dom(t), one has
p <p 7r( §). By the property of projections, there is a ¢’ <g ¢ so that 7(¢") = p’. Let v = s U {(¢/, 1)} which
is Q-suitable. Note that A,[M@] C M} C E. Thus MQ C A; '[E] N M2. This shows A;![E] is dense open.
Suppose C' C Fp is comeager. There is a countable sequence (F,, : n € w) of dense open subsets of Fp such
that (., Bn € C. Then N, co, A7 EL] = 77 (Nhew En) € ALYC]. Since N,c, Ay '[En] is a countable
intersection of dense open subsets of Fo, A;1[C] is comeager. g

s

Lemma 3.9. Assume ACw, all subsets of all Polish spaces have the Baire property, and boldface GCH at w.
Let Z be a set such that there is an ODZ wellordermg of Z. Let Q € HODy be a forcing which is countable

in the real world. There is a U C GenQZ comeager in the topology of Fg and obtained uniformly from Q

and Z with the property that for all G € Ug and forcing projection m : Q — P such that 71 € HODz and
P € HOD is a countable forcing in the real world, HOD z[(7[G])p] = HOD zu{(x[c))s} -

Proof. Let (7, : @ € ON) be an enumeration of all forcing projections in HODz of Q into some P, where P,
is countable in the real world according to the canonical global wellordering of HODz. (The enumeration
does not need to belong to HODz.) Let TP“‘ be the comeager set from Lemma 2| for P, (Which is obtained
uniformly from P, and Z). For each o € ON, A_ [TP‘*] C Fp is comeager by Fact Then UQ

GengzP NNacon A;ul T ga] is a comeager subset of Gen s since wellordered intersections of comeager subsets
of Fg remain comeager subsets of Fg under the given hypothesis. If 7 : Q — P is such a forcing projection,
then there is an o € ON so that 7 = 7, and P = P,. Let G € Ug. Then (7[G])p = A, (G) € T = TE.
By the property of T coming from Lemma HODz[(n[G])r] = HOD zug (x[G])s1- a

Fact 3.10. |R| < |Sy|. If boldface GCH at w holds, then —=(Jwi| < |S1])-

Proof. For r € [w]“, let f, : wlL[T] — wlL[T] be defined by

ﬂ(a){’"(“) e

« w<a<w

Note that f, € L[r] and that wlL[f"'] = wlL[T] = sup(f,). Thus f. € S;. The map ® : R — S; defined by
®(r) = f, is an injection.

Now assume boldface GCH at w. Suppose ¥ : w; — S is an injection. The claim is that wy =
sup{sup(¥(@)) : & < wy}. If not, then this supremum is some countable ordinal §. Then one has that
W @ w; — [0]<°. Since § is countable, there is a bijection Y : [§]<° — R. Then Yo ¥ : w; — R is an
injection which violates boldface GCH at w. Let A = {(«, 3,7) € w1 X w1 X w1 : ¥(a)(B) =~}. L[A] = ZFC

and thus by boldface GCH at w, wf[A] < (2“’)L[A] < wi. By the claim, there is some a < w; so that
sup(¥(a)) > wlL[A}. Since ¥(«a) € L[A] and ¥(«) € Sy, one has that w; LAl > w] Lipe] - = sup(¥(a)) > wL[A]
which is a contradiction. O

Theorem 3.11. Assume AC]E, all subsets of all Polish spaces have the Baire property, and boldface GCH at

w. Then S1 does not inject into “ON.

Proof. Suppose there is an injection ® : S; — “ON. For a < w, HOP) et K, = Coll( a) be the forcing of

HOD
finite partial function p on w into a. Let <g_ be reverse function extension. Let 1x_, = 0. For 8 < w; {I’}
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let Qg = Coll(w, < B) be the collection of all functions p with domain £ so that for all @ < 3, p(a) € K,
and supp?(p) = {a < B : p(a) # 1k, } is finite. Let p <g, q if and only if for all & < 8, p(a) <k, q(c).

Let 1g, be defined by 1g,(a) = 1k, . Qs = (Qs, <q,, lg,) is the Lévy collapse of the ordinals below 3 to w.

Let Q = Q nopy, = Coll(w, < w?OD{q’}) For 8 < w?OD{q’}, let 75 : Q — Qp be defined by 7z(p) =p | 5.
Wy

Suppose p € Qs, g € Q, and p <q, q [ B = 7s(q). Let g € Q be defined by

o) = )P a<fp
q'(@) {p(a):q(a) ﬁ§a<wi{OD{®}'

Then q' <g q and 7g(q’) = p. This shows that 7 is a forcing projection. By boldface GCH at w, Qg and
Q are countable for all 8 < w?OD{q}}. By Lemma le:IOC; € Q be Q-generic over HOD ¢} having the
property that HOD(4}[G] = HOD4 ¢y and for all 8 < w; Lt HODy41y[(m5[G)q,] = HOD{Q(M[GD@B}'
} ~ HOD g}, P2}

and hence as an element § € [w, ]2 :
HOD (¢}
" ,

The generic G can be coded naturally as a subset of wi{OD{CP

wi{OD{q’}. If done naturally, one will have L[G] = L[g]. HOD(4} = “Q has the w
HOD () [G] _ HOD(a)
1 = w

Thus sup(g) <

chain condition” (see [50] Lemma 6.44 using the A-system lemma). Thus w . Since
g € HODyq4}[G], wlL[g] < wflOD{q’}[G] = w?OD{q’}. Since g codes a Kg-generic filter for each § < w?OD“}},
wFO > ,IOPEY and also sup(§) > wy ™. This shows that sup(§) = w }. S0 g€ S;. Since §
is ODygy, ®(9) € HOD(g ¢y = HOD431[G]. ®(g) € “ON and thus there is a Q-name 7 so that 7[G] = ®(g).
Without loss of generality, 1g IFg “7 is a function from @ into ON”. In HOD gy, for each n € w, let A, be
a maximal antichain inside of {q € Q : q IFg (3§ € ON)(7(n) = &)}. Thus HODygy = “A, is countable” by
the w?OD{q’}—chain condition. Then 4,, = sup{max(supp(q)) : q € 4,,} < w{IOD“}} OP ()

in HODygy. Similarly, 6 = sup{d,, : n € w} is less than w{IOD{”. For each n € w and q € Ay, let ag be the
unique a so that HOD (¢} = q lFg 7(72) = &. Let o = {((n,ay)",q [ §) : n € wAq € A,}. 0 is a Qs-name and
®(g) = 7[G] = o[(m5[G])q,)]- This shows that ®(§) € HOD (e} [(m5[G])q,] = HOD(s (ns(c1)q,}- Since ©(g)

is OD{‘i’,(ﬂs[G]>Q5}v g = (I)*l(q)(g)) is also OD{‘I’,(W[G])@(;}' Thus g € HOD{@,(TA’&[G])@(S} = HOD{@}K’{U[G])Q&].
Since L[g] = L[G], one has that G € HOD4y[(75[G])q;] which is impossible since G is (Q/r;G)-generic
over HODy4}[(75(G])qs] and HOD¢4)[G] = HODy4} [(75[G])q,][G] by the discussion above about remainder

forcing applied to the forcing projection s. |

HODyey _ Ly
1 =W

. H .
S1CE Wy 1S regular

4. co-BOREL CODE FORCING

This section will present oco-Borel code forcing (with ordinal definability constraints) on “k, its directed
limit, and the analysis of natural determinacy models as symmetric collapse extension of HOD-type models.
These results in various forms are due to Woodin and Ikegami-Trang ([25]). The uniformity of these results
will be very important in the main result of the next section.

This section presents detailed proofs of the results in the generality needed in this paper. The results in
this section are not very straightforward and simple generalizations of the classical OD oco-Borel code forcing
on R in L(R) as presented in [8] which is uniquely simple. There are important differences between Vopénka
forcing and oco-Borel code forcing and both are needed in the appropriate situation. The proofs of results
for “x when wy < Kk < © require substantial changes from the result for just R or “w. One needs to be very
careful and explicit when relativizing from OD to ODz. From the author’s experience, argument involving
ordinal definability and Vopénka-style forcings are very susceptible to hidden mistakes which lead to major
€rTors.

To avoid frequent repetition, one makes the following definition.

Definition 4.1. A set Z is a parameter set if and only if Z € ODy and there is an ODz wellordering of Z.

9Typically, one would use Coll(w, < k) where k is an inaccessible cardinal of an inner model of ZFC and & is countable in
the real world. This is the forcing used in [I3] Theorem 5.7. Such an inaccessible cardinal exists under AD. However, the
hypothesis of Theorem [3.11] cannot prove such an inaccessible exists. For instance, in the minimal Solovay model: Let x be the
least inaccessible cardinal of L. Let G C Coll(w, < k) be generic over L. Then the Solovay model L(RL[G]) has the property
that no countable ordinal is inaccessible in any inner model of ZFC.
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After fixing a wellordering < of Z which is ODg, one can defined a global wellordering of HOD . Thus
HODy | ZFC. This global wellordering will often be called the canonical wellordering of HOD . Note also
that there is a finite F' C Z so that <€ ODp. With <, all other elements of Z can be defined by referring
to their rank in <. Thus HODz; = HODpg.

Definition 4.2. Recall that %, is the class of all co-Borel codes. (That is, p € P, if and only if p is a
pair (S, ) where S is a set of ordinals and ¢ is a Zet-formula.)

Let k be an ordinal and Z be a parameter set. Let n € w. Let BCfL;Z C % be the proper class of
oo-Borel codes p = (S, ) which belong to HOD (that is, S € HODz) and %;(wﬁ) ={ye™(“k): L[S,y] F
0(S,y)} #0. (If n =0, then °(“s) = {0}.) For each n € w, define a proper class equivalence relation ~/Z
on BCi# by p ~57 g if and only if B, = 8,7 If p € BCEZ, let [p]_nz be the ~57-equivalence
class containing p (which is a proper class). Let B4 be the collection of all p € BC™? such that p is the
minimal element of [p] «:z according to the canonical wellordering of HODz. (So all elements of B2 are

oo-Borel codes.) For p,q € B4, define p Spmz q if and only if %;(Wﬁ) C %Z(WH). Let Lgr:z be the unique
p € B5Z such that %p( *) = "(“k). Note that Bf#?, <pnz, 1502 € HODz. Let B also be used to refer to
the forcing poset (BEZ, <priz, lgriz). B%Z is called the n-dimensional ODz oco-Borel code forcing on “x.

This forcing resembles the classical Vopénka forcing of non-empty OD subsets of ™(“k) defined later in
Definition [£:8] The oo-Borel code forcing will be very important tool in this paper, but the classical Vopénka
forcing will be needed in a few places to establish properties of the co-Borel code forcing. In many important
cases in natural models of AD™, these two forcings are the same but only after a careful analysis of co-Borel
code.

Definition 4.3. Let s be an ordinal. Let Z be a parameter set. For 0 < ¢ < n, j € w, and «a € k, let
Anija =1{y € "(“k) : y(i)(j) = a} which clearly has an ODz oco-Borel code. Let pZZZ]a € B%Z be such
that A, ; jo = %:ﬁf;) . Let 7 = {((i,j,a),pz;’fj’a) (i <nAjEwAa €k} 7" is the canonical name for

n,i,J,

adding the generic element of " (“«). For i < n, let 7" be the canonical name for the element of “x which is
the it term of 7. Note that 7,7 € HOD.

Definition 4.4. If J C %, is a set of oco-Borel codes, x is an ordinal, and z € ™(“k), then define
G (J,x)={peJ:xe %p( N)}.

Let Z be a parameter set. (Note that B%Z C &...) Let G&Zm = Grn(BrZ z) = {p e B2 1z € 8, ).
G2 is the B2 filter derived from .

Definition 4.5. Let x be a cardinal. Let Z be a parameter set. Uniformly let B%Z be a set of ordinals in
HOD which codes BSZ | every p € B, <prz, lymz, pZZij’a, 7™, and 7 for all j,n € w and i < n.

This coding can be done in a variety of ways to maintain the following important properties. Uniformly
in Z means there is a fixed simple procedure that takes Z and returns B*Z. From BrZ , one should be able
to extract all the conditions of B%Z for all n € w. The main property of B~Z is that in any inner model
M C HODy with B®Z € M, one can perform the relevant arguments which involve forcing with B2,
Moreover, for any such inner model M and y € "(“k), G5i%™ = G&#(B# ) can be defined inside of M{[y].

Fact 4.6. Let k be an ordinal, Z be a parameter set, and n € w. Let M be an inner model of HOD z with
B~Z € M. Lety € "(“k). Then GiZ" is BiZ-generic over M and 7"[Gy%"] = y. (In particular, this
result applies to M = HODy.)

Proof. Let A € M be a maximal antichain in M. Now work in the real world. Since A € M C HOD, let

((Sa; pa) : @ < 0) for some ordinal § be the enumeration of A according to the canonical global wellordering
of HODz. Let T = {{a,8) : @« < d A B € S, } where {(a, ) refers to the Godel pairing function. Note that

T € HODz and one can use T to create an ODz co-Borel code gy such that ‘B;Lo(w”) = U{‘B;(wﬁ) :p € A}
For the sake of contradiction, suppose A N GZ?Z?" = (. Then y ¢ %qo( *) . From qo, one can create an OD

oo-Borel code g1 so that %Zl(w'{) =YK\ %ZO(WH) which is a nonempty set as it contains y. Thus there is a

10n ¢ BZ;Z is formally a name for a subset of n X w X k but will be considered as adding the associated element of ™ (“k).
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q € B%Z such that %Z () %;wm Now return to M. Since B%Z € M, every condition of B%Z belongs
to M (m particular, ¢ € M) and the forcing ordering <p.z belongs to M. Then M sees that AU {q} € M
and is a larger antichain than A which contradicts the max1mahty of A. The second statement is clear. O

One important advantage of B"Z over the analogous classical Vopénka forcing is the following fact.

Fact 4.7. Let k be an ordinal, Z be a parameter set, n € w, and y € "(“k). Let M be an inner model of
HODy with B*# € M. Then M[y] = M|G#"]. (In particular, HODz[y] = HOD[G%%™].)

Proof. Since M C M[G5%"], i € M (since B~Z ¢ M), and y = [GrZm] € M[GyZ"], one has that
Ml[y] € M[Gg#"]. Let p € Bjy? and takes the form (S, ) where S is a set of ordinals in HODz and
¢ is a formula. p € GyZ™ if and only if L[S,y] |= ¢(S,y) if and only if M(y] = L[S, y] = ¢(S,y) by the
absoluteness of the satisfaction relation of L[S, y]. Thus G’;5Z ™ € M|y] by comprehension in M. This implies
M[Gy#n] C My]. 0

The following is the Vopénka forcing (on w-sequences of ordinals) which will play a small but necessary
role in this paper.

Definition 4.8. Let k be an ordinal, U C “k, and Z be a parameter set with U € Z. Let n € w. Since Z is
a parameter set, let < be an ODz wellordering of Z. For each formula, tuple of ordinals, and tuple from Z
(which will identified with an ordinal by its rank in <), one can associate a ODz set. In this way, there is
a ODy definable class surjection &z : ON — ODy. Let VUiZ be the set of ordinals « such that &z () is a
nonempty subset of "U and for all o < a, Sz(a’) # &z(a). Note that V% € HOD. For each p,q € VUiZ,
let p <yviz q if and only if Sz(p) C &z(q). Also note that Syuiz€ HOD,. Let 1Vg;z be the least ordinal
a so that &z(a) = "U. VUiZ = (VUiZ, <yviz,lyviz) is the n-dimensional ODz Vopénka-forcing on U and
VUiZ ¢ HODy. '

If y e "U, let GZZIJ;Z;n ={peVUiZ .y e Sz(p)}. Thisis the VUiZ filter associated to y.

For 0 < i < n,j€w,anda € k,let Ay, ; o ={y € "U : y(4)(j) = a} which is clearly ODy. If A, i j.o # 0,
then let Pm] o € VUiZ he such that Gz(pglzj o) = Anija. Let 77 = {((i, ], ),pn)m’a) 1< nAjEWAXE
KA Anija#0}. 7" is the canonical name for adding the generic element of ™(“x). For i < n, let 7;* be the
canonical name for the element of “ which is the i*® term of ™. Note that 7,7 € HODz. (The notation
from the co-Borel code forcing has been reused, but this should not cause confusion in context.)

Let VUiZ € HODy be a set of ordinals which codes all the conditions of VUiZ for all n € w, the set

{(n,i,j,a) 1 jyn € wNi<nAa € KkANAy;ja# 0}, the map (1)7[{;5]-7CY thneEwNi <nAa € kANApija #0).

Fact 4.9. Let k be an ordinal, U C “k, Z is a parameter set such that U € Z, andn € w. Let M be an inner
model of HOD z with VVi% € M. Let y € "U. Then GyU;Z;" is VUiZ _generic over M and %”[GyU‘Z?”] =q.

Proof. Let A € M be a maximal antichain in M. Since M C HODy, A € O0Dyz. Thus | U{Sz(p) :p€ A} isan
ODy subset of "U. If GJ#"NA =0, then y ¢ U{S2(p) : p € A}. So "U\|U{Sz(p) : p € A} is a nonempty
OD subset of "U since y € "U and U € Z. Thus thereis ap € VViZ so that &z (p) = "U\U{&z(p) : p € A}.
Then AU {p} is ayg;z—antichain which is larger than A. Contradiction. Thus there is some p € A so that
y € &z(p). Thus GY%™ N A # (). This shows that GY:#™ is VIiZ-generic over M.

Since VV:Z E M, e M. Foralli <n, j€w, and a € k, y(i)(j) = a if and only if y € GZ(pgfj o) if
and only if pn ; ] o € C;’yU;Z‘”. Thus %”[éyU;Z:”] =y. O

As mentioned before Fact 4.7, VViZ is not as absolute as B%#. Given y € "U and p € VYiZ, it is not
clear how M[y] can determine 1f pE G_g Zin or equivalently whether y € &z(p) since this requires knowing

the truth about y, Z, and ordinals in the real world. So MJy] C M[G’yU;Z;"] but it is not clear if they are
equal in general.

Definition 4.10. Let X be a set. Let &, (X) = {o € Z(X) : |o| < w}, i.e. the set of all subsets o of X
such that w surjects onto o. Let v be an ultrafilter on &, (X).

e v is a fine ultrafilter on &, (X) if and only if for each v € X, A, = {0 € P, (k) 1z €0} € V.
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e v is a normal ultrafilter on &, (X) if and only if for every function ® : &, (X) — £, (X) such
that {0 € Z,,(X): 0 # ®(0) Co} €v, there is an x € X so that {o € P, (X):x € P(0)} € v.

e v is a supercompact measure on 2, (X) if and only if v is an w;-complete, fine, and normal ultrafilter
on Z,,(X). If there is a supercompact measure on X, then one says that wy is X-supercompact.

If all sets of reals have the Baire property, then there are no nonprincipal ultrafilters on w which implies
ultrafilters on any set must be w;-complete. Thus AD implies all ultrafilters on any set are wi-complete.

Let <turing denote Turing reduction on R defined by & <tyring ¥ if and only if = is Turing computable from
Y. Let =yring denote Turing equivalence on R defined by & =1yring ¥ if and only if & <turing ¥ and y <turing 2.
Let Druring be R/ =tyring which is the collection of Turing degrees (equivalence classes of =turing). One can
extend <tyring t0 DTuring by X <turing Y if and only if there exist x € X and y € Y so that z <turng ¥-
For X € Dryring, let C%fmng ={Y € Druring : X <Turing Y'} which is called the Turing cone above X. Define
the Martin filter on During by A € WUTuring if and only if there is an X € Dryring such that C{-ﬁring C A.
Turing determinacy is the assertion that pituring is an ultrafilter. Martin showed that under AD, Uturing is
an wi-complete ultrafilter and thus fituring is often called the Martin measure in this setting. Peng and Yu
([A7]) showed even Turing determinacy alone implies ACE and hence piyring 1S wi-complete.

Suppose K is a set which is a surjective image of R. Let m : R — K be a surjection. Let 7 : Dyyring —
P, (K) be defined by 71(X) = {m(2) : 2]z, <Turing X} Let Tupiuring be the Rudin-Keisler pushforward of
7 which is an ultrafilter on &, (K) defined by A € 7, fi1uring if and only if 77 lA] € HTuring- Let € K and
pick an r € R such that n(r) = 2. Let A, = {oc € Z,,(K): 2z €0}. Let R=[r] . Forall Y € C}""8,

x € 7(Y). This shows that C};”ring C 77 '[A,] and hence A, € TifiTuring: TxlTuring iS @ fine measure on
P, (K). It has been shown that under AD, for every set K which is a surjective image of R, there is an
wi-complete fine measure on &, (K).

If HDMng V/iTuring is wellfounded, then [] P, (K) V/ T turing 1s wellfounded. To see this: Define ¥ :

o, o) V/Fstituing = Tlpy,,, V/ETuring DY C([f17. wring) = [ © Tlnmg- ¥ is a €-embedding with each
ultrapower structure given the ultrapower interpretation of €. Thus it has been shown under AD that
assuming [[ 5, V/{iTuring is wellfounded, then there is an wy-complete fine measure v on #,,, (K) such that
H@ul( K) V/v is wellfounded. If DC holds, then HDmng V/ lituring is wellfounded. Solovay [55] 12.2 showed

that the consistency of ADg implies the consistency of AD + —DC. Moreover Solovay [55] Lemma 2.3 states
that if cof(©) = w, then DC fails. Solovay ([42] Theorem 9.2) showed that HDming V/ iiTuring 1s wellfounded

implies DCg. Woodin ([56] Corollary 6) showed that AD' implies HDTWg V/iTuring 1s wellfounded. This
latter result of Woodin will not be needed here since one will work in the real world satisfying AD and DCg
and drop into an inner model of determinacy satisfying DC.

To be explicit, if K is a set, then L(K) is Godel relative hierarchy built over the transitive closure of { K'}.
Unlike L[K] which always satisfies AC, L(K) may not satisfy AC. If {Ky,..., K, 1} is finite, then one will
write L(K7, ..., K,) for L{ K1, ..., K,}).

If K € ON and m < n < w, then let 7y, : "(“k) — "™(“k) be the projection onto the first m coordinates
defined by m; ,,(¢) = £ [ m for all £ € "(“k). The following states that projections of co-Borel sets are
oo-Borel in a uniform manner. In various forms, this result is due to Woodin and Ikegami-Trang ([25] Claim
2 in the proof Theorem 5). A detailed proof in the form needed here will be provided and uniformity will
be very important.

=Turing

Fact 4.11. (Woodin; Ikegami-Trang) Assume boldface GCH at w. Let k be an ordinal and assume there is
a fine wy-complete measure v on P, (“k) such that Hg%l(%) V/v is wellfounded. Then there is an ODy,,

function T so that for all m <n < w and co-Borel code b, 7r57m[€BZ(WR)] = %;((:Z)m)'

Proof. Without loss of generality suppose m = 1 and n = 2. Let b be an oco-Borel code of the form
b= (S,¢). For any o € P, (“k), let Qy = (VI7HL®:o) denote the 2-dimensional ODyy,»y Vopénka
forcing on o defined in the inner model L(b,o). All sets in L(b,o) are ordinal definable from b, o, and
finitely many members from the countable set o. After fixing a bijection of w onto ¢ from the real world, one
can construct externally a global wellordering of L(b, o) in the real world even though internally L(b, o) may
fail to satisfy AC. Since o is countable in the real world, let By : ¢ — w be a bijection in the real world. Let
By : ?(J)L(b’g) — P (w) be an injection defined by Bi(A) = By[A]. Since L(o,b) has a global wellordering
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in the real world, (o ) (*:9) is wellorderable in the real world. Thus By [@(J)L(b’g)} is a wellorderable subset
of #(w) in the real world. Since boldface GCH at w holds in the real world, Bl[@(o)L(b’g)] is countable and
hence Q(U)L ) is countable in the real world. Let G{Lb(b ‘;) ON — ODLb(b ‘;) be the surjection used to define
(V3 "ehL®:9) (a5 in Definition j Then since the restriction G{bb(}') L (V3o Leo) () 0)
an injection (note that Vg;{b’g} C ON as in Definition 7 Q. is countable. Let By : Q, — w be a
bijection. Let Bs : Z(Q, )L(b 7) 5 P(w) be defined by Bs(A) = By[A] which is a injection. Again by
boldface GCH at w, EZ(QU) (:9) is countable in the real world. Let C, = Coll(w, Q,) which is the forcing of
partial functions from w into Q, ordered by reverse extension. Since QQ, is countable, C, is countable. Let
Vo = (Vb)) which is the code set from Definition Note that Q,,C, € L[b, V.

By the fineness of v, {o € Z,,(“k) : x € 0} € v for all z € “k. Let <, denote the constructibility
wellordering of L[b, ¥%]. For any = € “, let <, be the constructibility wellorderln. on L[b, VY, z]. Using
the maps 0 ==, and 0 =, in the usual proof of Lo§’s theorem, one has that [[,c_ () L[b Ve /v
and Haeﬂwl(w L[b, V. z]/v for all 2 € “k satisfy Lo§’ theorem. By the hypothesis that Hg—,,w(wn v/
v is wellfounded, one has that Hoe@wl () LID, V2]/v and Hae@wl(wn)L[b’ Vb, z]/v for all & € “k are
wellfounded. For any v € V, let ¢, : &, (“k) — {v} be the constant function. Let j, : V — nguq () VIV
be defined by j,(v) = [¢y],- (Note that Hg‘%l(%) V/v may not satisfy ZF and j, may not be elementary
since Lo$’ theorem may fail for this ultrapower.) Define the following functions on Z,,, (“k): ®g(o) = Qo,
Pc(0) = Cypy Pgu(0) = V5. Let Qoo = [@gly, Coo = [@cly, and Vo = [®g,],. Let bo = 5, (b) and
Soo = ju(S) (where recall b = (S, ¢)). By Lés theorem for ngg,w () LD, V2] /v, bao is an co-Borel code of
the form (Ss, ). Also by Lo theorem, ¥?_ is a set of ordinals and for all z € “, nggwl (wry L0, Vb, 2]/
v = Lbeo, V8,5, (2)]. Llboo, V2,4, (2)] E “ju(2) is a function from j,(w) into j,(k)”. Since v is w-
complete, j,(w) = w and thus j,(z) is a function from w into j, (k). Thus by Lo$’ theorem, for all n € w,
Gu(@)(n) = ju(2)(u(n)) = ju(x(n)). Thus j,(x) = j, oz and hence L[boo, V2, j, ()] = Llbeo, V2L, j, o z].
Let j. = ju [ K = {(a,B) € k x ju[k] : j(a) = B}. Note that j, is essentially an ODy,, set of ordinals and
ju(x) = j, 0 = j, ox. The maps b+ by and b V2 are ODy,;.

Claim: For all x € “k,

z €51 [B, ) & Liboo, Voosje 0 2] b= Lo e, (39)(LlSows (e 0 2): 3] = ¢(Socs (e 02),) ).

To see this claim: (<) Since j. oz = j,(z), one has

Llboo, Voos ju(@)] F Lo e, (39) (LSos (). ] b 9(Sm0,30(@),9)).

Since Llbso, V2, j, ()] = HGEQZ L[b, Vb, z]/v, one has that the following holds for v-almost all o by
Lo$’ theorem.

L[b,V’;,x] = e, Ihe, (3y) (LIS 39] b (S, 2.1)).
Fix such a o. Since C, is countable in the real world and boldface GCH at w holds, Fact implies there
is a ¢ C C, (which belongs to the real world) and is C,-generic over L[b, V%, z]. By the forcing theorem,

LI, V5, allg] = (3y) (LIS, 2,] F #(S2,1)).
There is a y € “x N L[b, V2, z][g] such that
Lb, ng ][9] B (L[S, z,y] & »(S, 2,y)
and note that y belongs to the real world since g belonged to the real world. By absoluteness, L[S, z,y]
2w 2w

©(S,z,y). Since b = (5, ), this implies that (z,y) € EBb( *) Hence z € W’Q"l[%b( ”)].

(=) Now suppose z € wg,l[%z(w“)]. There is a z € ¥k so that (z,2) € %Z(w”). So L[S, z,z] E ¢(S,z,2).
By fineness of v, there is an A € v so that z,z € o for all 0 € A. Fix 0 € A. Let H, ;. be the Q,-generic

HThe constructibility ordering is not independent of the model L[b, Vbj,z]. To be explicit, let <5 » be the constructibility

ordering using predicate b, Vf; and x.
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associated to (z,z) which is Q,-generic over L[b, V%] by Fact (note that (z,2) € 20 and L[b,V?] is an

inner model of HOD{LZ)(Z’?). By absoluteness,

L[b7 VZHHU,%Z] ': L[Sv .’ﬂ, Z] ': (P(S, .’ﬂ, Z)
In L[b, V%], Q, regularly embeds into C, by [31] Corollary 26.8. There is some g C C, so that H, . . €
L[b,V?][g]. Again by absoluteness,

L[b, V3]lgl = L[S, 2, 2] = (S, 2, 2).
Since x € L[b,V?][g], there is an h C C, such that h is C,-generic over L[b,V%][z] and L[b, ¥%][g] =
L[b, V¥][z][h] by [31] Corollary 26.10. Thus one has

Lb, Vo z][h] = L[S, z, 2] = oS, z, 2).
Then one has R
Lo, Vi, 2lb] = @) (LIS, 2.9 = ¢(S,2,)).

By the forcing theorem, there is a p € C, so that

Ll Vh.a] = pibe, (3y)(LIS.#.y] = (S, 3.0)).

By the homogeneity of C,, one has

Ll V2] = 1c, e, (By)(LIS, 23] b= (5. 3,9))-

Since o was an arbitrary element of A € v, one has the following by Lo§’” theorem.

Llboe, Vi i (@)] = Lo e, (39) (LISoordu (@), 9] = ¢(Socs 30 (2),9) ).

Since j,(z) = j. oz,

Llbe, Vg0 2] = Te e (3y)(LlSos (G0 2),)  9(Soc (s 0 ).9) )

This completes the proof of the claim.
2w
Note that j. o x can be obtained from j, and z. By the claim and absoluteness, x € ngl[%b( F")] is
equivalent to

Llbac, P o 2] b= Llboos Vs e o 2] b= e e (By) (LS, (e 020, 3] b= (5o, (e 0 2),9) ).

Let (boo,vgo, J«) be some uniform method of coding three sets of ordinals into one set of ordinals. Let
be a formula such that ¥((bs, V%, j.), =) asserts the i inner expression above (behind the first satisfaction

symbol). ((boo, V2., 4.}, 1) is an oo-Borel code for 75 1[B, o K)] Define T(0) = ({boo, V2, 4.}, ). T is ODy,y
since it was observed above that j. € HODy,, and the mappings b+ b, and b +— Vgc are ODy,y. |

Remark 4.12. The following are some remark about the structure of the proof and important subtle points
of Fact In the direction («=), it was important that C, was countable in the real world in order to find
C,-generic filters over L[b,Vg, z]. Note that in the real world, the cardinality of C, is the same cardinality
as Qy. In (=), the relevant property of Q, is that it needs to make the pair (x, z)-generic over the relevant
inner model of ZFC. There are two forcings mentioned above with this property, the co-Borel code forcing
and the Vopénka forcing. The Vopénka forcing and oo-Borel code forcing defined in the real world are never
countable. In a first attempt to make this forcing countable, one goes into L(o,b) which has an external
global wellordering. If one was proving the Fact for R or “w, then the corresponding Vopénka and
oo-Borel code forcing defined in L(b,0) are both already countable. (So one could have more simply used
the co-Borel code forcing and even use the more concrete Martin’s measure on the Turing degrees for R or
“w.) When £ > w, the Vopénka and co-Borel code forcing on “k defined in L(b, o) are still uncountable in
the real world. To resolve this, one restricts the forcing to subsets of the countable set ¢ rather than all

of “k. However, it is not clear if o is co-Borel in L(o,R) with an OD{bb ‘}7) oo-Borel code (or co-Borel at

all). Thus it is unclear how one can create an co-Borel code forcing which only considers subsets of o. This
problem was resolved by instead using the Vopénka forcing Q, = (Vg;{b’a})L(b"’).
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Definition 4.13. A set Z is a good parameter set if and only if Z if a parameter set and for all Z in the
transitive closure of {Z}, there is an 7 € R so that Z is OD z ;).

Recall for any set K, L(K) is the relativized constructibility starting with the transitive closure {K}. So
in L(Z,R), every set is ordinal definable from finitely many parameters from R and elements of the transitive
closure of Z. If Z is a good parameter set, then this can be improved: every set in L(Z, R) is ordinal definable
from finitely many reals and finitely many elements of Z. The purpose of the concept of a good parameter
set is for Fact [L.14] below.

Fact 4.14. Assume AD and DCg. Let Z be a set such that V. = L(Z,R) and Z is a good parameter
set. Let kK < ©. Then there is an ODgz function T so that for all m < n < w and co-Borel code p,
ﬂ.’g,m[%;(u}l{)] = %Z((;’:L),m)

Proof. Fix k < ©. Since V = L(Z,R) and Z is a good parameter set, every set is ODzyy,y for some r € R
(by the discussion above). For each r € R, let 7, denote the least ODz ) surjective function 7 : R — &
according to the canonical wellordering of OD 7y, if such a surjection exists and otherwise let 7, : R — &
be the constant 0 function. Let w(r) = 7,0 (rY) (where recall 7[" comes from the coding of w-many
reals by a single real defined before Fact [2.24] - . w is an ODy surjection of R onto k. Let 7 : R — “k
be defined by 7(r)(n) = w(r™). 7 is an ODy surjection of R onto “x. Let 7 : Druing — P, (“K) be
defined by 7(X) = {7(2) : [2]=rym, <Turing X}. 7 is ODz. As shown above, 7, pTuring is an ODyz fine w;-
complete measure on &, (“k). Since L(Z,R) = DCg, one has that L(Z,R) = DC and hence Hg,,wl(%) v/
T« tTuring 18 wellfounded. Let T be the ODyz, ,p,..,} function given by Fact applied to T [tTuring. Since
Tx M Turing € ODZ7 T e ODg. O

Definition 4.15. Assume AD and DCg. Let Z be a good parameter set such that V = L(Z,R). Let x < ©.
Let T be the ODy function obtained from Fact
Define 112 : BiZ — BZ by 117 (p) is the least member of the [Y(p,n,m)] =z according to the

canonical wellordering of HOD;. By Fact [4.14 Wzym[%z(%)] %HEwZK) " If g0 <grz qu, then %Zo(wn) C
B, "), Thus . [EBZO(%)] c 850" and hence 1157 (q0) <grz 37 (q1). Let ¢ € BiZ and p <gr.z

ng( ). Thus % “r) - DI ") Suppose p = (Sp, o) and g = (S1, ¢1). Let ¥(Ag, A1, v) be the formula

UEHAC
which asserts “L[Ag,v | m] = po(Aop,v [ m) and L[A1,v] |E ¢1(A41,v)”. Let 7 = ({So, 5’1),1/1) and note that 7
is OD . Then f € %J *)if and only if L[Sy, S1, f] = w(so, Sy, f) lf and only if L[So, f | m] = @o(So, f | m)
and L[Sy, f] E @1(51,]”) if and only if f [ m € B, %) and fe EB . Let r € BZ be such that r ~%Z 7,

Then r <priz ¢ and Hz (r) = p. It has been shown that |0 it iZ B2 — B is a forcing projection.
BrZ 052 :m < n < w) is a direct system of forcmg prOJectlon. Let B%Z be the collection of all

functions p € [], o, Bf# such that the following holds:

o m <n<w, IF7 (p(n)) = p(m).
o There is an N < w so that for all N < k < w, ‘B:EZ)K) %p((N';) ~N(“k). The least such N will
be denoted dim(p) and is called the dimension of p.

Let <gnz be defined by p <p~z q if and only if for all n € w, p(n) <grz q(n). Let 1.z be defined by
lgriz(n) = lgmz for all n € w. Note that the directed system (B2, Hflf1 :m < n < w) and BEZ =
(B2, <psz, 1BZ;Z) belong to HODz. This forcing is called the finite support direct limit of the ODz oo-
Borel code forcing on “k. For each n € w, let II%Z : BYZ — BiZ be defined by II%5Z(p) = p(n). 57 is a
forcing projection. )

Let G, be the canonical B%Z-name for the generlc filter. For each n € w, let G,, be the B"%-name
such that 1pwz IFpeiz Gn = <H$£ [GWDBZ'Z (that is, G, is the canonical B/ Z-name for the generic filter on
B%Z induced by the forcing projection Hf,%) Let 7% be the BZ-name such that lgriz IFpriz 7)) = Gl
where 7" here refers to the canonical B%#-name for the generic element of "(“x) naturally understood as a
B*Z-name. Let 7 be the B"?-name such that for all n € w, Lgriz H—IBN z 7 | n =172, 7 names the generic
element of “(“x) added by B%Z. Let “4#%Y™ be a BZ-name such that lpriz Irpriz CEY™ = {7¥(n) : n € w}.
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(If k = w, one usually writes R®™ rather than “w™.) Also let R™ he a BfZ-name for the collection of
reals inside “&*™. (Formally RsY™ ig only defined for B¥# and names the terms of the generic w-sequence of
Bi#.) Since 1152 is a forcing projection, whenever G is a B Z filter, let Gy, = = G,[G] = (H"'Z[GDRK z which

is a filter on B Z One can form the corresponding remainder forcing, B /HK 2Gp. YEY™ and R¥SY™ can
naturally be considered a (BfZ /;x:z Gy,)-name.
Similarly to Deﬁnition let BZ be an ODy set of ordinals which codes (Bfi%, II%5Z TI%Z, :m < n < w),

n,m?

K Z sw W
]Bw’ sy T Ty

and “A%™. Again there are various ways to define B2 but it should be unlform in Z. Its
main property is that any inner model M C HODy with B~Z € M can see the direct system of forcing
projections.

Ifh:w— ( ) (which may not necessarily belong to the real world V), then let G775 =
w)(h|ne %p(n) ))}. Note that IIFZ (G577 = GZ™. Thus 79[G ] = h | n. Hence 7[G
RG] = hlu).

{pew:(¥ne
7% = b and

Fact 4.16. (Woodin) Assume AD and DCg. Let Z be a good parameter set such that V. = L(Z,R). Let
k< 0. Let G C Coll(w,“k) be Coll(w,“k)-generic over the true universe V. Let g : w — “k be the generic
surjection added by G; namely g =|\JG. Let M be an inner model of HOD 7z with B®% € M. Then G;izi“’

is B2 -generic over M.

Proof. Let D C B%Z be a dense subset of B%Z in M. Although Coll(w,“ k) is usually defined as the collection
of finite partial functions from w into “&, here Coll(w,“ k) will be identified with it dense subforcing of finite

partial function s from w into “x such that dom(s) € w (i.e. a finite sequence in “x). Let D C Coll(w,“k)
be the collection of ¢ € Coll(w,“r) such that there is a p € D with dim(p) < |¢t| and ¢t € > ‘(tlﬁ) First, one
will show that D is dense in Coll(w,“x). Fix s € Coll(w,“r) and let n = |s|. Let E C B 7 consists of those
u € B such that there exists a ¢ € D with Hfjg(q) = u. As an intermediate step, one will show that F is

dense in B5Z. Let r € B2, Let t be a function on w such that v(k) € IB',:;Z for all k € w, (k) = HZf(r) for

all k < n, and B, ( ) =8, k(@) foralln < k < w. Thust € BSZ and 115 (x) = r. Since D is dense
in B%Z, there is a q € D with q <gxz t. Then 52 (q) <gwz rand II%Z(q) € E since q € D. Since r € B
was arbitrary, E has been shown to be dense in BfiZ. G&Zn is BriZ-generic over M by Fact Thus
there is some u € G54 N E. By definition of u € E, there is a q € D with II%Z(q) = u. Since u € GF&",
s € B, Let m = max{n,dim(q)}. By definition of q € BEZ, %% (q(m)) = q(n) = I5Z(q) = u.
Thus there is some t € %m(wf) with 7, ,(t) =t [ n = s. Hence t <con,wr) s and t € D since qge D,

dim(q) < m = |t|, and t € B | (%) Since s € Coll(w,“r) was arbitrary, this shows that D is dense in

t|) "
Coll(w,“r). Since G C Coll(w, k) is Coll(w,“r)-generic over V, there is some s € G N D. By definition

. Il (
of s € D, there is a p € D with dim(p) < |s | and s € B ‘( ) - Since the generic surjection g : w — “x is

defined by g =G, s Cg. Forallk<|s|, g [k=s ke k[%l:(“(ul)ﬁ)] = %’;E:)n) since HﬁZk( (|s])) = p(k)

by definition of B%Z. Since dim(p) < |s|, for all k > |s|, g [ k € %p(‘( |)N) x RF=lsl = 8 Ek) By definition
of Ggizi“’, pE G;izi“. Since p € D, GZ;Z;“ N D # (). Since D was an arbitrary dense subset of B in M,

Ggizi“’ is B"Z_generic over M. O
The following fact will be an important tool for proving the necessary capturing of set in the next section
(Lemma [5.9)).

Fact 4.17. (Woodin) Assume AD and DCg. Let Z be a good parameter set such that V.= L(Z,R). Let
Kk < ©. Let M be an inner model of HODy such that B%Z € M. Letn € w, z € "(“k), Y € MJz],
a € M[z]NL(Y,“K), and ¢ is a Liet-formula. Then

L(Y,“k) &= p(a) if and only if Mz] I+ ].Bz:Z/HZ;?LG.::Z:n IFBZ;Z/HZ;%G;:Z”L L(V,“&9™) E o(a).
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(Note that if k < OFYR) then L(Y,“r) = L(Y,R) by the Moschovakis coding lemma, Fact . Thus in
the above, “k and “£5™ can be replaced with R and R™ | respectively.)

Proof. (=) Suppose L(Y,“k) = ¢(a). Let p € BEZ /1 zG”;Z;" By the definition of the quotient forcing,

this means that p(n) = II5Z(p) € GEZ™ and thus x € ’B . Let m = max{n,dim(p)}. Pick s € ™(“k)
such that s | n = z and s € %p((m;"). Let G C Coll(w,* /@) be Coll(w,“k)-generic over the true universe

V with s € G. (The generic does not exist in the real world. One will use the usual convenient forcing
argument to conclude a fact about the forcing relation via the forcing theorem.) Let g : w — “k be the
generic surjection added by G. G""Z“ is B"Z-generic over M by Fact [4. 161 Since s € G, s € B Sﬂf , and
dim(p) < m, one has that g [ k € SB ) for all k € w. Thus p € G§Z*. Note G5i#™ = (NG Z[GE7]) w2z
and GS?Z;‘*’ is IBBZ?Z/HZ;EL GrZin generlc over M[G®Z] by the properties of forcing projections discussed in

Definition Since “EYM[GEZ¥] = “k and L(Y,“k) |= ¢(a), one has
MIEEEMG] | LT “RG544]) E (@)
Since M[z] = M[G%%"] by Fact pe G’;?Z;“’, and by using the forcing theorem, there is a q <prz, . GuEm
w Hf;:,n x
p such that

M[:,C] ': q ”_Bz;Z/HZ;%Gg:Z:n L(Y7wk/sym) |: SO(EL).

Since p € BEZ /w2 G2 was arbitrary, one has that within M|z], lgwiz,  gmzn forces the inner state-
w,n w o x

ment.
(<) Considering z as a condition of Coll(w,“k), pick G C Coll(w,“r) which is Coll(w,“k)-generic over
V with x € G. Let g be the generic surjection associated to G and let Gy’ %% be the assomated BriZ-

generic filter over M by Fact [4.16 G’ Zn = (IE2[G% gz is By Z—generlc over M by Fact |4.6] Again
M(z] = M[G"%™] by Fact As before using general properties of forcing projections from Deﬁmtlon
G730 is BE? [z Gy 7™ generic over M([z]. By the hypothesis and the forcing theorem, M [x][GE7] |:
L(Y,“iM[GRZ)) | p(a). Since “iM[GHZ] = “k, one has L(Y,“k) |= ¢(a). O

The significance of Fact is that for any inner model M of HOD; with B~Z e M, z € “k, and
Y € M|z], the truth about objects a € M[z] N L(Y,“x) within the larger choiceless universe L(Y,“k) can
be determined within the ZFC model M|[z]. There are many applications of Fact

In applications below, the parameter set Z may contain elements which do not belong to HODz (but they
are of course ODy). For example, if boldface GCH at w holds and there is an uncountable A € Z(R) such
that A € Z, then A € ODy but A ¢ HODz. Another very relevant example is if ¥ is an iteration strategy
for a countable mouse and ¥ € Z, then ¥ € ODy but ¥ ¢ HODz. However, in many cases, there is a set
Y € HODy so that ODz = ODy. In this situation, Fact can be used to more fully understand HOD
as in the following results.

Definition 4.18. A set Z is a very good parameter set if and only if Z is a good parameter set and there is
a set Y so that Y € HODz and HODz = HODy. A set Y as above is called a very good parameter-witness
for Z.

Suppose V = L(Z,R) and Z is a very good parameter set with very good parameter-witness Y. Since Z
is a good parameter set, every element of L(Z,R) is a ordinal definable from finitely many elements of Z
and finitely many reals. Since Y is a very good parameter-witness to Z, every element of L(Z,R) is ordinal
definable from finitely many parameters from Y and finitely many reals. Thus Y is also a good parameter
set and L(Z,R) C L(Y,R). Since V = L(Z,R) and hence Y € L(Z,R), one has L(Z,R) = L(Y,R). Again,
one can always find a finite very good parameter-witness Y. Moreover, since elements of y € Y belong to
HODz | ZFC, after choosing a bijection 7 of an ordinal ¢ onto the transitive closure of y, one can code y as
a set of ordinals. Thus the very good parameter-witness can be chosen to be a finite set of sets of ordinals.

Formally, one can always replace a very good parameter Z with its very good parameter-witness Y. In
practice, as in the proof of main result of the paper (Theorem , one naturally has a good parameter set
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Z which contains elements that do not belong to HODz but one must show that Z is a very good parameter
set by finding its very good parameter-witness Y.

Fact 4.19. Assume AD and DCg. Let Z be a very good parameter set such that V = L(Z,R). Let k < ©.
Ifn € w and x € "(“k), then HODz[x] = HOD (43

Proof. Let Y be a very good parameter-witness for Z. Since ODz = ODy, HODg[z] = HODy [z] and
HODzy(zy = HODy(yy- Thus one will work with Y rather than Z. Also note that Y € HODz = HODy.
Since x € HODy (4}, HODy [2] € HODy(4}. Let U € HODy ;). Let W be the transitive closure of {U}
and note that W € HODy ;. Since HODy g,y = AC, let m: § — W be a bijection where 6 € ON and
7 € HODy s} Define R C § x § by R(a, ) if and only if 7(a) € m(83). Note that R € HODy 3. Thus
there is a finite tuple 4 in Y, a finite tuple of ordinals E, and a Zei-formula ¢ so that R(a, 3) if and only if
(7, E, z,a, ). Since Y € HODz = HODy, all the elements of the tuple ¥ also belong to HODy C HODy [z].

By Fact for all a, B € 8, (7, €, z, a, B) if and only if L(Y,R) = o(#, &, z, a, B) if and only if
HODY[JJ} ): 1BS;Z/H“;ZG:;Z;"L(Y7 RN;Sym) ': @(gja g, z,aq, B)

(Note B4 € HODy = HOD although one could also have used B®Y ) By comprehension inside HODy [x],
one has that R € HODy [z]. W € HODy [z] since W is the Mostowski collapse of (4, R). Then U € HODy [z],
since U is the unique element of highest rank in W. Since U € HODyy,} was arbitrary, this shows that
HODy 53 € HODy [z]. Thus HODy [z] = HODy 4. O

An argument similar to the proof of Fact gives the next result.

Fact 4.20. Assume AD and DCg. Let Z be a very good parameter set with good parameter witness Y such
that V = L(Z,R). Then HODz = L[B"%,Y].
In particular, HODF® — L[B"?] for any k < ©X®) and in particular HOD:® — L[B“]. By using Fact

for any k < OF®) n e w, and x € "(“K), HOD{LQ%{) = L[ﬁ“?m,x].

Fact can be used to show all subsets “x in L(Z,R) have oo-Borel codes in a uniform manner.

Fact 4.21. Assume AD and DCg. Let Z be a very good parameter set such that V.= L(Z,R). Let k < ©.
All subsets of “k have oco-Borel codes. Moreover, if Y is a very good parameter-witness for Z and A C “k
is ODy gy} for some x € R, then A has an co-Borel code which is ODy 4y (and this co-Borel code can be
obtained uniformly in the sense described in the proof).

Proof. Let A C“k. Let Y be a very good parameter-witness for Z. Since ODz = ODy and V = L(Z,R) =
L(Y,R), there is a Ze formula ¢, finite tuple ¢ from Y, finite tuple of ordinals £, and a finite tuple  in R
(say n is the length of the tuple x) so that for all @ € ¥k, a € A if and only if (¥, &, x,a). Fact [4.17| asserts
that a € A if and only if L(Y,R) = ¢(¥,&, x,a) if and only if

Fesz, LY, R%™) = o, €, &, ).

/ Ky Z K;Zin+1 K;Zin+1
Hw,n-%—le"a Hw,n+1G:EAa.

LIBSZ,Y, g, 2,a] = 1gez

The inner expression can be written as a formula w(@”?z, Y,gj',f_;x,a). One has shown that a € A if and
only if L[@"?Z,Y,g',g,x,a] = w(IB%"“ZlK €,2,a). Hence ((B"Z,Y, z,£),v) is an oo-Borel code for A. (Since
Y € HODz = HODy, (B%ZY, 4, ,£) is essentially a set of ordinals and is ODy U{a}-) O

Fact 4.22. Assume AD, DCg, and all subsets of R has co-Borel codes. Let k < ©. All subsets of “x have
oo-Borel code.

Proof. Let k < © and let w : R — &k be a surjection. Let < be a prewellordering on R defined by xz < y if
and only if 7(z) < 7(z). Let @ : R — “k be a surjection defined by w(z)(n) = n(z["]). Let A C “k. Define
ACRby A= {ze€R:w(zx) € A}. By the hypothesis, let S be a set of ordinals and g, @1 be two formulas
such that (S, ¢g) is an oo-Borel code for A and (S,¢;) is an oo-Borel code for <. Then A, <€ L(S,R).
Within L(S,R), < can be used to recover 7. L(S,R) can define w. Using A, one can show that A € L(S,R).
In the inner model L(S,R), {S} is a very good parameter set. By Fact A has an oo-Borel code in
L(S,R) and thus A has an oo-Borel code in the real world. O
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A very important observation from the proof of Fact is that there is an explicit procedure that
transforms the definition of A (using parameter Y, finitely many elements from Y, finitely many reals,
and finitely many ordinals) to an oo-Borel code for A. This uniform transformation is used for various
combinatorial results under natural models of AD" such as in [I3] and [I0]. This uniformity is especially
powerful when combined with the proof of Woodin’s perfect set dichotomy ([8] Theorem 8.5, [4]).

Fact is also used to show that in models of the form L(Z,R) as above, B«Z can be used to define
intermediate cardinalities which provide counterexamples to the cardinality structure below & (w;) proved
under AD1p (or equivalently ACE). Under AD 1, [3] Corollary 7.6 showed that the only uncountable
cardinality below |R x wi| are |R|, |wi|, |R Uwi|, and |R X wy|. [I3] Theorem 7.33 isolated a very large
family of cardinalities between |R| and |R x w;| which do not have an injective copy of wy in L(R). In L(R),
let Ny = |, g ((wf ®)H)EE"r1 [13] Theorem 4.10 shows |R x wi| < [Ni| < |R X wo|, |N1| < [2(w1)],
(M) < w591 ]), ~(llwn]?] < [Na), and w59 ] < [Ny U [ ][5 < [Z(wi)|- In L(R), let My =
Usefwj<en ((wlL(R))JF)L[Bw;@’f]. Then in L(R), |[w1]<“!| < |M1| < | £ (w1)| by similar arguments. Woodin [65]
under ADg and DC and later the author under AD 1 showed that if [ X[ < [[w1]“], then either | X| < [R x wi|
or |[wi]¥| < |X|. It was open whether a counterexample existed if ACk failed. As an application of the Fact
the next result will produce the required intermediate cardinality and illustrate how B2 is used to
diagonalized against injectionsH This will motivate analogous constructions of intermediate cardinalities
below # (k) in L(R) using the techniques of the next section. (See Theorem [6.27])

If Z is a good parameter set and V = L(Z,R) satisfies boldface GCH at w, then L(Z,R) fails to satisfy
AD iR OF equivalently AC%. This follows from the usual example of Kechris and Solovay: Let R C R x R be
defined by R(z,y) if and only if y € ODzyy,y. Since Z is a parameter set, HOD 7 = ZFC and hence RNHOD z
is wellorderable. By boldface GCH at w, RNODy is countable. Thus for all x € R and y & OD zuy4}, R(7,y).
That is, dom(R) = R. Suppose ® : R — R is a uniformization for R. Since Z is a good parameter set, ® is
ODzyqqy for some 2 € R. Then ®(x) € OD gy, and R(z, ®(x)) which is a contradiction.

Theorem 4.23. Assume AD and DCg. Let Z be a very good parameter set such that V.= L(Z,R). Let Y
be a very good parameter-witness for Z which is a finite set of sets of ordinals. Let § be a finite enumeration
of Y Let Bf = Uer(3™ ") = {0) v € RAS € “@i™ "0} Then |B| < [wil,
“(lwr| < [E3]), ~(1EZ] < R x wil), and [R x wi| < (R x wr) U E| < [“w].

Proof. Since sz[wa’g’r] < wi for all » € R by boldface GCH at w (which holds under just AD as noted in
Section , Eg C R x “w; and thus |E§7| < |Ywy .

Suppose @q : wy — Eg be an injection. Let 7 : R X “w; — R be the projection onto the first coordinate.
71 [Polwi]] € R is a wellorderable subset of R and thus must be countable by boldface GCH at w. Since
w is regular by AC® there is an 7 € R so that |(m o ®o) '[{r}]| = wi. So By : (m o Bo) '[{r}] —

g’[Bwlm’g’r] < wi, |w(w§[Bw1;y,ﬁ,T])| — |R| Thus & induces an

{r} x W(wQL[Bwlgy’g’r]) is an injection. Since w
injection of wy into R which violates boldface GCH at w. This shows —(|w| < |EY]).

Suppose ®; : Eg — R x wy is an injection. Identify R with &2 (w). If (r,a) € R x wi, then let P, o) C
w X wy be defined by P, = {(n,a) : n € r}. If (s,f) € R x “wy, then let Q5 5) € w X w x w1 be
defined by Qs 5y = {(m,n,B) : m € s A f(n) = B}. Let Grg, € R X “w; X w X wy be defined by
Grg, = {(r, fym,a) : (r,f) € Eg/\ (m,a) € Pp,(rf)}. Let GI‘<I>0—1 CRXaxwXw X w; be defined by
Grgo1 = {(s,,m,n,B) : (8,a) € D1[R X wy] A (m,n,B) € Qo- )} Since V' = L(Z,R) = L(Y,R) =
L(y,R), there are formulas ¢q, 1, finite tuple of ordinals f_('),ﬁ_{, and eg,e; € R so that for all (z,m,a) €
(R X “w;) X w x wy and (y,m,n,B) € (R X w) Xw X w X wiy, Gre, (x,m,a) & po(x,m,a,y, 60756) and

s,

1214 is worth noting that one advantage of Fact is that one can use B“15Z rather than BiZ which yields a more elegant
proof of Theorem The result can still be proved using the classical BwiZ ; however, one would need to introduce a coding
of “wy by reals and the collapse forcing much like in the proof of Fact |2.24

13By the discussion above, if Z is a very good parameters set, there will always be a very good parameter-witness Y which is
a finite set of sets of ordinals. It is necessary to use a finite enumeration ¢ of Y rather than the finite set Y itself. For example,
if r is a nonconstructible reals, then L[{r}] = L. However, since Y is a finite set of sets of ordinals, Y can be canonically
wellordered by the lexicographic ordering on the powerset of some sufficiently large ordinal. Thus each member of Y is ODy .
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Grq)l_l(y7m,n,ﬁ) < p1(y,m,n, 3,7, 61,51). Woodin ([40] Corollary 5.10) showed that there is an e € R

so that eg,e; € LB, 7, ¢] and LBV, 7 ¢] = CH. In L[B“**7,,¢], let P be the Namba forcing ([31]
Theorem 28.10) consisting of p C <“wy which are nonempty trees on wy so that each node of p has ws many
extensions. Let <p be the subset relation. P is countable in the real world and there is a G C P which
is P-generic over L[B“1*7, 7, ¢] and exists in the real world by Fact [2 Since L[B“% §,¢] = CH, by [31]

Theorem 28 10, P adds a generic cofinal function g : w — wL[IB T ] induced by G and P adds no new reals.

By Fact and the fact that eq € L[B“¥7, 7 €], (m,a) € Py, (c,g) if and only if Gre, ((e,g), m, a) if and
only if wo((e,g),m,a,g’, 60,5)) if and only if

L[@w;ga _'a ][ ] ’: 1 B y/ wl 7i1 I+ B y/ W1 G“’l 731 L(ya j sym) ':SDO(é,g, n, g é (5)7

Thus P, (e,q) € LB, 7, ] [g} by comprehension and hence ®,(e,g) € LB, 7, €][g]. Since ®1(e,g) €
R x w; and P adds no new reals, ®;(e,g) € L[B“*¥,7,¢]. By Fact m (m,n, B) € Q(e,q) if and only if

(m,n,pB) € Q@ (®1(e.9)) if and only if Grq) 1(®q1(e, g),m,n, B) if and only if p1(P1(e, g),m,n, 3,7, 61,51) if
and only if

LIE“T, ] b= Lyevs yers L “0™™) E po((@(e, 9)). 0,1, B, 6. 1, (E1)

Thus by comprehension, Q4 € L[@wl;g, ¥,e] and thus g € L[]]% W {j,e]. This is impossible since by

absoluteness, LB, 7, e] |= “g : w — ws is cofinal”. Since L[B“1%, §,¢] = AC, LB, 7, €] = cof (wa) = wo.
Contradiction.

Since Ey does not inject into R xwy, one has that |]R><w1| < |(]R><w1)uEy\ Since [Ywi| = [[w1]¥| = [[w1]¥],
suppose there is an 1nJect10n Dy : [w1]? — (R X wi)UEY. Since AD implies wy — (w1)¥, p, is an ultrafilter

on [w]%. Thus either &, ' [Rxw;] € & or &5 YEY) e (&, . Thus [@5 ' [R xwi]| = [“w:| or [@5" [EY]| = [“wy].
Thus @, either induces an injection of “w; into R X w; or an injection of “w; into Eé’ Thus there is an
injection of “w; into R X w; or an injection of “wy into Eg The first is impossible by Fact or Fact ﬁ
The second is impossible since |wi| < |“w;| and it was shown above that —(|wi| < |EY|. It has been shown
that [(R x wy) U EY| < [“w|. O

Woodin showed that natural models of determinacy satisfying ADY, V = L(Z(R)), and ~ADg must
take the form L(J,R) where J is a set of ordinals. Thus Woodin’s dichotomy (the statement that for all
X C [w1]¥, |X]| <R x wi| or |[w1]*] < |X|) must always fails under ADT, V = L(Z(R)), and -ADg (with

counterexamples derived from E2<J> when V = L(J,R)).

5. AMENABLE SURJECTIONS, GENERIC FILTER EXISTENCE, AND CAPTURING

This section will prove the basic tools needed for the main result concerning the cardinality of Zg(k)
when k < ©.

The proof of Fact and Theorem [3.3] serve as the basic template for the main argument. In Fact
the relevant forcing was Coll(w™,w™ )M for some inner model M of ZFC. Since boldface GCH at w was
assumed to hold in the real world, Fact asserts that there is a Coll(w™,wt)M_generic filter over M
which exists in the real world.

For motivation, assume V' = L(R) and for the sake of contradiction there is an injection ® : #g(k) — “ON
for ¢ < K < ©. @ is ordinal definable from some x € R, but for simplicity assume z = @ and thus
® € OD*®) . The analogous forcing will be P = Coll(et, 6++)HODL(]R). The first step will be to show a P-
generic filter over HODY®) exists in the real world. Since Steel ([60] Corollary 8.22) showed HOD®) = GCH,
HOD'® = |2(P)| = 2¢"" = ¢t++. The collection D of all dense subsets of P in HOD*® is internally
in bijection with (er++)HOP*™ " Since Steel (0] Theorem 8.26) showed boldface GCH holds below © in
HOD™®) | there is a bijection of (eX)HOP"™ (even of € or |¢[E®) onto (e+++)HOD"™ externally in the
real world. Thus there is a surjection h : (e*)HODL(R) — D. It is tempting to use that HODX® =
“P = Coll(eT,e™™) is < et-closed” to extend conditions in an e'-length construction to meet the dense
set h(a) at stage a. This construction can only continue for (e+)HODL(R)—stages if h | « € HOD*® for
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each a < et so that the aM-stage of the construction can be internalized into HOD™®) to use the fact
that HOD*®) E “Pis < eT-closed”. The existence of such a surjection h which is “amenable” relative to
HODY® will be a consequence of one further important consequence ([60] Lemma 8.25) of Steel’s directed
system analysis of HOD*®): namely, for every ¢ < O, cofL(R)(( )HODL(R))

Let M = ZF be an inner model. A set A C M is M-amenable if and only 1f forallz € M, Anx e M.
Here, one will be most concerned with functions f : ¢ — M where e € ON. A function f : e — M is
M-amenable if and only if for all a <€, f [ a={(£ f(&)): { <a} e M.

The next lemma gives a criterion for the existence of certain M-amenable surjections which are uniform
in certain objects. A single application of the lemma will only need an appropriate form of countable choice
(see Lemma . However, the uniformity will be important for applying the lemma to obtain uncountably
many M-amenable surjections simultaneously which will be needed in Section

Lemma 5.1. Let w < k < X and M is an inner model of ZF such that M = “k and \ are cardinals”.
Suppose pgy, p1, and w have the following properties.

(1) po:w — K is an increasing cofinal function through k.
(2) p1:w — X is an increasing cofinal function through \.
(8) w is a function on w so that for alln € w, w(n) : k = p1(n) is an M-amenable surjection of k onto
p1(n).
Then there is a M -amenable surjection of k onto A which is produced uniformly from pgy, p1, and w with the
above propertyE

Proof. Since M | “k is a cardinal”, by modifying po (uniformly) if necessary, one may assume pg takes
values among the indecomposable limit ordinals. Let Iy = {a : 0 < a < pp(0)} and for all n > 0, let
I, ={a: po(n —1) < a < pp(n)}. Note that for all n € w, ot(l,) = po(n) by the indecomposability of
po(n). Let my, : I, = po(n) be the Mostowski collapse of I,,. Note that I,,,m, € M for each n € w. For
each n € w, let b, : po(n) — po(n) x (n + 1) be the standard bijection of pg(n) onto po(n) x (n + 1) which
belongs to M (or any inner model of ZF). Let 71 : kK X w — k and w3 : K X w — w be the projection on
the first and second coordinate, respectively. For each a < k, let n, be the unique n so that o € I,,. For
each n € w, let f, : K = p1(n) be an M-amenable surjection defined by f,, = w(n). Define ® : kK — X by
(@) = frs (b, (mng, (@))) (71 (b, (M, (0)))).

Let 8 < A. Let ng be the least n € w so that 8 < pi(n). Let ny be the least n € w so that n > ng and
there is a v < po(n) so that fn,(7) = 5. Let vy be the least v such that v < po(n1) and f,,(y) = 8. Let
o =m, (b, (70, 10)). Note that o € I,,, and therefore ny; = nq. Thus

Q) = fry(bn, (M, (@))) (T1(0ng (Mn, (@) = frs (b, (mn, (0))) (71 (Bny (M, (@))))

= wa(bnl(mnl(m;;(b;;(%,no)))))(ﬁl(bm (mm(m;ll(bﬁll (70:10)))))) = Frz(v0,m0) (T1(Y0,70)) = fno(70) = B
Thus @ is a surjection. Note that the definition of ® is uniform in pg, p1, and w.

Fix n € w. Note that pg [n+1, (mg 1k <n+1), (I :k <n+1), and (b : k < n+ 1) are elements of
M (since these are finite functions into M). Since for all k¥ < n, f;, is an M-amenable function, one has that
fie 1 po(n) € M and thus (fi | po(n) : k <n+1) € M. Note that ® | po(n) can be defined using po [ n + 1,
(mp ck<n+1l)y, Ip:k<n+1), (b : k <n+1), and (fx | po(n) : £ < n+ 1) using the definition of
® above restricted to a < pg(n). Since M = ZF, ® | pg(n) € M. Since pg is cofinal through x, ® is an
M-amenable function. O

Since AD implies ACE, one obtains the following using the Moschovakis coding lemma.

Lemma 5.2. Assume AD. Let w < k < A < © with cof(k) = cof(A) = w and M be an inner model of ZF
such that M = “k and X are cardinals”. Suppose for all 6 < X, there is an M-amenable surjection of k onto
0. Then there is an M-amenable surjection of k onto .

Proof. Since cof (k) = cof(A) = w, let pp : w — & and p; : w — A be increasing cofinal function through
and A\, respectively. By the Moschovakis coding lemma (Fact [2.15)), let ¢ : R — £2(\) be a surjection. Define

14This means that there is a function Y so that whenever po, p1, and wo have the required properties, Y (po, p1,w™) is an
M-amenable surjection from k onto A.
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R C w x R by R(n,x) if and only if ¢(z) codes the graph of an M-amenable surjection of k onto pi(n).
Observe that dom(R) = w by the hypothesis. By ACL, there is a sequence (z,, : n € w) so that R(n,z,)
holds for all n € w. Let f,, : K = p1(n) be the M-amenable surjection coded by ¢(z,). Let w(n) = f,. The
result now following from applying Lemma to po, p1, and w. (|

Lemma 5.3. Assume AD. Let k < © with cof” (k) = w and M be an inner model of ZF such that M = “k
is a cardinal”. Suppose § < (IierY)M and has the property that for all X with Kk < A <9, if M = “Nis a
successor cardinal”, then cofv()\) = w. Then there is an M-amenable surjection of k onto 0.

Proof. Note that if § satisfies this hypothesis, then every v < § also satisfies this hypothesis. By induction,
it will be shown that for every v < §, there is an M-amenable surjection of x onto ~.

If v < (kT)M, then there is a surjection of x onto v which is M-amenable (and even is a member of M).
Now suppose (k7)™ <~ < § and for all 8 < 7, there is an M-amenable surjection of & onto 3.

(Case I) « is not a cardinal of M. There is a g € M so that g : |y|* — v is a bijection. By the induction
hypothesis, there is an M-amenable surjection k : £ — |y|™. Then gok : kK — 7 is an M-amenable surjection.

(Case II) ~ is a successor cardinal of M. By the hypothesis, cof" (7) = w. Since cof" (k) = w and the
induction hypothesis, Lemma [5.2] implies that there is an M-amenable surjection of  onto 7.

(Case III) 7 is a limit cardinal of M. Since v < 0 < /i*‘“Y)M, v = (k)M for some limit ordinal o < wy .
So cofV () = w and thus cof" (7) = w. Again Lemma implies that there is an M-amenable surjection of
K onto 7. O

Frequently, one will need an M-amenable surjection of a cardinal of cofinality w onto the double successor
of the cardinal. The following lemma isolates a uniform procedure to obtain such M-amenable surjection
from w-cofinal functions into the original cardinal, the successor, and the double successor which will be
useful in the Section [7

Lemma 5.4. Suppose M is an inner model of ZF and k € ON is such that M = “k is a cardinal”. Suppose
To:w—=k, 7w — (KM, and 75 : w — (k)M are increasing cofinal map into k, (kT)M, and (k)M
respectively. Suppose < is a wellordering of (2 ((k*T)M))M . Then there is an M-amenable surjection of k
onto (k)M which is obtained uniformly from 7o, 71, T2, and <.

Proof. Let pY = 79. Let p§ = 71. Since for all n € w, 71(n) < (k7)M, there is a surjection of x onto 71(n)
which is a member of M. Let w®(n) be the <-least surjection of x onto 71(n) = p{(n) and note that w? is
produced uniformly in 79, 71, and <. Lemma gives an M-amenable surjection hg : & — (k)™ which
is produced uniformly in p3, p¢, and @®. Let p} = 70 and p} = 7. For all n € w, ™(n) < (k)M and
hence there is a surjection of (k7)™ onto 7o(n) which belong to M. Let o, : («7)M — 73(n) be the <-least
surjection of (k7)™ onto 7o(n). Let w!(n) = o, o hg which is an M-amenable surjection of x into pi(n).
Lemma gives an M-amenable surjection h; : k — (k)M which is obtained uniformly in pd, pi, and
w!. Thus h, is obtained uniformly in 79, 71, 72, and <. O

The following lemma uses a closedness condition of a forcing inside of an inner model M of ZFC and the
existence of an appropriate M-amenable surjection to create generic filters over M which exist in the real
world. Section [7] will use amenable surjections to create a large set of filters for a type of Namba forcing
(which is not countably closed) generic over an inner model M by using fusion sequences.

Lemma 5.5. Assume AD. Let M be an inner model of ZFC and P € M be a forcing. Let D denote the
P-dense subsets of P in M. Let k < § < © be such that cof” (k) = w, M = “k is a cardinal, |D| < 6, and
P is < k-closed”, and there is an M-amenable surjection of k onto §. Then there is a G C P so that G is
P-generic over M.

Proof. Since M = |D| < 6, let f € M be such that f : § — D is a surjection. Let g : K — 4 be an

M-amenable surjection given by the hypothesis. Then i : kK — D defined by h = f o g is an M-amenable

surjection. Since M |= ZFC, let C€ M be such that M | “C is a wellordering of P”. Since for each v < &,

h | v € M because h is M-amenable and M = “Pis < k-closed”, there is a unique sequence (pY : a < v) € M

so that for all a < ~, p) is the C-least element p € P so that for all 8 < a, p <p pg and p belongs to the

dense set h(a). The uniqueness implies the following continuity: for all o < v < 73 < &, p2° = p)t. For
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all @ < K, let po = p2TL. Let G = ({pa : @ < 6})p = {p € P: (o < k) : po <p p}. Since for all @ < &,
Pa € h(a) and h : kK — D is a surjection, G is a P-generic filter over M. ]

Lemma 5.6. Assume AD. Let M be an inner model of ZFC. Let € be an infinite ordinal. Suppose
cof V ((eM)M) = cofV (" )M) = cof V (™M) = w and M =27 = ¢t TA2° " = e+, Let Coll(et, )M
be the forcing of partial function p : €™ — et of size less than €™ ordered by reverse function extension as
defined in M. Then there is a G C Coll(et, et )M which is Coll(et, et )M _generic over M.

Proof. Since cof((e")M) = cof((et*)M) = cof((e"TH)M) = w, Lemma implies that there is an M-
amenable surjection f : (et)M — (et+H)M,

Work in M for the moment. For all § < e™, |76 = 2¢" = ¢++. Coll(eT, et ) injects into < €™+, the
collection of all functions from e into e™F. Since et is regular (as M = ZFC), < et+ = Us<er+ <"§. Then

|Coll(et, e™)| = €. So |Z2(Coll(et,et))| = 25" = et+F. Let D be the collection of dense subsets of
Coll(et, et ™). Then |D| < |2 (Coll(eT,et™))| = et T,

One has that cof¥ ((et)M) = w, M = “|D| < et™”, and there is an M-amenable surjection of (¢*)M
onto (eT++)M . The result follows from Lemma O

A tree on a set X is a set T C <“X which is closed under subsequences. The body of the tree T is
T={fe“X:(Vnew)(fIneT)}. Aset AC“wis Suslin if and only if there is a cardinal x and a tree
T onw X K sothat A =m[[T]] = {x € “w: (3f € “k)((x,f) € [T])}. A set A C “w is coSuslin if “w \ 4
is Suslin. If A = m[[T]] where T is a tree on w x &, then one says that A is k-Suslin. Let S, denote the
collection of k-Suslin set. A cardinal « is a Suslin cardinal if and only if there is an A C “w which is x-Suslin
but not §-Suslin for any § < k. Let SN denote the class of all Suslin cardinals. A Suslin cardinal & is a called
a limit Suslin cardinal if and only if x is a limit of Suslin cardinals. A Suslin cardinal which is not a limit
Suslin cardinal is called a successor Suslin cardinal. Steel and Woodin showed that SN is a closed subset of
sup(SN) under AD and DCg. Under AD and DCg, sup(SN) is a limit of Suslin cardinals. To see this, suppose
for the sake of contradiction that A = sup(SN) is not a limit of Suslin cardinals. Then A must be a successor
Suslin cardinal. Suppose Sy is not closed under ¥®. Then V®S, would have the scale property by the second
periodicity theorem of Moschovakis ([45] 6C.3). Thus there is a set A € V&S \ Sy which is Suslin. A must be
X-Suslin for some A’ > \. Hence X is not the largest Suslin cardinal which is a contradiction. This shows Sy
must be closed under V®. Then A must a regular limit Suslin cardinal by [30] Lemma 3.6 which contradict
the assumption that A is not even a limit of Suslin cardinals. This completes the argument that sup(SN) is
a limit of Suslin cardinals. In fact, sup(SN) is a limit of measurable cardinals and even measurable successor
Suslin cardinals. To see this, let £ < sup(SN). Since sup(SN) is a limit of Suslin cardinals, let (k, : 1 € w)
be a increasing sequence of Suslin cardinals above k and let ko, = sup{k, : n € w} which is a limit Suslin
cardinal of cofinality w. Let Scx = [Js.,, Ss. Let g be the pointclass of countable union of sets from Sc.
3 has the scale property with norms in « (see [30] Theorem 3.28, Case I), closed under countable union, and
even closed under 3*. By the second periodicity theorem of Moschovakis ([45] Theorem 6C.3), IT; = V&%,
has the scale property with norm in §(TI;). By the Kunen-Martin Theorem, one can show that §(TI;) = ™
and xV is the next Suslin cardinal after x (see [30] Theorem 3.28, Case I). Since IT; is closed under V&, A, V,
and has the prewellordering property (even the scale property), £ = §(II;) is measurable and even satisfies
kT —. (kT)§ for all € < wy by [30] Theorem 2.36 (and thus the w-club filter ,u}€+ is a normal measure on
k7). One can even show that sup(SN) is a supremum of regular limit Suslin cardinals and such cardinals
have the strong partition property by [37]. Under AD™, if sup(SN) < ©, then sup(SN) € SN, i.e. sup(SN)
is also a Suslin cardinal and SN has a largest element. (See [42] Corollary 11.23 and Remark 11.24.)

Solovay [55] showed that under ADg, w; is R-supercompact. If v is a supercompact measure on Z,, (R)
and K < O, then an appropriate Rudin-Keisler pushforward of v will define a supercompact measure on
2, (k). However, AD" cannot prove that w; is R-supercompact since L(R) = “w; is not R-supercompact”
because Solovay [55] showed this hypothesis implies the existence of R¥. Under AD and DCg, Harrington
and Kechris [24] showed that if x is below a Suslin cardinal, then w; is k-supercompact. Woodin [66] showed
the supercompact measure on 2, (k) is unique if & is below a Suslin cardinal. (Also see [42] Theorem
13.15.) Uniqueness will be very important as it implies that the supercompact measure v on 2., (k) is
ordinal definable when & is below a Suslin cardinal. Under AD™, for all k < ©, Woodin showed that w; is
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k-supercompact and Neeman showed that there is a unique supercompact measure on Z,, (k). Except for
Theorem this result can be avoided by reflecting a counterexample below the largest Suslin cardinal.

Fact 5.7. (Neeman [46] Theorem 2.19; Woodin [61] Lemma 2.19) Assume ADT. For any k < ©, there is a
unique supercompact measure on P, (k).

Fact 5.8. Let X be a set and let v be a supercompact measure on P, (X). Let j, : V — H?/’wl(X) V/v
be the ultrapower map. Let A C X and let ® : P, (X) = P, (X) be defined by ®(c) = ANo. Then
[(I)]u =Ju [A]

Proof. Suppose ¥ : &, (X) = V and [¥], € [®],. By definition of the interpretation of the ultrapower
membership relation, B = {c € Z,,(X) : ¥(0) € ®(0)} € v. Define T : B = £, (X) by T(c) = {¥(o)}.
Then for all o € B, ) # Y(0) C (o) C 0. By normality, there is an z € X so that C = {0 € £, (X):x €
Y (o)} € v. Since for v-almost all o, T (o) is the singleton ¥(c), one has that for v-almost all o, ¥(0) = x.
Thus [¥], = j,(z). Since for v-almost all ¢ € &, (X), ¥(o) € (o) = AN o, one has that x € A. This
shows that [®], C j,[A]. Foranyz € A, {c € Z,,(X):z € ANo=P(0)} ={c€ P,,(X):x€0} €vby
fineness. By Lo§’ theorem, j,(x) € [®],. Since x € A was arbitrary, this shows that j,[A] C [®],. One can
conclude j,[A] = [®],.

Let P = (P, <p, 1p) be a forcing and F' C P is a P-filter. F' is said to be countably generated if and only
if there is a countable ¢ C F such that F' = (o)p = {p € P : (3¢ € 0)(¢ <p p)}. The next result says in
certain circumstances, the truth concerning countably generated filter in the real world can be expressed
over a HOD-type model. This result will give the required capturing necessary in the main result.

Lemma 5.9. Assume AD and DCg. Let Z be a very good parameter set and V = L(Z,R). Let P be a forcing
belonging to HODy such that there is an ordinal k with the property that there is a unique supercompact
measure on P, (k) and HODz = |P| = |k|. Let F be a countable generated P-filter. Then HODz[F| =
HOD zy¢Fy-

In particular, under AD and DCg, the hypothesis on r holds if r is below a Suslin cardinal. Under ADT,
this hypothesis on k holds for all kK < ©.

Proof. Let Y be a very good parameter-witness for Z. By the hypothesis, let 7 be the unique supercompact
measure on &, (k). (If k is below a Suslin cardinal, then the results of Harrington-Kechris and Woodin
mentioned above imply the existence of such a unique supercompact measure on &, (k).) Thus 7 € OD
and hence v € ODz. By the hypothesis, let w : kK — P be a bijection with w € HODjz. Define a
supercompact measure v on Z,, (P) by A € v if and only if {w™'[o] : 0 € A} € . Note that v € ODy.
Since V' = L(Z,R) = L(Y,R) and DCg hold, one has that DC holds. Hence Hﬁwl @) V/v is wellfounded.

Let j, : V.= Ils, & V/v be the ultrapower map. For each o € Z,,(P), there is uniform procedure
w1
that assigns o to a global wellordering of L[B®Z P,Y,F No]. Thus Haeg’wl(P) L[B®Z P)Y,F Nol/v is
wellfounded and satisfies Los” theorem. Let ®p : 2, (P) = £, (P) be defined by ®r(0) = o N F. By Fact
5.8 [‘?F],, = ju[F]. By Lo’ theorem, Haez%l(ﬁ“) L[B%Z PY,F Nol/v= L[j,(B%%),j,(P),j,(Y),[®r].] =
L[j, (B%%), 5, (P),5,(Y), j,[F]]. For each o € 2, (k), let Coll(w,F N o) be the forcing of finite partial
function from w into F No. Let ®cop be defined by @con(o) = Coll(w, F N o). By Lod theorem, [Pcon], =
Coll(w, j, [F]). For each o, let g, be the canonical Coll(w, F' N o)-name for the generic surjection of w onto
Fno. Let ®; be defined by ®4(0) = g,. Let h = [®¢],. By Lo§’ theorem, h is the canonical Coll(w, j, [F])-
name for the generic surjection of w onto j,[F]. Thus h belongs to any inner model of ZF containing j,[F].
By Los’ theorem applied in [], ¢z ®) LB P,Y,F No|/v, j,(B%?) codes a direct system of forcing
w1

projection and j,(B%%) C B, for all n € w (that is, the conditions of the forcing j, (BfZ) are oo-Borel
codes or equivalently pairs of ordinals and formulas). Recall the operation G*! from Definition

Claim: Let ¢(v,w) be a Zer-formula and ¢ € HODz. Let ¢ be the formula defined by ¢(z,y, 2) is “y is
a forcing, x is a function from w into y, and ¢({z[w]),, z)”. Then

o(F,a) & Lj,(BY), ju(P), (V). ju(a), ju [F]] b= Loonw ey IF Ll (B¥7), 5, (B), ju (Y), G (a), ] =
L B57))  m giveoa (@570 T L(ju (Y), ju (R¥™)) = @ (h, i (P), ju (a)).

UACHED)
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To see the claim: Since F is countably generated, there is a countable & C F' so that (5)p = F. Since v
is fine and countably complete, A = {oc € £, (v):6 Co} € v.

(=) Suppose p(F,a). Fix ¢ € A. Let p € Coll(w, F N o). Since o is countable, Coll(w,F No) is a
countable forcing in the real world. By Fact let K C Coll(w, F'No) be Coll(w, F' N o)-generic over
L[@”?Z,P,Y,F No| with p € K. Let k : w — F No be the associated generic surjection. Note that
(klwhp = (FNo)p D (6)p = F since & C o because 0 € A. Hence (k[w])p = F. Since L(Z,R) = L(Y,R),
one has that L(Y,R) = o((k[w])p,a). Thus L(Y,R) = @(k,P,a). Note that L[B*Z P,Y,a] C HOD. Since
k € “P, Fact ﬁ (applied to M = L[B%Z P,Y,a]) gives that

L[BN;Za Pa K a, k] ': 1BZ;Z/HZ"£ GZ"Z:I I L(K Rm;sym) ): @(ka IP, (1).

By absoluteness and since GZ;Z;l = g”’l(BT;Za k),

L[B*,P,Y,a, F No][K] = LB, P,Y,a,k] = 1502, Lgra @7 g IF LY, RYY™) | 3(k, P, a).
w HZ;,n 9

Since this holds for all p € Coll(w, F' N o) and all Coll(w, F' N o)-generic filter K over L[@”‘Z,IP’, Y,a,F No]
with p € K, one has the following by the forcing theorem.

L[B"”,P,Y, a, F0] | Leoiw,rro) I LB, P,Y, ¢, o] £ Lgxz I LY, R™™) [= $(go, P, a).

/a2 G (B go)
Since o € A € v was arbitrary, the right side of the claim follows from Lo$’” theorem.
(<) Assume the right side of the claim. By Lo§’ theorem, there is a B € v such that for all 0 € B

L[BK;Za P7 K a, Fﬂa—] ): 1C011(w,Fﬁo’) I+ L[EK;Zv IP) }/7 a, ga] ): 13:?Z/HZ;%QR,1(BT?Z7QU) I+ L(K Rr;;sym) |: ()b(gav ]P7 a)'
Since A € v, ANB € v. Pick any 0 € AN B. Since Coll(w, F N o) is countable in the real world, let
K C Coll(w, FNo) be Coll(w, FNo)-generic over LB P,Y,a, FNo| using Fact Let k be the generic
surjection of w onto F'N ¢ induced from K and note that ¢,[K] = k. By the forcing theorem, one has the
following.

L[B*Z,P,Y,a, F No][K] = LB, P,Y,a,k] = 1502, Lgra @7 g IF LI, RYY™) = 3(k, P, a).
57 :

By absoluteness,

LB*?,P,Y, 0, k] = 1gsz, IF LY, RS™) = o(k, P, a).

Hg;ggn’l(BT;ka)
Since k € “P, Fact implies L(Y,R) = ¢(k,P,a). By the definition of ¢, L(Y,R) | ¢((k[w])p, a).
Since 0 € ANB C A and thus ¢ C FNo = k[w], (klw))p = F. So L(Y,R) = ¢(F,a). Finally since
V = L(Z,R) = L(Y,R), one has ¢(F,a). This completes the proof of the claim.

Now to complete the proof of the lemma: It is clear that HODz[F] C HODzypy. Let U € HOD 4 py.
Let W be the transitive closure of {U}. Since HODz ) = ZFC, there is a bijection 7 : § — W where
§ is an ordinal and 7 € HODyzygpy. Within HOD g py, define R C 0 x 0 by R(a,p) if and only if
m(a) € 7(B). By the hypothesis that ODz = ODy, one has that ODzy;py = ODy(py. There is a finite
sequence ¥ in Y (and note that all the elements in ¢ belong to HODy since Y € HODz = HODy), a
finite sequence of ordinals E, and a Zet-formula ¢ so that R(«, 8) if and only if ¢(F, ¢, E, a, B). Note that
3o (B5%), 5, (P), 4, (Y),5,(#), 4, | 6 € HODz. Since j, | P € HODg, j,[F] € HODz[F]. Also note that
h belongs to any inner model of ZF containing j,[F]. Thus by the above claim and absoluteness, for all
a, B €4, R(a, p) if and only if

HODZ[F] ': L[.jl/(@K;Z)vju(ﬂp)?jV(Y)?jV(?I)?.jV[F]] ': 1Coll(o.z,jL,[F]) I- L[jV(BmZ)’ 'V(P)v (Y)7]V(g)’h] ':
Jv

J Juv
lju(BS;Z)/jU(HS?f)gj”(“)’l(ju(B’f;Z),h) ‘F L(jV(Y)vjV(Rmsym)) ': @(hvjl/(ﬂb)ajl/(g)m]V( )ajv(a)a ‘ (ﬂ))

Since j, | § € HODg[F], the above formula is obtained uniformly from (e, 8) in HODz[F|. By comprehen-

sion in HODz[F|, R € HODz[F]. Thus W € HODz[F] since it is the Mostowski collapse of the wellfounded

relation (0, R). Then U € HODz[F] since it is the element of highest rank in W. Since U € HOD zr} was

arbitrary, this shows that HODzyr C HODZ[F]. This completes the proof of the lemma. O
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Corollary 5.10. Assume AD and DCr. Let Z be a very good parameter set. Let 6 < k < © be such that
K is below a Suslin cardinal, HODz = “§ is a cardinal”, and cofv(5) = w. Suppose f:§ — Kk is a function
with the property that for all « < §, f [ § € HODz. Then HODz[f] = HOD z4;-

Proof. Let P = Coll(d, x)HOP7 be the forcing of partial functions from & into & of cardinality less than 4.
Since k is less than a Suslin cardinal and the supremum of the Suslin cardinals is a limit of measurable
Suslin cardinals, k is a below a measurable Suslin cardinal A. Since ) is measurable, there is no injection
of X into #(k) by Fact Because P may be regarded as a wellorderable subset of #(x), one must have
|P|HODz < |)\|. By the hypothesis that for all @ < §, f [ a € HODy, one has that F = ({f [ a: a < §})p
is a P-filter, HOD z[F] = HODz|[f], and HOD z{r} = HODz(¢y. By the hypothesis that cofV (§) = w, let
p : w — d be an increasing cofinal function. Let o = {f | p(n) : n € w}. Then (o)p = F. This shows that F' is
a countable generated P-filter. Thus by Lemma HODz[f] = HODz[F] = HODzy(ry = HODzui5y. O

6. CARDINALITY OF THE SET OF BOUNDED SUBSETS OF A CARDINAL

This section will prove the eponymous main result of this paper.

Suppose @ : Pp(k) — “ON where € < « is an injection. To follow the template of Fact to prove the
main result, it remains to find a HOD-type model M for which Lemma [5.6] can be used to produce generics
for Coll(et, e )M in the real world and the HOD-type model M codes ® is some way so that Lemma
can be used to capture the function in the Coll(et, e™+)M_generic extension. The model and its requisite
properties come from the direct system analysis of HOD-type inner models of certain AD™ models. Woodin
and Steel used this analysis of HOD-type models to show boldface GCH below © and the existence and
uniqueness of the supercompact measure on &, () for k < © under AD™ which were mentioned earlier.

First, the main result will be proved for L(R) under AD which has the most familiar HOD-analysis.
Finally, the main result under AD" will be given which uses the theory of I'-Woodin mice, their iteration
strategy, and hybrid strategy mouse built over these I'~-Woodin mice.

For L(R) k= AD, the necessary HOD-type model comes from the original analysis of HOD*®) 62 is
the supremum of the A? prewellorderings on R. By [40] Theorem 2.28, (67)%(®) is also the least ¥;-stable
ordinal of L(R) (that is, the least ordinal ¢ such that Ls(R) <1 L(R) in the language of set theory with
constant symbols for reals and the set of reals). By the analysis of scales in L(R) ([43], [57]), (63)*® is also
the largest Suslin cardinal of L(R). The following will be the relevant properties.

Fact 6.1. (Steel, Woodin; [58],[64]) Assume AD. Let x € R.
(1) HOD{} |= GCH.
(2) For all & < ©M® | cof “® ()Pt y = o,

Only the simpler analysis of HODféﬂf) N Vig2)r@ is necessary for the first statement of Fact (see

remarks following the proof of [60] Corollary 8.22). This simpler analysis is also sufficient to prove the
second statement of F act for k < (67)X® (see remarks following [60] Lemma 8.25) which will be enough

for the proof of Theorem These are proved by showing that a portion of HOD{LS}%) is a limit of a directed

system of mice with certain suitable properties. Moreover, if one assumes M (z)* exists, then the proof can
be even further simplified by using an external directed system of mice as in [60]. The following is the main
theorem in L(R).

Theorem 6.2. Assume AD. L(R) = “For all cardinals k with w < k < © and any € < K, there is no
injection of Pp(k) into CON”.

Proof. By Kechris [35], if AD holds, then L(R) &= DCg. For the rest of the proof, work within L(R) or assume
V = L(R). Assume the theorem is false. Since k > wy, |R| < |#p(k)|. If € < w, then “ON has a definable
bijection with ON. An injection ® : Zg(k) — “ON when ¢ < w would imply there is an injection of R into
ON. This is impossible since AD implies there are no wellorderings of R. Thus any failure of the theorem
must take the form ® : #p(k) — “ON where ¢ is infinite. Let ¢ be the % sentence asserting “there exists
€ < k < O and injection ® : Pp(k) — “ON”. Let ZF" denote some sufficiently large finite fragment of
ZF. Let ¢ be the formula in the language Zt augmented with a symbol for R asserting “there exist an
ordinal « such that L,(R) = ZF*, AD, and ¢”. Note that ¢ is ¥; in this augmented language. Note that
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L(R) = ¢. By reflection applied to the hierarchy (L,(R) : & € ON), there is an o € ON so that L,(R) |=
ZF*, AD, and ¢. So L(R) [= . Since Ls2(R) <1 L(R), Ls2(R) = ¢. Thus there is an a < 07, Lo(R) = ¢.
So there are € < k < ©F2®) < §7 and a function ® € L,(R) such that L,(R) = “® : Pp(k) — “ON is an
injection”. Since x < ©F«®) et ¢y : R — K be a surjection in L, (R). Let <€ L, (R) be the prewellordering
on R of length k associated to 1 defined by = < y if and only if ¥(z) < ¥(y). Let T' be a pointclass in
Lo(R) closed under 3* and A with <€ T'. (For instance, I' = ¥1(=<).) Let U C R?® be universal for T
and note that U € L,(R). Let 0 and 1 be the constant 0 and 1 function, respectively. For each e € R, let
A, ={a€r:(3z)W(z) = anU(e,z,1))}. Foreach A € (), define Ty € RxR by (z,y) € Ty if and only
ifY(x) e A=y = T and Y(x) ¢ A=y = 0. By the Moschovakis coding lemma (Fact , thereisa S eI
so that S C T4 and for all « < k, there are z,y € R such that ¢(z) = « and S(z,y). Since U is universal,
there is an e € R so that S = U, = {(z,y) : U(e,z,y)}. Then A = A.. It has been shown that for all
A € P(k), there is an e € R such that A = A.. Since ¢, <, U € L,(R), the absoluteness of the map e — A,
implies that @(K)L“(R) = SZ(K)L(R). Thus Zp(k)F® = Pp(k)*®). By absoluteness, ® : Zg(k) — ON
is an injection in L(R). All sets in L(R) are ordinal definable from a real. Let z € R be such that ® € OD,,.
HODy¢,, E GCH and cof“®) ((e")HOP w1 ) = cof ) ((e++)HOP 1) = cof “F) (et ++)HOP ) ) = w by Fact
Thus there is a G C Coll(eT, eT+)HOP =) (in the real world) which is Coll(et, et+)HOP (=} _generic over
HOD¢,; by Lemma Let g : (e7)HOPw) — (et+)HOD () he the generic surjection, namely g = | J G. Since
cof E®) (eF)HOD (1) = () let p : w — (e7)HOPte) be an increasing cofinal map. Let o = {g | p(n) : n € w}
and note that (o), .+ 4+ yHop(,y = G. Thus G is a countably generated Coll(et, e T)HOD )y filter. Also
|(et)HOP (1| s below a Suslin cardinal (for example, §7) and HODy, = |Coll(e*, e™F)| = e**+. Thus by
Lemma HOD¢,,[G] = HODy, . Let § = {{a,g(a)) : o < (")HOPt1} (where (-, ) refers to the Godel
pairing function). Note that § C (et7)HOP(=) and thus § € Pg(k) since (e 1)HOP=} < k by Fact m
Since ® is ODy,) and § € ODygy, one has that ®(g) € ODy, ;. Therefore, ®(7) € HOD(, ¢y = HOD¢,,[G].
Since ®(g) € “ON NHOD{,}[G] and Coll(e™, e )HODte} add no new functions from € into HODy,y since
HODy,y = “Coll(et, et ™) is < ef-closed”, one has that ®(g) € HODy,;. Since ®(g) € OD,, ®~' € ODy,;,
® is an injection, and § = ®~1(®(j)), one has that § € OD¢,} and hence g € HODy,;. By applying the
inverse of the Godel pairing function, g € HODy,, and thus G € HODy,,. This is impossible since G is a
Coll(e', et T)HOP =) _generic over HODy,) or alternatively by absoluteness, HOD ;) = “g: et — et is a
surjection”. |

Theorem 6.3. Assume AD. Within L(R), the following holds: Let k < © = OF®) be o singular cardinal
and let € < K be such that that cof(e) = cof(k). Then

(1) 1Zs(K)| <|[K]°U Zp(K)].

(2) |[s]] <|[x]* U ZB(x)].

(3) |Is]°U Zp(K)| < |2(K)|.

Proof. (1) If @ : [s]° U Zp(k) — Pp(k) is an injection, then @ | [k]¢ : [k]® = Pp(k) is an injection. This
violates Theoremwhich applies since boldface GCH below ©X®) holds by Fact and L(R) = AD" or
more explicitly by [60] Theorem 8.26.

(2) If @ : [k]°U Pp(k) — [K]° is an injection, then ® [ Pp(k) : Pp(k) — [k]¢ is an injection. This
violates Theorem since € < K.

(3) Assume that statement (3) is false. By a reflection argument as in the beginning of the proof of
Theorem there is a singular cardinal x < 87 and an injection ® : Z(k) — [] U Pp(k). Since
V = L(R), there is an x € R so that ® is ODy,. By Fact HODy,; = GCH and cof((e")HOP=1) =
cof ((eTH)HOD=1) = cof ((eT+)HOP=1) = w. By Lemma let G C Coll(et, et+)HOP ) (which belongs
to L(R)) be Coll(e, e T)TOP =) generic over HODy,y. Since cof“®)((e7)TOP=1) = w, G is a countably
generated Coll(e™, e™)HOP ) filter. Since HODy,y = |Coll(e™, e F)| = [e"F] and (7 +)HOPte} s less than
a Suslin cardinal, HOD,3[G] = HODy, ¢} by Lemma Let g : (¢e")HOPGy — (et+)HODe) be the
generic surjection associated to G. Let § = {(a, g(a)) : a < (¢")HOP1} where (-,-) is the Gédel pairing
function. So § C (e77)HOPwy | g € Pp(k), and § € HODy,[G]. In HODy,[G], define A = {JUK : K €
2 (k) Amin(K) > (et+)HOPw1}. Note that HODy,,[G] | |A| = | 2(k)|. Let ® = & | HODy,,[G]. Since

38



® € ODy, g}, one has that ® € HODy, ¢y = HOD{,,[G]. HOD,4[G] |F “® : 2(k) — [k]° U Pp(k)” by
absoluteness. Since HOD,3[G] = AC and boldface GCH holds below « in L(R), HOD,;[G] = |Z(\)| < &
for all A < k. Thus HOD{E:}[G] F1Z8(K)] = |Uxer Z(A)| = k. Now one cannot have that B[A] C Pp(k)
since then HOD ) [G] = @ [ A: A — Pp(k) is an injection”. This is impossible since HOD,}[G] = |A| =
|2 (k)| = 2° > k = |Pp(k)|. This implies that ®[A]\ P5(k) # 0. Let £ € ®[A]\ P5(x) and hence £ € [x]°.
There is some K € 2(1) 0P quch that jUK € A and ®(§UK) = £. Since Coll(e*, e+)HOP (=) does not
add any new functions from e into HODy,} because HODy,y |= “Coll(e*, etT) is < € closed, £ € HOD ;.
Then jU K = &~ 1(&(g U K)) = &' (¢) = ®1(¢) € HODy,y. So j € HOD{,;. Then g € HOD ,; which is
impossible since then HODy,} |= “g : €™ — €™ is a surjection” by absoluteness. (See the comments after
Theorem concerning this proof and the conjecture of whether &(x) has 2-regular cardinality.) O

The first step in the proof of Theorem for L(R) used the fact that (62)%(®) is a ¥;-stable ordinal to
reflect to counterexamples below 6% which is the largest Suslin cardinal of L(R) by the scale analysis. The
analogous reflection property will be given by Woodin’s ¥-reflection into Suslin-coSuslin sets under AD™"
(and this reflection principle is essentially equivalent to AD+

Definition 6.4. Define K to be the collection of all transitive set A such that there are Suslin and coSuslin
sets £ C R? and F C R? with the following properties.
(1) E is an equivalence relation on R. F' is a binary relation.
(2) Define € on R/E by [z]gEr[y|r if and only if F(z,y). (R/E,EF) is Lt isomorphic to (A4, €) or
in other words, (4, €) is the Mostowski collapse of (R/FE, €r).
Let S = |J K which will be called the Suslin and coSuslin sets.

Fact 6.5. (Woodin; [56]) Assume ADT and V = L(Z(R)). (S,€) <5, (V,€), that is, S is a X1 -elementary
substructure of the true universe V in the language Lo .

If XY € Z(R), then X is Wadge reducible to Y (denoted X <y, Y) if and only if there is a continuous
function f : R — R so that for all » € R, € X if and only if f(r) € Y. Under AD, the Wadge lemma ([42]
Theorem 2.4) states that for any X, Y € Z(R), either X <y Y or Y <y (R\ X). Martin and Monk ([42]
Theorem 2.9) showed that under AD and DCg, <y is a wellfounded relation. For each X € 2(R), rky (X)
will denote the Wadge rank of X, that is, the rank of X in <y . The length of <y is ©. For each a < O,
let W, ={B € ZR) : tkw(B) < a} and note that We = Z(R).

A (lightface) pointclass I' is a good pointclass ([62] Definition 3.1) if and only if I' is w-parametrized,
closed under recursive substitution, 3¢, v, 3%, the category quantiﬁerﬂ and has the scale property.

Next, a very terse sketch will be given to show that for any Suslin and coSuslin set B, there is a lightface
analytical hierarchy of good pointclasses containing B. Let k be the least Suslin cardinal such that B is
k-Suslin. Since B is Suslin and coSuslin,  is not the largest Suslin cardinal. Let B € Z2(R) be a Suslin set
which is not s-Suslin. Note that B <y B by the Wadge lemma. B is Suslin and coSuslin in L(B,R) (by
using the coding lemma to code the trees). In L(B,R), all sets are ordinal definable from B and a real. Let
R C R xR be defined by R(z,y) if and only if y ¢ OD 5 .,. R does not have a uniformization in L(B,R) by

the Kechris and Solovay argument as described earlier. Since ACE (or Uniformization) fails, sup(SNL(B:R))7

the supremum of the Suslin cardinals of L(B,R), is below ©L(B:R) It was shown earlier that sgp(SNL(B )y
is a limit of Suslin cardinals. Let A be the supremum of the first w many Suslin cardinals of L(B,R) above x

and note that A < sup(SNL(B’R)) < OL(BR) Since the supremum of a countable set of Suslin cardinals is a

Suslin cardinal of L(BE7 R) if the supremum is below OL(BR) )\ is a Suslin cardinal of cofinality w. Let Scy
be the collection of sets which are a-Suslin for some o < A which forms a pointclass closed under Wadge
reduction. Let Ay be the countable union of sets in S.y. Ag is closed under Wadge reductions, 3%, 3¢,
has the scale property, but is not closed under V*. By the second periodicity theorem ([45] Theorem 6C.3),

15The proof of the main theorem never explicitly uses the ordinal determinacy clause of ADT or that any set of reals has
oo-Borels. The only genuine use of ADT beyond AD and DCg will be at the beginning of the proof by contradiction where the
3i-reflection into Suslin-coSuslin (Fact is used to find a Suslin and coSuslin counterexample.

16The following is an example of a category quantifier: if B C R x R belongs to I', then B* = {& € R : B; is comeager}
belongs to I'.
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A1 = V®Aq has the scale property, closed under Wadge reduction, V¥, 3%, V¥, but is not closed under 3%. By
[45] Lemma 6C.1, Ay = 3®A; has the scale property, is closed under Wadge reduction, 3%, v, 3« but is not
closed under V®. (See [30] Theorem 3.28 for more details.) Let U be a universal Ay set. Let ¢ = (p,, : n € w)
be a Ag-scale on U. Let <*, <*€ As be the relations witnessing that ¢ is a Ag-scale. Pick zg, 21,22 € R
such that U,, = B, U,, ==<*, and U,, ==<*. Let I'_; = pos¥}(U, zg, 1, x2). '_1 is w-parametrized, has the
scale property, closed under 3%, v, 3%, recursive substitution, contains B, and is not closed under VR. By
recursion, define for n € w, I',, = I®VED,,_;. For n € w, T, is closed under ¥, v+, 3, recursive substitution,
has the scale property by [45] Lemma 6C.1 and the second periodicity theorem, contains B, is not closed
VR and closed under category quantifiers (which can be seem by the fact that I',, = I®VE[,,_; and that
comeagerness can be expressed by the existence of a winning strategy for a certain player in an unfolded
Banach-Mazur game).

Let M be a countable transitive model of ZFC and ¥ be an (w,ws)-iteration strategy. The pair (M, )
Suslin-coSuslin captures a set A at § via (7, U) if and only if

(1) M = § is a Woodin cardinal.

(2) (T,U) € M are absolutely complementing trees for the forcing Coll(w, d).

(3) For all z € R, z € A if and only if there is a countable iteration tree 7 on N according to ¥ with
last model P and iteration map i : N — P such that € m1[i(T)] (in the real world) where 7 is the
projection onto the first coordinate.

(See [B9] Definition 10.1.) The construction of such objects are closely related to Woodin’s construction of
a coarse I'-Woodin mouse (see [62] Definition 3.11 or [63] Definition 7.2.3) while controlling the complexity
of its iteration strategy which is found in [62] Lemma 3.13.

Fix a Suslin and coSuslin set A. The following sketches the construction of a pair (M, X) which Suslin-
coSuslin captures A from [62] Theorem 3.13. Let T'g,I'1,T'3,T'5,T'y be the first five pointclasses starting
an analytical hierarchy of good pointclasses containing A as described above which are not closed under
VE. Let Ty be a tree projecting onto a complete 'y set. Woodin ([40] Theorem 5.40) showed that there

L[Ty,=]
. LI[T. L[T,2] . . . o .
is some z € R so that HODTi 4] “w2[ #is a Woodin cardinal”. V' LTy is used to create a
w.

coarse I'y;-Woodin premouse P. Let K; denote the universal I'y set. Let (72}, Ui) be trees projecting to
the universal I'; set K; and its complement which is constructible from 7y. There is some 1 and model
P such that VnP can be used to create a I')-Woodin premouse. Let w be a wellordering of VnP in P and
let m: M — La(VnP U {w,T1,U1}) be elementary for some appropriate o and M countable and transitive.
By elementarity, there are J,w,T,U € M such that n(J) = V,7, n(w) = w, n(T) = Ty, n(U) = U; and
M = Ls(J U{w,T,U}) for some ordinal &. Note that M has a definable wellordering of itself using w
since LQ(VWP U {w,T1,U1}) does using w. M is a I'p-Woodin mouse with strategy defined by choosing the
unique 7-realizable branch. (M, ) will Suslin-coSuslin capture the universal I'y set. (See [62] Lemma 3.13
for more details.) Moreover, the strategy ¥ is determined by the Cpl—operatmm in the sense that if b is
a cofinal branch m-realizable branch on a countable tree 7 using extenders from VﬁM , then b is the unique

cofinal branch such that Cr, (V:;/(V;_%) C M{ (in the notation of [62] Lemma 3.13). Also see [63] Lemma 7.2.7.
This will be abbreviated by saying “X is the strategy on M guided by Cr,”. Since the strategy ¥ picks
m-realizable branches, there is embedding of the last model of any iteration tree according to ¥ back into
La(Vnp U {w,Ty,U1}) which maps the image of (T,U) under the ultrapower map of the iteration tree back
into (T, Uy). This shows that (M, X) Suslin-CoSuslin captures the universal I';-set.

As noted in [59] Theorem 10.2 and the proof of [59] Theorem 10.3, (M,3) can be constructed to have
condensation and the Dodd-Jensen property. There seems to be a few ways to do this which will be briefly
described: (M, X)) is a coarse structure and Schlutzenberg has observed that the restriction of ¥ to certain nice
trees satisfies a form of comparison. The structure M is a weak coarse premouse of Schlutzenberg presentation
([51] Definition 3.1). When ¥ is restricted to a certain nice ODysu¢xy family of trees, Schlutzenberg shows
that (M,X) satisfies a form of comparison ([5I] Lemma 5.2) and even a form of comparison necessary for

17See [62] Definition 1.2. Cp(z) is the set of y € R which is A(x) in some countable ordinals where A = T'NT. See [32] and
[33] for more on Cr.
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genericity iteration ([5I] Section 5.2) Let Z = MU{X}. Note that Z € ODZ(Z’R) and there is an ODé(Z’R)
wellordering of Z (since M = J5(JU{w,T,U}) and w is a wellordering of J). As noted in the remarks before
[59] Theorem 10.2, comparison arguments can be used to form a directed system of countable iterates of M
according to X. The universal I'1-set is ordinal definable from Z since x € K; if and only if L(Z,R) satisfies
“there is a countable iteration tree 7 according to ¥ with last model P and iteration map i : M — P such
that = € m[¢(T)]”. Since the set A belongs to the w-parameterized pointclass Ty C 'y, A is ODz using the
fact that K; is ODyz. As in the remarks before [59] Theorem 10.2, if one let (T, Uso) be the image of (T, U)
in the directed system of countable iterates of M according to ¥ (using the comparison of Schlutzenberg
[51]), then (T, Us) projects onto the universal I';-set K and its complement. Note that (T, Us) € ODyg
and hence belongs to HODy since they are sets of ordinals. Let Y = M U {Tw,Ux}. Y € HODg. It is
clear that ODy C ODjz. The Cr, operator can be defined from the universal I';-set K; and hence can be
defined from (T, Us ). ¥ € ODy since “X is the strategy on M guided by Cr,”. This shows ODz = ODy-.
(Alternatively, Steel ([59] Theorem 10.3) and Sargsyan ([48] Theorem 2.3.8; [49] Theorem 2.25) showed that
ME Suslin-coSuslin captures K;. M{ has a unique (w,w;)-iteration strategy which is ODz and has fine
structure. Thus comparison arguments and condensation work as usual. In the above discussion, one could
replace (M, Y) with a cut-off of M{ and its unique iteration strategy.)

Fix the above (M,Y). A Y-premouse is a hybrid strategy premouse of the form JZ+(M) which codes
fragments of ¥ in the sense of [48] Definition 2.2.12 and Definition 2.2.13. As in the proof of boldface
GCH sketched in [61] Theorem 2.16, HODZ(Z’R) is a direct limit of a certain system of ¥-mice with suitable
properties generalizing the construction in [64] for L(R). Thus HODé(Z’R) = GCH and for any € < @L(ZR),
COfV((eJr)HODé(Z'R)) _ COfL(Z,R)((eJr)HODé(Z’R)) —w.

In summary, one has the following by taking Z = M U {X} and ¥ = M U {Tw,Us} from the above
discussion.

Lemma 6.6. Assume AD and DCg. Let A € Z(R) be Suslin and coSuslin. Then there are sets Z and 'Y
such that the following holds.

(1) There is an ODZ(Z’R) wellordering of Z.

(2) Y € HODé(Z’R) and ODé(Z’R) = OD}L,(Z’R) = ODlL/(Y’R). (Thus Z is a very good parameter set and
Y is a very good parameter-witness for Z.)

(3) A e ODEZ® and thus A € L(Z,R).

(4) HODLZ® = GCH.

(5) For all e < OFZR) cofL(Z’R)((ﬁ)HODé(Z’R)) =w.

One can now solve the Bounded Power Set conjecture.

Theorem 6.7. Assume ADV. For all cardinals r such that w < k < © and all € < k, there is no injection

of Zp(k) into “ON.

Proof. Suppose the theorem is false. Then there exist an uncountable cardinal A < ©, xy < A, and an
injection ¥ : Zp(A) — XON. As observed in the proof of Theorem x must be infinite. Let 75 : R — x
be a surjection. Since R surjects onto A < ©, the Moschovakis coding lemma (Fact [2.15)) implies there is a
surjection of R onto & () and in particular &g (). Pick a surjection 7 : R — Zp(A). Let A = {¥(B)(w) :
a < xABe PN} Let o : R — A be defined by 7o(r) = (r (rM))(70(r[?))). 75 is a surjection and
thus ot(A) < ©. Let n = ot(A). Let 73 : A — n be an order preserving bijection. Let Y : Zp(k) — Xn
be defined by T(B)(a) = 3(¥(B)(«)) for all & < x. T is an injection. It has been shown that there exist
X < A <0, n <0, and injection Y : Pp(\) — Xn. Using the Moschovakis coding lemma, such a function
T can be coded by a set of reals and thus T € L(Z(R)). Also since ADT holds, L(Z(R)) = AD™. Let ¢
be the Z sentences asserting “there exists € < k < ©, § < ©, and an injection ® : Pp(k) — §”. Recall
if 6 <O, then Wg = {4 € R:rky (A) < B}. Let ZF* be some sufficiently large finite fragment of ZF. Let
1 be the formula asserting “there exist 3,¢ € ON such that L¢(Wg) = ZF*, AD, and ¢”. It was shown (as
witnessed by the function T) that L(Z?(R)) = ¢. By using reflection on the hierarchy (L¢(Z(R)) : £ € ON),
there is a £ € ON so that L¢(Z(R)) = ZF*, AD, and ¢. Letting 8 = ©, Wz = We = Z(R). Thus

18This comparison for coarse structures is also used in [52] to give a proof of the derived model theorem.
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Le(Ws) = ZF*, AD, and ¢. This shows that L(Z(R)) = 9. Since S <1 L(Z(R)) by X;-reflection into
Suslin-coSuslin sets (Fact , there exist 3,{ € S so that L¢(W;g) = ZF*, AD, and ¢. There is a function
® € LeWs), e < v < ©LeOVs) and § < ©F<0V8) 5o that Le(Wp) | “® : Pp(k) — 6 is an injection”.
By an application of the Moschovakis coding lemma (Fact in L(Z(R)) using a prewellordering and
pointclass in L¢(W3) as in the proof of Theorem Pp(k) = Pp(k)F<Ws) and & : Pp(k) — 0 is still an
injection in the real world by absoluteness. Since ® € L¢(Wg) C S, the transitive closure of {®}, tc({®})
belong to K (from Definition [6.4). Thus there are Suslin and coSuslin sets E and F such that tc({®}) is
the Mostowski collapse of (R/E, €r). Now since k € L¢(Wg) C S, k is below a Suslin cardinal. Since the
Suslin cardinals are unbounded below its supremum, there is a Suslin cardinal A such that x < A. Thus
there is a tree T' € S so that T is a tree on A which projects onto the complete Sy set. Let (Ey, Fy) be
Suslin and coSuslin sets so that tc({T}) is the Mostowski collapse of (R/Fy, €g,). Let A = (E, F, Ey, Fp)
be a single set of reals coding these four sets of reals in a simple manner so that A is Suslin and coSuslin.
Lemma supplies set Z and Y with the properties stated in the lemma for A. Since A € L(Z,R) and
Ae ODé(Z’R), one has that E, F, Ey, Fy € L(Z,R) and also E, F, Ey, Fy € ODé(Z’R). T € L(Z,R) since T
is the element of highest rank in the Mostowski collapse of (R/Ey, €r,). So the universal Sy set and the
tree T' witnessing it is A-Suslin belong to L(Z,R). So L(Z,R) = “) is a Suslin cardinal greater than x”.

Note that & € ODé(Z’R) since FEy, Fy € ODZ(Z’R) and ® is the element of highest rank in the Mostowski
L(Z,R) L(Z,R)

collapse of (R/E, €p). Since HODé(Z"R) = GCH and cof L(Z5) ((¢+)HODZ ™) — ¢of LIZiR) (++)HODZ ™) —
L(Z,R)

cof LIZR) (e +H)HODZ 0 — () Lemma implies there is a G C Coll(e™, e**)HOD?M) which belongs to
L(Z,R) and is Coll(e*, e*+)-generic over HODLZ™ | Let ¢ : (eF)HODZ ™y (e++YHODZ™ o the seneric
surjection associated to G. Since cofL(Z’R)((ﬁ)HODé(Z’R)) =w,let p:w — (6+)HODZ(Z'R) be cofinal increasing
in (6+)HOD§<Z*“) and p € L(Z,R). Let 0 = {g | p(n) : n € w}. Then G = <O'>COH(€+’€++)HOD5(Z,R) and thus
G is a countably generated Coll(e+,e“““)HODé(ZYR)—ﬁlter. Since L(Z,R) = L(Y,R) for Y € HODé(Z’R),
HODé(Z’R) E |Coll(et,et1)| = |e" |, and e < k < X which is a Suslin cardinal of L(Z,R), Lemma
implies that HODé(Z’R) [G] = HODEZZE) et § = {{o, g()) : o < (e*)HODé(z’m)} and note that § € Zg(k)

ZU{G}
(by Fact [2.18) and g € OD{LC(;Z}’R). Since ® € ODZ(Z’R)7 one has that ®(g) € OD;SJZ{’E)}. Hence ®(g) €

HODZ(UZ{’E% = HODE(Z’R) [G]. Since ®(g) € ON and Coll(e™, e**)HODé(Z’R) adds no new functions from e
into HODé(Z’R) since HODé(Z’R) E “Coll(et,et™) is < et-closed”, one has that ®(g) € HODZ(Z’R). Then

g€ ODé(Z’R) since g = ®~1(®(g)). Thus g € HOD?Z’R) and therefore g € HODg(Z’R) and G € HODé(Z’R).
This is impossible since HODE(Z’R) = “g:eT — e is a surjection” by absoluteness. O

By adapting the proof of Theorem [6.3 with the proof of Theorem [6.7] one obtains the following result.
Theorem 6.8. Assume ADT. Let k < O be a singular cardinal and let € < k be such that that cof (¢) = cof (k).
Then the following holds.

(1) |Z5(r)| <|[s]°U Z5(K)].
(2) |[s]°] < |[]°U ZB(K)].
(3) |lk]°U ZB(K)| < |2 (k)|

Finally, one can prove the ABCD conjecture using the Bounded Power Set conjecture.

Theorem 6.9. Assume ADT. Let o, B8, v, and § be cardinals such thatw < a < <O andw <y < 4§ < O.
|*B| < |78] if and only if « < and B < 4.

Proof. (<) Suppose a <y and 8 <. Let f: a — [ be a function. Define ®(f):~v — J by

&)  €&<a
0 a<§

This defines ® : *8 — 7§. Suppose f # g. There is a v < « so that f(v) # g(v). Thus ®(f)(v) = f(v) #
g(v) = ®(g)(v). This shows that ® is an injection and hence |[*3| < |74].
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(=) Suppose this is false. There is an injection ® : 3 — 7§ and =(a < yA 8 < §). Suppose 6 < 3. Then
1Bl < |98l < |76] < |°8| = |22(6)| where the second inequality is witnessed by ® (and one can use (<) from
above for the third inequality). Since § < 3, 7 < 8. Hence there is an injection of % into 92(§) which
violates boldface GCH at § (Fact [2.22)). Suppose v < a. |Zp(a)| < |2(a)| < [*2| < |*B| < 78| Thus there
is an injection of #p(a) into YON where v < « in violation of Theorem[6.7] This yields a contradiction. [J

Remark 6.10. With the ABCD hypothesis below ©, one can completely classify the cardinality relationship
between any pair of infinite cardinal exponentiations below © under AD': Suppose w < a, 3,7,0 < © are
four infinite cardinals below ©. If & < 8, then let @ = a and f = 8. If 8 < «, then let @ = « and
B = a. Since w < B < a, one has that |*B| = |*2| = |Z(a)| = |*a| = |*B|. Thus one has found cardinals
w<a< B <O sothat |*4| = |F|. Similiarly, one can find w <4 < § < O so that || = |7|. Now one can

apply the ABCD hypothesis below © (Theorem tow<a< B <©and w <y <4 < O to determine
what is the cardinality relationship between |*g| = |*8| and 4| = |74].

Let € < k be ordinals. Recall that “x is the set of functions f : € — k and [k]¢ is the set of increasing
functions f : € — k. Let B(e, k) = {f € “k : sup(f) < K}, which is the set of functions f : ¢ — x which are
bounded below . Next, B(e, k), [k]¢, and x will be distinguished and classified.

Fact 6.11. Let € < k be limit ordinals.
(1) |°6| = |1|x]|.
(2) 1B(e, )] = |B(lel, )]
(8) If e < |K| < &, then |B(e, k)| = |'|x]].
(4) If cof(e€) # cof (k), then [k]¢ = B(e, k).
(5) If € < cof(k), then |[k]¢| = |°K|.
(6) 125 (el)| < 1] < 1.
(7) If cof () = cof(k) and & is a limit of indecomposable ordinals, then |[k]¢| = |°k|.
(8) Assume for all § < r, =(|x| < |P(0)]). If cof(e) = cof (k), then |B(e, k)| < |[£]¢].
(9) Assume ADT. Suppose § < € < k and |§| < |e|. Then any member of {B(e,r), [k]¢,x} does not
inject into any member of { B(5, k), [r]°,°k}.

Proof. (1), (2), (3), and (4) are clear.

(5) [k]® € k. Let f € k. ®(f) € [k]¢ will be defined by induction as follows. Suppose a < € and
O(f) | @ € [k]™ has been defined. Since o < cof(k), sup(P(f) | &) < k. Let ®(«) = sup(® | ) + f(«). This
completes the definition of ®(f) € [k]¢. @ : “k — [k]® is an injection. Thus |x| = |[k]¢|.

(6) Let k be any element of [x]~¢ such that min(k) > |e| (if |¢| = ¢, then k = ()). Since |e| is a cardinal,
let A and B be two disjoint subsets of |e| such that |A] = |B| = |¢|]. Let E4 :|e] - A and Ep : |[¢] = B
be the increasing enumeration of A and B, respectively. If £ € Zg(|e]), let fi : ot(¢) — £ be the increasing
enumeration of ¢. Define hy € []¢ by

Ea(fo(a)) a < ot(f)
he(a) = ¢ Eg(sup(Ea o fo) + (o — ot(£))) ot(f) < a < el .
k(o — [el) el <a<e

Since ¢ € P5(le]), sup(fe) < |e|. Thus sup(E4 o fy) < |e|. These two observations can be used to show
that hg is indeed an increasing function. Define ¥ : Zg(|e|) — []® by U(£) = hy. ¥ is an injection. Thus
P (€D < [[x)] < ],

(7) It is clear that [k]¢ C “k. If & is regular, then the result follows from (5). Assume cof(x) < k. Let
0 = cof(e) = cof(k). Let pg : § — € and p; : & — kK be increasing cofinal maps from J into € and &,
respectively. One may assume that 6 < p;(0). By the hypothesis, one may assume that the image of p;
consists entirely of indecomposable ordinals (which are closed under the Gédel pairing function, (-,-)). Let
f € k. One will define T'(f) € [k]¢ by recursion as follows. For each & < 4, let Bg ={a < po(§) : sup(p1 |

&) < fla) < p1(§)}. For £ < 4, let ¢ = ot(Bg). Let Eg Dl — Bg be the increasing enumeration of

Bg . Suppose £ < ¢ and for all v < £, an increasing function g!; has been defined so that g!: has domain

less than 4 and sup(gl;) < p1(y+ 1) and for all y9 < 71 < &, gﬂ;o - gijl. Let h = U, ¢ gij and note that

dom(h) = sup{dom(gf) : v < &} = sup{p1(v +1) : v < &} < p1(§). Define gff with domain dom(h) + Lg
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by recursion as follows. If a < dom(h), then gg(a) = h(a). Suppose § < Lg and gg I dom(h) 4+ 8 has

been defined for some 8 < :f. Then let gf(dom(h) + 8) = sup(g{ | dom(h) + B) + (E{(B), f(EL(B))).

This completes the construction of gg. Since ng(ﬁ) € Bg, f(Eg(ﬁ)) < p1(§) for all B < Lg. Since p; takes
image among ordinals which are closed under the Gédel pairing function, <Eg (8), f(Eg (8))) < p1(&). Hence
sup(gg) < sup(h)+p1(€)-9 < p1(£+1) since p1(£+1) is indecomposable. This completes the construction of
<g£ 1§ <0). Let I(f) = Uecs gg. Note that I'(f) € [x]¢ and T': °k — []€ is an injection. Thus || < |[k]¢|.
(8) There is no injection of [k]¢ into B(e, k) since |B(e, k)| < |#p(k)| and there is no injection of [k]¢ into
Pp(k) by Theorem [2.2) when cof(€) = cof (k)
(9) This follows from (6) and Theorem O

One can now show that |[w3]*?| < |[ws]<“?| < |22 (w3)| under AD™.
Theorem 6.12. Assume ADT. If K < © is a cardinal and ¢ < k, then |°k| < |<"k|.

Proof. Since &g(k) injects into <%k, <"k cannot inject into °x by Theorem O

[I7) defined a notion of regularity and described the cofinality of some familiar sets in the choiceless
determinacy context.

Definition 6.13. ([I7]) Let X be a set and Y be a set or class. X has Y-regular cardinality if and only if
for all ® : X — Y, there is ay € Y so that |2~ [{y}]| = | X]|.

A set X is said to have locally regular cardinality if and only if for all sets Y with Y| < |X], X has
Y -regular cardinality.

A set X is said to have globally regular cardinality if and only if for all sets Y with —(|X| < |Y|), X has
Y -regular cardinality.

Under AD, R U w; does not have 2-regular cardinality. Under ADT, [I7] shows that R and R/E, have
globally regular cardinality. Section Will show that under AD™, if w < k < © and cof (k) = w, then “x has
ON-regular cardinality, B(w, ) has n-regular cardinality for all n € w, and if w < &, then B(w, k) does not
have w-regular cardinality.

Some information is known about the cofinality of the power set of a strong partition cardinal.

Fact 6.14. ([6]) If k —. (k)5 (k is a strong partition cardinal), then P (k) is ON-regular: for all 6 € ON,
P (k) has d-regular cardinality.

(I7)) If k =+ (K)%,. (k is a very strong partition cardinal), then & (k) has <"ON-regular cardinality: for
all § € ON, P (k) has <%§-regqular cardinality.

The main theorem of this section gives the following new ordinal regularity result. It implies that
<®w(w,11) does not have w-regular cardinality which was not previously known.

Theorem 6.15. Assume ADT. Let § < k < © be such that § is a limit ordinal. Then <%k does not have
cof (§)-regular cardinality.

Proof. Let p : cof(§) — § be an increasing cofinal function. Define ® : <k — cof (§) by ®(f) is the least a
so that dom(f) < p(a). For each a < cof(8), ®~![{a}] € <P(¥ k. Thus [~ [{a}]| < |<P( k| < |<k| since
P5(6) € <°k and Pp(5) cannot inject into <Pk or even #(®)ON by Theorem |6.7) O

[T7] shows that under AD™, P(w) is regular relative to essentially every set which does not already
contain an injective copy of &(w;) for which one currently have a practical understanding. This gives
empirical evidence for the conjecture that 2(w;) has globally regular cardinality under AD™.

If 2 (k) has 2-regular cardinality, then statement (3) in Theorem and Theorem would follow
immediately from the fact that &?(k) does not inject into Zp(x) and does not inject into [k]¢ when cof(€) =
cof(k) < k. However, it is not even known if &2 (wy) or & (ws) has 2-regular cardinality. For this reason, the
proofs of statement (3) in Theorem and Theorem require the more complicated argument resembling
the proofs of Theorem and Theorem Since ws is the first singular cardinal of determinacy, the first
new instance of Theore (3) is that AD™ implies |[w3]¥2 U Zg(ws3)| < |2 (w3)].
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At a singular cardinal x, there are two natural combinatorial sets whose cardinality have not yet been
distinguished. They are |<*x| = |[k]<*| and |Z?(x)|. The first open case occurs at the first singular cardinal
of determinacy. Is |[w3]<“3| < |Z(ws3)|? Another closely related question is whether &?(ws) injects into
<@2QN. The main result of the paper can be used to resolve these questions if one assumes a regularity
condition on & (k).

Fact 6.16. Assume ADT. Let k < © and assume P (k) has r-regular cardinality. Then |[k]<*| < |2 (k)|
and P (k) does not inject into <*ON.

Proof. The second statement implies the first. Suppose ® : Z(k) — <®*ON is an injection. Let I': (k) — &
be defined by T'(f) = |®(f)| = dom(®(f)). By the hypothesis that & (k) is k-regular, there is an ¢ < k
so that [T71[{e}]| = |Z(k)|. Let T : £(x) — I "'[{e}] be an injection. Then ® o Y : P (k) — “ON is an
injection. Then ® o Y | Zp(k) : Pp(k) — “ON is an injection which violates Theorem O

However, Fact is applicable for the power set of a strong partition cardinal.

Theorem 6.17. Assume AD'. Let k < © and assume k —, (k)5. Then |[5]<¢| < |2 (k)| and P (k) does
not inject <*ON.

Proof. Fact showed that x —, (k)5 implies that &?(x) has ON-regular cardinality. The result follows
from Fact [6.16 O

If k is a strong partition cardinal, then the first statement of Theorem [6.17] can be proved purely combi-
natorially.

Theorem 6.18. Assume k satisfies k —. (k)5. Then |[]<"| < |Z(K)|.

Proof. Suppose ® : Z(k) — [k]<F is an injection. Since k —, (k)3 implies  is regular, for all f € 2 (k),
sup(®(f)) < k. Let ' : Z(k) — & be defined by I'(f) = sup(f)+1. kK —. (k)5 implies Z(x) has ON-regular
cardinality by Fact Thus there is a § < & so that [T "[{6}]| = |2 (k)|. Let T : P (k) — I "L[{d}] be
an injection. Then ® o T : Z(k) — [§]<% is an injection. This is impossible since k —, ()3 implies that &
is measurable and hence there no injection of s into #(J) by Fact g

If k is a very strong partition cardinal, then the second statement of Theorem [6.17] can be proved purely
combinatorially. (It is open whether every strong partition cardinal is a very strong partition cardinal even
under AD or AD™.)

Theorem 6.19. Assume k satisfies k — (K)%,.. Then P(k) does not inject into <"ON.

Proof. Fact shows that k —, (k)%, implies that (k) has <*ON-regular cardinality. So no function
®: P(k) — <FON can be injective. O

Next, one will create a large family of intermediate cardinalities below &g (k) when k < © is a cardinal
in L(R). The following will review some basic facts about J-constructibility reduction when J is a set of
ordinals.

Definition 6.20. Let J C ON be a set of ordinals. For 2,y € R, let 2 <; y if and only if € L[J, y] which is
the J-constructibility degrees. Define x =; y if and only if z <; y and y <; x which is the J-constructibility
equivalence relation. Let Dy = R/ =; be the set of J-degrees or =j-equivalence classes. For X,Y € Dy, let
X <y;Y ifand only if forany x € X and y € Y, x <;y. Foreach X € D;, C;(X)={Y €D, : X <; Y}
which is the J-constructibility cone above X. Let s be a filter on D defined by A € p; if and only if there
is an X € Dy so that C;(X) C A. A perfect tree p on 2 is J-pointed if and only if for all z € [p], p <; =.
(Recall that a perfect tree p on 2 is a Turing pointed perfect tree if and only if for all z € [p], p <turing ,
where <tying refers to Turing reduction. Every Turing pointed perfect tree is an J-pointed perfect tree.)
If p is a J-pointed tree, then {[z]=, : € [p]} = C;([p]=,). A function f with domain R is J-invariant if
and only if for all z,y € R, if x =; y, then f(z) = f(y). A J-invariant function f : R — ON is everywhere
J-increasing if and only if for all z,y € R,  <; y implies f(z) < f(y). A J-invariant function f: R — ON
is py-almost everywhere increasing if and only if there is an a € R so that for all a <; = <; y, f(z) < f(y).
If F,G : D; — ON, then define F' ~,, G if and only if {X € D; : F(X) = G(X)} € pyand F <,, G
if and only if {X € Dy : F(X) < G(X)}. Let [[p, ON/puy be the ultrapower of ON by p; which are the
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~.,-equivalence classes of function I : D; — ON ordered by the relation induced by <,,,. If f,g: R — ON
are J-invariant functions, then define f ~,, ¢ if and only if {[z]=, : f(z) = g(x)} € ps and f <, g if and
only if {[z]=, : f(z) < g(z)} € p.

The following basic facts are proved using the same argument as for the corresponding facts for Turing
reducibility.

Fact 6.21. (Martin) Assume AD.

(1) For any B C R, there is a J-pointed perfect tree (even a Turing pointed perfect tree) p so that [p] C B
or [p] CR\ B.

(2) s is a countably complete ultrafilter on Dy.

(8) For all A C R such that there is a x € R with {y € R:z <; y} C A, then there is a J-pointed tree
such that [p] C A.

Fact 6.22. Assume AD and DCg. For every J-invariant function f : R — ON, there is a J-invariant
everywhere J-increasing function g : R — ON so that f ~,, g.

Proof. Let f : R — ON be J-invariant. Let f : D; — ON be defined by f([z]=,) = f(z) which is
well defined since f is J-invariant. Let A = {X € Dy : (VY > X)(f(X) < f(Y)} and B = {X €
Dy : (Y > X)(f(Y) < f(X))}. Since ANB =0, AUB = Dy, and py is an ultrafilter by Fact
exactly one of A or B belongs to ;. Suppose B € puy. Let Z € Dy be such that C;(Z) C B. Pick
z € Z. Define R(z,y) if and only if f(y ® z) < f(x @ z). For any x € R, [x ® z]=, € C;(Z) C B. So
there is a Y > [z @ 2] so that f(Y) < f([x @ 2]=,). Pick any y € Y and note that y =; y @ 2. Then
J®2) = Fy®2=,) = l=,) = f¥) < f(w®2=,) = f(z®2). Thus R(z,y). By DCg, there
is a sequence (z, : n € w) so that R(z,,x,11) for all n € w. Then (f(x, & z) : n € w) is a descending
sequence of ordinals which is a contradiction. Thus it must be the case that A € u;. Let U € Dy so
that C;(U) C A. Let u € U. Define g(x) = min{f(y) : u® = <j y}. g is clearly J-invariant. Suppose
2o <y 1. Then {f(y) :udz1 <5y} C{f(y) : udxzo <;y}. Hence g(xg) < g(x1). Thus g is everywhere
J-increasing. Suppose X > U. Let x € X. Note that t ®u =; x and for all y € R, if y > = & u, then
y >y o >y u. Since [z],, = X € A, one has that f(y) = f([yl=,) > f([z]=,) = f(z) for all y >; 2 & u.
Thus g(z) = min{f(y) : y >;  ® u} = f(z). This shows that f ~,, g. O

Definition 6.23. Let gp : ON x ON — ON be the Gdodel pairing function. If §,¢ € ON and A C ON, then
A is said to code a function from § into € if and only if gp~![A] is the graph of a function f : § — €. If
f:d—¢let & ={gp(a, f(o)) : @ < §}. Note that if € is indecomposable, then &, C e.

Let J CON, e € ON, 7 € R, and < wy. Let G be the set of all & such that f: § — (eF(@F1))Llr] jg
a function and & < (et*)Er). Note that G2¢ € P ((eF (@) Llrl) € Py (") since Fact implies that
(eHetD)ETT < et Thus |G| < |2(e)|. Also if A C e, then the characteristic function of A, ya : € — 2
belongs to G5 This shows that |2 (€)| < |G5|. Hence |GLS| = [2(e)].

Let h : R — w; be a J-invariant everywhere J-increasing function. Then let F;L]’E = |er G}{fr),r =

{(r.f):r €RAfeG } Note that |F;"| < [Zp(e*)].

Fact 6.24. Assume AD. Let J be a set of ordinals, ¢ € ON with w < €, and h : R — wy be a J-
invariant everywhere J-increasing function. Assume boldface GCH at € holds. Then —(|et| < |F;L]6 ) and
thus | 2(e)] < |F;| < |Pp(e")].

Proof. Suppose ® : et — F;L]’E is an injection. Let m; : R x £(et) — R be the projection onto the first
coordinate. Thinking of F¢ as a a subset of R x 2(et), m;[®[e*]] is a wellorderable subset of R. Since AD
implies boldface GCH at w (Fact [2.6)), m1[®[eT]] is countable. By Fact cof(e™) > w. Thus there is an
s € R so that |(m1 0 ®)"[{s}]| = |eF]. Then ® : (m; o ®)~![{s}] — {s} x GZ’(ES))S is an injection. As noted
above, |G}{(ES)S| = |Z(e)|. Thus this implies there is an injection of €' into £ (e) which violates boldface
GCH at e. The last statement follows from the fact that et injects into Pg(e™). O

When ACE (or Uniformization) holds, the cardinality of FhJ’6 is simply |2 (€)|.
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Fact 6.25. Assume AD%R. Let J be a set of ordinals, w < € € ON, and h : R = wy be a J-invariant

everywhere J-increasing function. Then |F;L]6| = |Z(€)].
Proof. Asshown above, | Z2(e)| = |G}{(ET) .| for any r € R. Thus | Z(€)| < |F)¢|. By Fact (e R+ L] <

et for any r € R. Thus for each 7 € R, there is a bijection (eT(*("+1)LI] onto e. By the Moschovakis
coding lemma (Fact[2.15), let @ : R — 22(eT) be a surjection. Define R C RxR by R(r, s) if and only if w(s)
codes the graph of a bijection from (et("(M+1)LI77] o ¢ Note that dom(R) = R. By ACk, let A : R — R be
a such that R(r, A(r)) for all r € R. Let A(r) : (eT(M+1)LIIr] ¢ be the bijection coded by A(r). Define
d: FC = RxP(e) by ®(r, A) = (r, A[A]). ® is an injection and therefore, |F;"‘| < |[Rx 2(¢)| = |2(¢)|. O

Fact 6.26. Let ho,h1 : R — wy be two J-invariant everywhere J-increasing functions such that hg <,, hi.
Then || < |F;2|. Thus if ho ~y, b1, then |F;¢| = |F}"<.

Proof. Let B = {x € R : ho(z) < hy(x)}. Since hg <,,, hi, there is a u € R so that {z e R: u <; z} C B.
By Fact there is a J-pointed perfect tree p so that [p] C B. An s € p is called a split node of p if
and only if s°0 € p and s"1 € p. For n € w, s is called an n-split node of p if and only if there are exactly
n-many proper initial segment of s which are split nodes of p. Let split,, (p) be the collection of n-split nodes
of p. Let 2 : <“2 = J, ¢, split,, (p) be defined as follows: Z,(0)) is the shortest split node node of p. If
Z,(s) has been defined and i € 2, then let Z,(s") be the shortest split node of p which extends Z,(s)%. Let
T, 0“2 — [p] be defined by Y,(f) = U,c,, Ep(f [ 7). Since p is J-pointed and Y, (f) € [p], p <s Tp(f).
Since f can be recovered from Y, (f) and p by a simple computable manner, f <; YT,(f).

Define a function ¢ on F,‘Z{f by ®(r, A) = ®(YT,(r), A). ¥ is clearly an injective function. Let (r, A) € F,‘L{f.
This means that A € Gi’(i“. Thus A = & where f: § — (eF(roMF)LI] and § < (etho(M) LTI Since hyg
is everywhere J-increasing, r <j; T, (r), and Y,(r) € [p] C B, one has that ho(r) < ho(Tp(r)) < hi(Tp(r)).
Since r <; T,(r), L[J,7] € L[J,Yp(r)]. Thus § < (eFho))LIIr] < (etho(m)LILTH(] < (eha(r))LILYp ()],
Similiarly, (et(ho(M+D) LI < (D)LY (] Thus A = & € G;{f(rp(r)),rp(r)- So (Yp(r),A) € F,;’f.

< |Fl. O

®: F* — F is an injection and hence |F}°
ho h1 hO

In contrast to Fact [6.25) if V' = L(R) and J is a set of ordinal such that L[J] = HOD, then F,;I’E will
represent a cardinality intermediate between 2 (e) and g (e™). By Fact HOD*® = L[B“?] so B~
is an example of such a set of ordinals J.

Theorem 6.27. Assume AD and V' = L(R). Let J be a set of ordinals so that HOD = L[J], w < € < O,
and ho,h1 : R — wi be two J-invariant everywhere J-increasing functions such that hg <,, hi, then

J, J,
|F5 0| < |-

Proof. By Fact |F,‘l]0€| < |F;L]16 Suppose D : F;L]l’6 — F}‘LIOE is an injection. Since V' = L(R), there
is an ¥ € R so that ® is ODyz. Since hg <,, hi, there exists an x € R so that ho(z) < hi(x) and
# <y @ So € HOD; = HOD[E = L[J|[#] = L[J,#] C L[J,a] = L[J]jz] = HOD[z] = HOD,,; by
Fact the hypothesis on J, and Z <; . Thus & € ODy,y. Hence ho(z) < hy(x) and & € ODy,;.
Consider the forcing Coll(et?1(®) (1 (@)+1))HOD ) = By Temma Lemma, and Fact much like
in the proof of Theorem there is a G C Coll(etM(®) et (@)+1))HOD ) which is generic over HOD¢,;.
Let g : (eth(@))HOD @y — (e+(m(@)+1))HOD () he the generic surjection. Since HODy, = HOD[z] = L[J, z],
g : (eth@nLlal o (et(n(@+0) L] Thus &, € G,‘{’f(w))w (using the notation of Definition . Hence

(x,8,) € F;{f. Then ®(z,8,) is ODy, ¢y In HODy,,, this forcing is in bijection with (et(ha(2)+1) HOD oy

By Fact H of Neeman and Woodin, there is a unique supercompact measure on 2, ((e*1(@)+1)
(If € is below a Suslin cardinal or equivalently below 6%, such supercompact measure exists by Harrington-
Kechris [24] and Woodin [66].) By Lemma@, ®(x,8,) € HODy, gy = HOD(,3[G]. Since & : F}‘Lfl6 — F,‘l](;f7
O(z,86,) € F;L]Oe NHODy,,[G]. Thus there is some 7 € R and some f such that f : § — (e+t(ro+D)LIIT],
5 < (ethoLIr] and ®(x,8,) = (r,&f). Since (r,&;) = &(z,8,) € HODy,4[G], one has that r €
HODy,3[G] and f € HOD,3[G] (since f is the function whose graph is gp~'[&,] where gp is the Godel
pairing function). Since HODy,} = “Coll(etm (@) et(m(@)+1)) is < etm(®)_closed”, no new functions from
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ad < (e+h1(w))HOD{1‘} into the ordinals are added by this forcing. No new reals are added by this forcing.
So 7 € HODy,y = L[J,z] and thus r < 2. Since hg is everywhere J-increasing, ho(r) < ho(x) < hi(z). So
g < (€+ho(r))L[J,r] < (€+ho(r))L[J,z] < (6+h0(z))L[.Lx] < (€+(h0(x)+1))L[J,:v] < (6+h1(m))L[J,z] —_ (€+h1(z))HOD{x}_
So f is a function from & < (etmM(@)HOD Gy into the ordinals. Again since no new functions from a § <
(eth1@)HOD=y ingo the ordinals are added by this forcing, f € HODy,;. So ®(z,®,) = (r,&;) € HODy,;.
So (z,6,) = & 1(®(x,8,)) is ODy,) and so (z,8,) € HODy,y. In particular, &, € HODy,y. Then
g € HODy,; since g is the function whose graph is gp~'(&,). By absoluteness, HODy,} = “g : ethi(@)
et(m@)+1) ig a surjection”. Contradiction. O

If X € Dy, defined L[J, X] to be L[J, z] for any € X. Note that this is well defined independent of the
choice of € X. (However, the standard global constructibility ordering of L[J, z] does depend on z.) Since
L(R) = DC, [[p, wi/py is wellfounded.

Fact 6.28. (Woodin) Assume AD. Let J be a set of ordinals. [[xcp, wlL[J’X]/,uJ = w.
(Woodin) Assume V = L(R) and J is a set of ordinals such that HOD = L[J], then [[xcp, w2L[J’X] =0.

Proof. The first statement is [42] Theorem 9.6.
Now suppose V' = L(R) and J is a set of ordinals such that HOD = L[J]. Let A € #(R). Ais ODy,y
for some € R. For any y € R such that v <; y, x € L[J,y] = L[J][y] = HOD[y] = HODy,, by Fact
So for any y such that x <; y, A is ODy,y. Then for all y >; #, AN HODy, is ODy,; and hence
ANHODy,, € HODy,y. Forally >; 2, ANL[J,y] € L[J,y] since L[J,y] = HODy,y. This verifies that J is
a strongly maximal set of ordinals in the terminology of [42]. The result now follow from [42] Corollary 9.26
and Corollary 9.27. O

If h: R — ON is a J-invariant function, let h : Dy — ON be defined by h([z]=,) = h(x) and note this
is well defined by J-invariance. For each a € [[, wi/pg, there is a J-invariant everywhere J-increasing

function h : R — wy so that [h]., = o by Fact Thus for each a € [[p, w1/p, let Tle = |F,“L]’€| for
any J-invariant everywhere J-increasing function so that [B]NM = a. §2¢ is independent of the choice of
such h by Fact Assume V = L(R) and let J be a set of ordinals such that L[J] = HOD. By Fact
and Theorem the map ¥ on [[5 w1/p, defined by ¥(a) = T2¢ is an order preserving injection of
HDJ w1 /p with the ultrapower ordering (which is isomorphic to an ordinal larger than © by Fact into

the cardinalities between 2 (e) and Zg(e™) under the cardinality injection ordering.

7. W-SEQUENCES OF ORDINALS

The ABCD conjecture merely distinguished the cardinality of different cardinal exponentiations. This
section will focus on deeper questions concerning cardinality and combinatorics for w-sequences of ordinals
which correspond to the smallest nonwellorderable cardinal exponentiation. The techniques introduced here
seem very flexible for resolving many questions concerning w-sequences of ordinals including primeness,
Jénssonness, and basis for linear orderings which will be addressed in forthcoming work.

First, one will consider the question of whether “x injects into Z(d) x ON when § < k. Recall that
if § < K, then Fact says that £ —. (k)¢ and more directly the 6T-completeness of p% imply that
“k does not inject into F(§) x ON. However, w3 is a singular cardinal and hence does not possess any
partition properties. Another approach to the question of whether “« injects into £(§) x ON is through a
combinatorial property called primeness investigated under determinacy in [16].

Definition 7.1. Let A be a set. A is said to be prime if and only if for all sets B and C, if |A| < |B x C|,
then |A| < |B| or |A] < |C| (that is, if A injects into B x C, then A already injects into B or C).

Fact 7.2. (Chan-Jackson-Trang; [16]) Assume AC§ and all subsets of R have the Baire property. R and
R/Ey are prime.

Fact 7.3. (Chan-Jackson-Trang; [16]) Assume k —, (k)5 7%. “k is prime.

Fact 7.4. (Chan-Jackson-Trang; [16]) Assume AD. For alln € w, “(wy,) is prime. “(w,,) is prime.
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Fact 7.5. Assume boldface GCH holds below k, “k is not wellorderabld™}, and “k is prime. Then “r does
not inject into () x ON for all § < k.

Proof. Suppose @ : “k — Z2(0) x ON is an injection. By replacement, there is a A € ON so that ® : “x —
Z(8) x A. By primeness, “r injects into Z2(8) or A. Since §+ < &, |k| < |“k|, and boldface GCH holds at 4,
¥k cannot inject into Z(4). Since “k is not wellorderable, “k cannot inject into A. Contradiction. O

Fact 7.6. Assume AD. For all1 < n < w, “(wy) does not inject into P (wm) x ON for allm < n. “(wy)
does not inject into P (wy,) x ON for all n < w.

Proof. This follows from Fact [7.4 and Fact O

It will be shown next using the methods from the previous sections that for all kK < ©, “k does not inject
into Z(9) x ON for all § < k. The basic template for this argument is Theorem (3.5

Definition 7.7. An measure sequence u consists of i* = (u¥ : n € w), B* = (k% : n € w), and A* such that

for all n € w, w < k&, K is a strictly increasing sequence, p is a k;,-complete uniform normal measure on
I n’ ? n n

k2 and A\* = sup R* = sup{k" : n € w}.

Definition 7.8. Let u be a measure sequence. A u-Namba condition is a function p € []
the following properties.

new fin U iy, with
e There is an m € w so that for all ¢ < m, p(i) € ' and for all ¢ > m, p(i) € p. The unique such m
called the stem-length of p and is denoted slength(p). (In other words, if i < slength(p), then p(i) is
an ordinal below x¥. If slength(p) < 4, then p(4) is a subset of ! which belongs to the measure p!.)
e p | slength(p) is called the stem of p and is denoted stem(p).

Let N, denote the collection of all u-Namba conditions. Define <y, on N, as follows. If p,q € Ny, then
p <w, ¢ if and only if the following holds.

slength(p) > slength(q).

stem(q) = stem(p) [ slength(q).

For all slength(q) < i < slength(p), p(i) € ¢(i).

For all slength(p) <i < w, p(i) C q(4).

Let 1y, be the function defined by 1y, (n) = &% for all n € w. N, = (Ny, <y,, 1n,) is u-Namba forcing.

For k € w and p,q € Ny, let p <F ¢ if and only if stem(p) = stem(q) and for all i < k, p(i) = q(i). A
sequence (py : k € w) such that pyy1 <F py for all k € w is a u-fusion sequence. The fusion of the u-fusion
sequence (p : k € w) is p, defined by p, (i) = p;+1(7). It is clear that p, is a u-Namba condition and
stem(p,,) = stem(py) for any k € w. Note that for all i € w, p,, < p;.

If s € <“(A") and p € Ny, then say that s €" p if and only if for all ¢ < slength(p), s(i) = p(i) and for all
slength(p) < i < [s], s(i) € p(i). Define the body of p, denoted [p], to be the set of f € “(A*) such that for
alln €w, fne'p If pe N, and s €* p, then let (p)s € Ny, be defined by

)s
) s(7) i< |s]
(p)s(i) =19 . -
p(i)  [s[<i

Note that if |s| < slength(p), then stem((p)s) = s and (p)s = p, and if |s| > slength(p), then stem((p)s) = s.

Let F is a Ny-filter and p,q € G. There is an r € F so that r <yu p and 7 <yu ¢. Thus for all

1 < min{slength(p), slength(q)}, p(i) = r(i) = q(i). Let fr = J{stem(p) : p € F'}. So there is an a@ < w so

that fr : a — A*. Let f. be the canonical Ny-name for the w-sequence added by G, which is the name for
the Ny-generic filter.

Remark 7.9. Namba forcing typically refers to forcings whose conditions are trees with some properties. N,
more closely resembles some form of Prikry forcing along w many measures on an increasing w-sequence of
measurable cardinals. N, is essentially equivalent to diagonal Prikry forcing. N is an instance of a more
general Namba forcing developed by Cox and Krueger in [23]. Since here u is an increasing sequence of
measurable cardinals along with its sequence of measures, one has simplified the presentation by removing

199f &, > w, then boldface GCH below « implies boldface GCH at w. This implies that R is not wellorderable. Since [R| < |“x|,
“k is not wellorderable.
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the trees. This Prikry-style presentation seems notationally more practical for handling higher dimensional
Namba forcing which will be used in forthcoming work.

In [23], a u-Namba-tree is a T C <¢“(\") so that for all s € T, succ,(s) = {a € Kyl s{ay e T} € 1]y -
Let N, be the Cox-Krueger u-Namba forcing consisting of u-Namba trees ordered by the subset relation. If
p € N, is a u-Namba condition, then T, = {s € <“(A\") : s €* p} is a u-Namba tree. The map ® : N, — N,
defined by ®(p) = T}, is a dense embedding of forcing posets. Lemma and Fact corresponds to [23]
Lemma 6.4 and [23] Proposition 6.14, respectively.

Fact 7.10. Let M |= ZF be an inner model and uw € M such that M |= “u is a measure sequence”. Suppose
G C N, is Ny-generic over M. Then fg :w — A" is cofinal through \* and fo ¢ M.

Proof. For each n € w, let D, = {p € N,, : slength(p) > n}. D, is dense in N,,. If GN D,, # 0 for all n € w,
then dom(f¢) = dom(|J{stem(p) : p € G}) = w.

For each n € w, let B, = {p € N, : slength(p) > n A (Vi > slength(p))(p(i) C &} \ k%)}. Let ¢ € N,,. Let
k = max{n,slength(q)}. Pick s €* ¢ with |s| = k. Define p € N, as follows:

(i) = {s(i) i<k

q(i)\ry,  k<i

Note that p € E, and p <y, ¢. Thus E,, is dense. Suppose p € G N E,,. For all i > slength(p) and
all s € p, s(i) > kn. Thus fg(i) > Ky for all i > slength(p). Thus if GN E, # 0 for all n € w, then
sup(fg) = sup{kl :n € w} = A"

For each h € “(AY), let F, = {p € Ny, : (In < slength(p))(stem(p)(n) # h(n))}. Suppose ¢ € N,,. Since
q(slength(q)) € Hglength(q): there exists o € q(slength(q)) such that h(slength(q)) # a. Let p € N, be defined
by p(i) = q(i) for i < slength(q), p(slength(q)) = o, and p(i) = ¢(¢) \ (e + 1) for ¢ > slength(q). Then p <y, ¢
and g € Fy. This shows that F}, is a dense subset of N,.. If G N F},, then fg # h. Thus if G N F}, for all
h e (“(A*))M | then fg # h for any h € (“(A*))M. O

Lemma 7.11. Assume AC. Let u be a measure sequence, D C N, be a dense open subset of N, and p € N,,.
Then there is a ¢ <n, p and a k € w so that slength(p) < k < w, slength(q) = slength(p), and for all s €* ¢q
with |s| =k, (q)s € D.

Proof. Say that p € N, is D-good if and only if there is a ¢ <y, p and slength(p) < k& < w so that
slength(q) = slength(p) and for all s €* ¢ with [s| = k, (¢)s € D. Let badp(p) = {a € Flength(p)
(P)stem(p)~ (o) is N0t D-good}.

Claim: If p is not D-good, then badp(p) € u;‘length(p).

To see the claim: Let m = slength(p). Suppose badp(p) ¢ u¥,. Then p(m) \ badp(p) € pk,. For each
a € p(m) \ badp(p), (P)stem(p)*(a) is D-good. Let k, be the least k with m + 1 < k < w so that there exists
some 7 <n,, (P)stem(p)*(a) With the property that slength(r) = m+1 and for all s €" r with [s| =k, (r)s € D.
Since w < K, and pY, is k*,-complete, there is a k so that A = {a € p(m) \ badp(p) : ky = k} € p¥,. Since
AC holds, fix a wellordering < of N,,. For each o € A, let 7, be the <-least r € Ny, so that r <n, (P)stem(p)"(a)
with slength(r) = m + 1 and for all s €* r, if [s| = k, then (r), € D. If i < m, let (i) = p(i). Let ¢(m) = A.
For all m < i, let ¢(i) = ({ra(i) : @« € A}. Note that for all m < i, since |[A| = k¥ < &k} and p} is
k¥-complete, q(i) € p¥. Thus ¢ € N, and slength(q) = m. Let s €% ¢ with |s| = k. Since g(m) = A,
s(m) € A. (q)s <n, (Ts(m))s- S0 (q)s € D since D is dense open and (r(,,))s € D by the choice of ry,).
This shows that k& and ¢ witness that p is D-good. Contradiction. This completes the proof of the claim.

The fact is equivalent to the assertion that every p € N, is D-good. Suppose p € Ny, is not D-good.
Let m = slength(p). For j < m, let p; = p. Suppose m < j and p,; has been defined so that for all
s €* p; with |s| = j, (pj)s is not D-good and for all i < j, pit1 <% p;. (This is true for all j < m,
since p; = p.) Thus for all s €* p; with [s| = j, badp((p;)s) € pj. If i # j, let pj11(i) = p;(i). Let
pi+1(7) = N{badp((p;)s) : s €* p; A|s| = j}. Note that |s| = j and s €" p; imply that s(i) € &} for
each i < j. Thus [{s €" p; : [s| = j}[ < K}j_;. Since p} is rj-complete, p;+1(j) € pj. This shows that
pi+1 € Ny. Since pjy1 [ j = pj | 4, pj+1 <& pj. Suppose s €" p;j4q with |[s|] = j+1. s [ j €“ p; and
5(7) € pj+1(J) € badp((pj)stj)- Thus (pj41)s is not D-good. This completes the construction of the u-fusion
sequence (p, : n € w). Let p, be the fusion of (p, : n € w) defined by p, (i) = p;+1(7). Since D is dense,
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there is a ¢ <y, p, with ¢ € D. Let m* = slength(q) and s* = stem(g). Since p,, Sum* D=, 8T €Y Ppy=, and
q <N, (Pw)s* = (Pm+)s+, one has that ¢ and m* = |s*| = slength((pp+)s+) witness that (pp,«)s« is D-good.
However, by construction of p,,«, (pm+)s is not D-good for any s € p,,« with |s| = m*. Contradiction. This
completes the proof. O

Lemma 7.12. Assume AC. Letu be a measure sequence, p € Ny, and ¢ be a sentence in the forcing language
of Ny. Then exactly one of the following holds.

(1) There is a ¢ <y, p with stem(p) = stem(q) and q by, ©.

(2) There is a ¢ <y, p with stem(p) = stem(q) and q lFy, —¢.

Proof. Let D ={p €Ny :plrp ¢V pltp —p} which is a dense open subset of N,,. By Lemma there is a
k € w with slength(p) < k < w and a ¢ <y, p with slength(p) = slength(q) so that for all s €* ¢ with |s| = &k,
(q)s € D. Let k be the least such k. Fix a ¢ <y, p so that slength(p) = slength(q) and for all s €* g with
|s| = k, (7)s € D. The claim is that k = slength(p) = slength(g). Suppose otherwise that k > slength(q).
Since slength( 9 <k, qlk—1) € py . For each s € g with |s| = k—1and a € q(k — 1), one has that
(@) s~ (a) IFn, @ 01 (§)s(ay Iy, ¢ by the property of k and g. Let AV ={acqlk—1): (q)sA<a> IFy, ¢} and
Al ={a € qk=1): (¢)s (o) IFn, ©}. Since AJNAL = @ and AJUA! = g(k—1) € p¥ |, there is a unique iy € 2
so that A% € p¥ . Define g as follows: Fori < k—1, ¢(i) = q(i). Let g(k—1) = N{AL : s €* gA|s| = k—1}.
For k —1 < i < w, let (i) = q(i). Since pf | is k¥  -complete and [{s €* ¢ : |s| = k — 1} < k¥ |,
gk —1) € p¥ . Thus ¢ € Ny and slength(q) = slength(p). Let s €* ¢ with |s| = k — 1. Without loss
of generality, suppose i = 1. One seeks to show that (¢q)s IFn, ¢. Suppose not. Then one can find an
7 <n, (g)s so that slength(r) > k and r Iy, —¢. However r(k — 1) q(k—1) € A} and r <y, (@)s (r(5_1))-
S0 (@) (r(f—1)y PN, - Thus 7 Iy . Contradiction. This means that (¢)s € D. Since s €" g with [s| = k-1
was arbitrary, this violates the minimality of k. This shows that k& = slength(7). The only s €* ¢ with
|s| = slength(q) is stem(q). This means ¢ = (q)stem(q) € D. Thus ¢ Iy, ¢ or ¢ lFy, —@. @ is the desired
extension of q.

This shows one of the two cases must occur. Suppose both occurred. Let go, g1 € Ny, be such that ¢ <, p,
q1 <n, p, stem(p) = stem(qo) = stem(q1), qo IFn, ¢, and q; IFn, ¢. Let g2 be defined by g2(i) = p(3) for all
i < slength(p) and g2(%) = qo(7) N ¢1(¢) for all slength(p) < i < w. Then ¢ € Ny, ¢2 <w, ¢o, and ¢2 <n, qo-
Thus ¢ Ik, ¢ and g IFn, —¢. Contradiction. O

Fact 7.13. Assume AC. Let u be a measure sequence. For any § < \*, 1y, IFn, P (8) = 2(6). (Thus N,
does not add any new bounded subsets of \*.)

Proof. Using AC, let < be a wellordering of N,. Let § < A*. Let p € Ny and A be a Ny-name such that
Dy, A C 4. Let Dﬁ,A be the set of p € N, such that the disjunction of the following holds.

(1) p is incompatible with p.

(2) p <n, p and there exists a B € 2(8) so that p by, A= B.
One will show that D; 4 is dense. Let p € Ny be arbitrary. If p is incompatible with p, then p € D; ;. Now
suppose p is compatlble with p. Let p be such that p <y, p and p <y, p. Let fn be the least n such that
slength(p) < mn and § < k*. Fix n < . By Lemma- 7.12} there is a ¢ <, p with slength(¢) = 7 and an i, € 2
so that ¢ Iy, A(7}) = in (here A is regarded as a name for the characteristic functlon of a subset of 6) Let

gy be the <-least ¢ € N, so that slength(q) = 7, ¢ <y, p, and ¢ IFy, A() = i,. Let B = {n < & :i, = 1}.
Define ¢q by
. p(i 1< n
o) = pi) i<n
MNan()):n <é}  n<i

By choice of i, § < ki. For all ¢ > i, k' > k2 and pl is k}'-complete. Therefore, ¢(i) € pf for all 7 < 4.

This shows that ¢ € Ny, stem(gq) =7, and ¢ <, ¢, for each n < §. Since g, Iy, A(f;) =iy = B(7), one has

that g IFy, A(7) = B(7) for each n < 0. Thus q <, p and q Iy, A = B. Thus g <n, pand g € D; ;. Since

p was arbitrary, this shows that D@ 4 is dense. Since p and A were arbitrary with the above properties, this

shows that 1y, IFy, Z2(0) = Z(9). O
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The next lemma will provide a setting in which there is an inner model M of ZFC and a (N,,)-generic filter
over M in the real world. Moreover, it will be shown that there are many such generic filters corresponding
to each element of the body of a N, condition (belonging to the real world but external to M). For later
purposes, it will be stated to make the uniformity explicit.

Lemma 7.14. Let M be an inner model of ZFC. Suppose the following holds.

(1) we M and M = “u is a measure sequence, 22" = (A)T, and 20" = (A#)++7,

(2) < is a wellordering of all sets in M of rank less than \* + 3.

(3) 71 :w— (AN)M is an increasing cofinal function.

(4) T2 :w — (MM is an increasing cofinal function.

(5) p € (Nu)M.
Then there is a ¢ € N, (but ¢ ¢ M) such that q <y, p, slength(p) = slength(q), and for all g € [q],
Gy, =1{p e NYM : g€ pl}is a (Ny)M-generic filter over M. q is produced uniformly from u, <, 71, T2,
and p.

Proof. Since M |= “k} is measurable (and hence strong limit)” for all n € w, M = “P(k};) < &k, ,”. Thus
M = “INy| < |2(\%)] = 22" = (A")*” by the hypothesis. Hence M = “2(N,)| < 27 = (A#)++7 by
the hypothesis. Let 79 : w — A* be defined by 79(n) = k% (which is defined uniformly from u). By Lemma
there is a M-amenable surjection A : A\* — ((A*)*+)M which is produced uniformly from 79, 71, 7o,
and <. Let D be the collection of dense open subsets of (N,)™. Since M |= “|D| < |2(N,)| < (A*)*F, let
h: (A")*+ — D be the <-least bijection in M between (A*)** and D. Then h : A\* — D defined by h = hoh
is an M-amenable surjection produced uniformly from u, <, 71, and 7. Fix a p € (N,)™. One will build an
external (to M) u-fusion sequence (p,, : n € w) with the following properties.

(1) pn € (N,)M (that is, p, € M) .

(2) po=p1=p.

(3) Forall 1 < mn < w, s €* pp41 with |s| = n, for all n < &%_,, there is an m > n so that for all

t €% (pnt1)s with [t] = m, (ppt1): € h(n).

To construct this u-fusion sequence: Let pg = p; = p. Now suppose 1 < n < w and p,, has been defined. For
each s €" p,, with |s| =n and 7 < k%_,, there is some ¢ € (N,)" and some n < m < w so that ¢ <y, (pn)s,
stem(q) = stem((p,)s) = s, and for all t €* ¢ with |t| = m, (¢); € h(n) by Lemma [7.11] applied in M. Let
q™" € (N,)M be the <-least such ¢ and let m™" be the least such m with the above property for ¢™". This
defines (¢™" : s €¥ p, A|s| =n An < k%_;) and this sequence belongs to M because h | k_; € M since h
is M-amenable. Define p,41 by

{pn+1(z’) — pu (i) i<n

1) = .
Put1 (i) P () =({gl"(@) :s € pu Als| =nAn < kh_} n<i

Note that for n < i, pp+1(7) € p; since [{g7 : s €¥ pp Als| =nAn < kE_1} = kb _4, u¥ is k¥-complete, and
kY1 < k;. Thus ppy1 € (N)M and ppy1 <" p,. Suppose s € puyi1, |s| =n, and n < k%_;. So s €" p,.
By construction, (pn+1)s <w, ¢7". Let t €* (pnt1)s with [t] = m27. Then ¢t €* ¢ and (¢I"): € h(n)
be the properties of ¢™". Since h(n) is dense open and (pn11): <n, 41", (Pnt1): € h(n). This shows py, 41
has property (3). This completes the construction of the u-fusion sequence (p, : n € w) with the desired
properties above. (However this sequence does not belong to M.) Let p, be the fusion of (p, : n € w)
defined by p,, (i) = pi+1(i) which belongs to N, \ (N,)™ (is a u-Namba condition but not a member of M).
Note that p,, is defined uniformly from u, p, h, and < and thus uniformly from u, p, <, 71, and 7. Let
gepl. Gy ={pe (N :ge[p}isa (Ny)M-filter. Let D € M be a dense open subset of (N,)™. Since
h : A* — D is a surjection, there is an n < A" so that h(n) = D. Let 1 < n < w be such that n < k%_;.
Since g [ n €* py, g | 1 €" ppy1. By the property of p,41, there is an m > n so that for all ¢ €* (pp11)gm
with |t| = m, (Pnt1)e € h(n). Thus (Ppt1)gm € h(n) = D. Since py <n, Pnt1; 9 | k € (Pn+t1)gm for all
k € w. Thus g € [(Pn+1)gim)- By definition of G4, (Pnt1)gtm € Gg. Thus (pn+1)gtm € Gg N D. It has been
shown that Gy is (N, )M -generic over M. O

In particular, one has the following less uniform version.
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Lemma 7.15. Assume AD. Let M = ZFC be an inner model. Let u € M be such that \* < ©, M E ‘“u
is a measure sequence, 22 = (AT, 207 = (A7 and cof (M) T)M) = cof (A)TH)M) = w. For
all p € (N)M, there is a ¢ € Ny such that ¢ <y, p, slength(p) = slength(q), and for all g € [q], G, is
(N, )M -generic filter over M.

The following result shows there is an abundance of measurable cardinals of HOD below the true cardinals
greater than wy. (w; is the first measurable cardinal of HOD.)

Fact 7.16. (Jackson, Ketchersid, Schlutzenberg, Woodin; [27] Lemma Qﬂ) Assume AD and V = L(R). If
x € R and K is a cardinal such that w1 < k < O, then HOD, = “there are k-many measurable cardinals
below k7.

Let k be a cardinal. Recall B(w,x) = {f € “k : sup(f) < k}. If cof(k) > w, then B(w,k) = “k. If
cof (k) = w, then |B(w, k)| < |“k| by Fact

Theorem 7.17. Assume AD. L(R) = “For all cardinals k with 2 < k < © and all x < k, B(w, k) does not
ingect into P(x) x ON”. In particular, L(R) = “For all cardinals k with 2 < k < © and all x < k, Yk does
not inject into P (x) x ON”.

Proof. By going into the inner model L(R), one may assume V = L(R). Suppose the result fails. There
are 2 < K < O, x < K, and an injection ® : B(w,k) - Z(x) x ON. Since V = L(R), there is an x € R
so that ® is ODy,y. First, 2 < k < w is not possible. This is because |B(w, k)| = |R| and is hence not
wellorderable. However, &?(x) x ON is wellorderable for all x < £ < w. Thus ® cannot be an injection.
Next, k = w; cannot be possible. This follows from Fact or Theorem Thus x > w;. By Fact
HODy,, F “there are x-many measurable cardinals below x”. Let & = (k, : n € w) be the first
w-many measurable cardinals between x and k. Let A = sup{k, : n € w} and note that x < kg < A < K
since K > w. Let i = (un : n € w) € HODy,y be such that for each n € w, py, is a k,-complete uniform
normal measure on ky,. Let u be the measure sequence so that k) = ky,, puh = pp, and A* = A, Let N
denote the collection of all u-Namba conditions and (N, )#°Pt=} be the u-Namba conditions that belong to
HODy,;. By Fact the inner model HODy,, satisfies the hypothesis of Lemma or Lemma
Thus by applying Lemma or even the less uniform Lemma there is a p <y, ly such that for
any g € [p], G, is (N,)HOP =) _generic over HODy,,. Fix a g € [p]. Note that g = fg,. Since A < © and
g € “\, HOD(,1[g] = HODy, 4y by Fact Moreover, since A < k, g € B(w,k). Since ® € ODy,;,
D(g) € OD{L!J} N (L(x) x ON). Thus ®(g) € HOD{LQ} N(L(x) x ON) = HOD{x}[g] N(L(x) x ON) C
HOD{,}[Gg]N (2 (x) x ON). Since (Nz)#OPt=} does not add any new bounded subsets of A by Fact @ and
X < A, HOD 1[Gy N (Z(x) x ON) = HODy,; N (Z(x) x ON). Thus ®(g) € HODy,y. Since ®(g) € ODy,

and @' € ODy,}, one has that g = ®~!(®(g)) € ODy,y. Thus g € HODy,y. This contradicts Fact
which asserts that g = fo, ¢ HODy,,. ]

Corollary 7.18. Assume AD. L(R) = “For all cardinals k with w < k < 0, all x < K, allw < € < K,
v <X, and ¢ € ON, —(|[s]°] < [[x]" = ¢])".

Theorem 7.19. Assume ADT. For all cardinals x with 2 < k < © and all x < k, B(w, k) does not inject
into P(x) x ON. In particular, for all cardinals k with 2 < k < © and all x < K, Yk does not inject into

P(x) x ON.

20A5 5 corollary of Fact [7.16] every uncountable cardinal in HOD,, is either measurable or a limit of measurable cardinals
of HOD,. [27] showed that this corollary is sufficient for showing every cardinal is Jénsson in L(R) = AD. However, since
B(w, k) # “k, for the main result of this section concerning B(w, k), one needs the stronger form due to Schlutzenberg in the
cofinality w case.

21The case x = wq needs to be considered separately. No ordinal countable in the real world can be measurable in HOD
by [60] Lemma 8.25. Thus there is no countable ordinal A which is a limit of measurable cardinals in HODy,). The generalized
Namba forcings considered in this section cannot be used. However, as in the proof of Theorem [3.5] one can use the classical
Namba forcing defined in HODy,, of trees on (WQ)HOD{Z}. Note the existence of generic filters for this Namba forcing over
HODy,; is given by Fact since this forcing is countable in the real world.

The generic object of (Nﬁ)HOD{I} is an w-sequence through A < ©. Although the generic filter existence problem is more

difficult here than for Theorem [6.2} the capturing problem has a much simpler solution using Fact [4.19
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Proof. The proof of this in relation to the proof of Theorem [7.17]is analogous to the proof of Theorem
in relation to the proof of Theorem An initial 3;-reflection was not used in the proof of Theorem
Here Xj-reflection into the Suslin-coSuslin sets (Fact [6.5) is still needed to bring a counterexample into a

nice model of the form L(Z,R) as in the proof of Theorem so that HODé(Z’R) possesses a direct system

HOD-analysis. With such a HOD-analysis, HOD?Z’R) will satisfy the analog of Fact The proof then
proceeds much like the proof of Theorem O

Corollary 7.20. Assume AD". For all cardinals k with w < k < O, all x < Kk, allw < e <k, v < X, and
¢ € ON, ~([[s]] < |[x]" x <I).

Lemma shows that for suitable inner models M, there is a p € Ny, (which does not belong to M) so
that every g € [p] induces a (N, )™-generic filter over M. The next result computes the cardinality of [p],
the body of p.

Fact 7.21. Let M |= ZFC be an inner model. Let u € M be such that M = “u is a measure sequence”’. Let
p € Ny (which may not belong to M ). Then |[p]| = |“(AY)].

Proof. 1t is clear that [p] € “(A*) and thus |[p]| < |“(A*)|. For each f € “(A%), define ¢y : w — w by
induction as follows: Let ¢f(0) be the least n € w so that slength(p) < n and f(0) < kj;. Suppose ¢f(¢) has
been defined. Let ¢¢(i + 1) be the least n greater than ¢f(i) so that f(i + 1) < k}. For each n € w with
slength(p) < n < w, let enum,,) : K}, — p(n) be the increasing enumeration of p(n). Define ®(f) € [p] by

_ Jenumy (0) n gl
O(f)(n) = {enump(n)(l + f(k)) neuwl An=us(k)

®:“(A") — [p] is an injection and thus |“(A")]| < |[p]]. Thus [“(A*)| = |[p]|. O

Fact 7.22. Suppose k is a cardinal, 1 < € < k, and k does not inject into P (§) for any § < k. Then B(e, k)
does not have cof (k)-regular cardinality.

Proof. Let p : cof(k) — k be an increasing cofinal sequence. By definition of B(e, k), sup(f) < & for all
f € B(e,k). Let @ : B(e,k) — cof(k) be defined by ®(f) is the least o so that sup(f) < p(a). For
each a < cof(k), |2~ 1[{a}]] < |B(e, k)|. Since otherwise, x would inject into & (max{e, p(a)}) since |k| <
|B(e, k)| = |[® H{a}]| < |p(a)| < | P (max{e, p(a)})| which violates the hypothesis since max{e, p(a)} < k.
® witnesses that B(e, k) does not have cof(k)-regular cardinality. O

Corollary 7.23. Assume k is a cardinal, 1 < ¢ < Kk, Kk does not inject into P(J) for any 6 < k, and
cof(k) > €. Then kK does not have cof (k)-reqular cardinality. In particular, if cof(k) > w, “k does not have
cof (k)-regular cardinality.

Proof. If cof(k) > €, then “x = B(e, k). The result follows from Fact O

Under AD", B(w, k) does not have w-regular cardinality if x < © and cof(k) = w. However, under AD™,
it will be shown that if k < © and cof (k) = w, then “x has a much greater degree of ordinal regularity.

Lemma 7.24. Let M = ZFC be an inner model. Let u € M be such that \* < ©, M = “u is a measure
sequence, 22" = (A*)F, 207 = (AT and cof (A*)F)M) = cof (A\*)FH)M) = w. Let R C “(AY) x ON
be such that there is an co-Borel code (S,¢) for R with S € M. Let p € (N,)™ be such that [p] C dom(R)
(here [p| is computed in the real world).

(1) There is ay € ON and a q € (N,)M with ¢ <y, p so that M = q Iy, L[S,fG] = ga(S,fG,’y).

(2) There is a unique v € ON so that there is a q € (N )M with q <y, p, slength(q) = slength(p), and

M = qlen, LIS, fel = @ (S, f 7)-

Proof. To see statement (1): The first claim is that there exists o € (N,)M with gy <y, p and M = qo IFy,
(38 € ON)(LIS, fe] E @(S, fen B))-

To see ‘ghis claim, suppose not. Then there is an r € (N,)™ with r <y, p so that r Iy, (V8 €
ON)(L[S, fs] E —¢(S, fz, ). Applying Lemma to the inner model M and the condition r € (N, )M
to obtain a condition # € N, (but not in M) so that 7 <y, r and for all g € [F], G, is (N,)*-generic over
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Mﬁ Pick a g € [F]. Since g € [F] C [r] C [p] € dom(R), there is a v € ON so that R(g,v). However,
since g € [F] C [r] implies r € G4 and f [G4] = g, one has by the forcing theorem that M[G,] = (V8 €
ON)L[S, g] E —¢(S,g,7). Thus M[ 1= L[S, g9] E —¢(S,g,7). By absoluteness, L[S, g] = —¢(S, g,7). Since
(S, ¢) is the oo-Borel code for R, =R(g,~). Contradiction.

Fix qo as in the claim above. There is ¢; € (N,)™ and v € ON so that ¢ <y, g0 and M = ¢ IFy,
L[S, f&] E ¢(S, fe, 7). This establishes the first statement. Now to prove the second statement. Work in
M. Let D be the set of ¢ € N, so that one of the following holds:

(1) ¢ is incompatible with p.
(2) There exists a 8 € ON such that ¢ IFy, L[S, fG] E ap(S’, fG,B)
By the first statement just proved above, D is a dense open subset of N,,. By lemma there is a p <y, p

with slength(p) = slength(p) and a slength(p) < k < w so that for all s €* p with |s| = k, (p)s € D. Since
p <n, p, the first condition above cannot hold. Thus for each s €" p with |s| = k, there is a 35 € ON so that
(p)s Ik, L[S, fel E ©(8, fG,BS). By Lemma for each s €" p with |s| = k, exactly one of the following

holds:

(a) There is a ¢ <y, p with slength(g) = slength(p) = slength(p) and ¢ IFw, L[S, fz] = (S, fg, Bs)-

(b) There is a ¢ <p, p with slength(q) = slength(j5) = slength(p) and ¢ IFn, L[S, f5] E —(S, fa, Bs)-
The claim is that there is an s €* p with |s| = k so that Case (a) holds for s. Since M = AC, let < be a
wellordering of N, in M. Suppose for all s €* p, Case (b) holds. Let ¢s be the <-least such ¢ € N,, which
witnesses Case (b) for s. Define g by p(4) for all ¢ < k and §(i) = ({gs(7) : s €* pA|s| = k} if k <. Since
Hs e p:|s| =k} < |k}, pu} is k¥-complete, and k) < k}' when k < i, one has that § € N, and ¢ <y, ¢, for
all s € p with |s| = k.

Now return to the real world. By Lemma there is a § € N, with § <y, ¢ so that slength(q) =
slength(g) = slength(p) and for all g € [§], G4 is (N,)™-generic over M. Pick any g € [g]. For any s €“ p
with |s| = k, ¢ € [¢] C [q] C [gs] and thus ¢; € G4. For each s €* p with |s| = k, M E g5 Iy,
L[S, fG] = —\cp(,Sv', fG,Bg) In particular, since g [ k €* pand |g [ k| = k, M = g IFn, L[S‘,fd] =
(S, fé Byir). Also g € [q] € [g] C [p]. In particular, g € [(p)gx] and thus (D)gik € Gy. Since g [ k €" p,
lg | k| = k, and by the definition of By1x, M | (p)g1x IFn, L[S, fG] = (S, fG,ﬁg k). It has been shown
that M | “qo. Irn, LIS, fe] | —@(S, fe: Born)”s M “()grr I, LIS, fe] (S, fg Bgrr)”, and
dotks (P)gre € G. Since G is a filter, there is an r € (N)M with r <y, ggix and r <y, (D)gik- Then
r lFy, L[S, fel E (S, fe, Borr) and 7 Ik, L[S, fi] E —¢(S, fé, Bgir). Contradiction. This establishes the
claim. By the claim, there is an s €* p with |s| = k and a ¢ <y, p with slength(q) = slength(p) so that
M [= g by, L[S, fel B (S, fo, Bs). This q and ordinal j3; verify the second statement. The uniqueness
of ~ follows from the fact that if qo,q1 € (N,)™ with slength(qo) = slength(g:), then gy and ¢, are <y,-
compatible via the condition go defined by g2(i) = qo(i) = ¢1(¢) when ¢ < slength(qo) = slength(q1) and
g2(7) = qo(é) N ¢1 (i) when slength(go) = slength(q1) < i <w. 0

Lemma statement (1) is sufficient for the following results concerning regularity; however, it is prudent
to have the stronger statement (2) which does not change the stem for other constructions. The proof of
statement (2) uses statement (1). The proof of statement (1) has an essential use of the co-Borel code.

Lemmal7.24)asserts the existence of an internal object ¢ € M with the desired property and thus uniformity
is not relevant. Uniformity in the next lemma will be important.

Lemma 7.25. Let M be an inner model of ZFC. Suppose the following holds.

(a) we M and M |= “u is a measure sequence, 22 = (\*)*, and 207 = (\w)++7,
(b) < is a wellordering of all sets in M of rank less than \* + 3.

(c) 11 :w— (A)T)M s an increasing cofinal function.

(d) 75 :w— (MM is an increasing cofinal function.

(e) pe (N)M.

23When applying Lemma [7.14] choose any 71 and 75 witnessing cof ((A")T)M) = w and cof ((A*)*T+)M) = w. Since
M = AC, let < be any internal wellordering of the element of M of rank less than A" + 3. Uniformity is not relevant in this
lemma.

55



(f) (S,¢) is an co-Borel code with S € M. If R C “(A*) x ON is the co-Borel subset of “(A*) x ON
defined by (S, @), then [p] C dom(R).
Then there is a v € ON and q € Ny, (but ¢ ¢ M) with q¢ <y, p, slength(q) = slength(p), and for all g € [q],
R(g,7v). Also q is produced uniformly from u, <, 71, 12, p, and (S, ).

Proof. By Lemma there is a unique v € ON such that there is a ¢’ € (N,)™ with ¢’ <y, p, slength(q’) =
slength(p), and M |= ¢’ IFy, L[S, fG] = (S, fG,ﬂ'y). Let ¢ be the <-least such ¢ witnessing this property
for 7. Note that v and g are obtained uniformly from u, <, and (S, ). By Lemma there is a ¢ <y ¢
with ¢ <y, p, slength(q) = slength(g), and for all g € [q], G, is (N,,)™-generic over M and this ¢ is produced
uniformly from u, <, 7y, and 7, and ¢. Thus ¢ is produced uniformly from u, <, 71, 7, p, and (S, ).
Pick any g € [q]. Since g € [q] C [q], ¢ € G4. By the forcing theorem, M[G,] = L[S,g] = ©(S,g,7).
By absoluteness, L[S, g] | ©(S,g,7). Since (5, ¢) is the oo-Borel code for R, R(g,7). Since g € [¢q] was
arbitrary, the result follows. O

Jackson, Trang, and the author ([I7]) can show that “(w,,) has w,-regular cardinality under AD using
Martin’s ultrapower analysis for w, and that “(w,,) has ON-regular cardinality under AD and DCg using
Steel’s result concerning Suslin bounded prewellordering. The next theorem shows that under AD™, for all
Kk < © with cof (k) = w, “x has ON-regular cardinality.

Theorem 7.26. Assume AD and V = L(R). Let w < k < © be a cardinal with cof(k) = w. Then “k has
ON-regular cardinality.

Proof. First, consider kK = w. |“w| = |R|. Fact states that wellordered unions of meager sets are
meager. So for any function ® : R — ON, there is some 3 € ON so that ®~1[{3}] is nonmeager. Then
18]l = IR

Now suppose w < £ < © and cof(k) = w. Since ACY implies w; is regular and cof (k) = w, one must
have that k > wy. Let p: w — Kk be an increasing cofinal sequence. Suppose ® : “x — ON is a function.
Since k < ©, there is a surjection 7 : R — x. Define ¢ : R — “x by ¢(x)(n) = n(z["]) (where recall
that (zI" : n € w) is the recursive function which codes an w-sequence in R as an element of R). ¢ is a
surjection. So R surjects onto ®[“k| and hence ot(®[“k]) < ©. By composing ® with the Mostowski collapse
of ®[¥k] if necessary, one will assume without loss of generality that ® : “k — ¢ where ( < ©. Since
V' = L(R), there is an = € R so that ® and p are ODy,. Thus p € HOD,y and HODy, [ cof(x) = w. Let
R={(f,a) € “k x (: ®(f) = a}. Note that dom(R) = “x since ® is a function on “s. R is ODy,} and
essentially a subset of “(max{x,(}). By Fact R has an ODy,; oo-Borel code (5, ¢). Since HODy,y [=
“cof(k) = w”, Fact gives an increasing sequence (ky, : n € w) and (i, : n € w) which both belong to
HODy,} so that sup{s, : n € w} = x and HOD(,} | “uy is a normal measure on «,” for each n € w.
Let u € HODy,; be the associated measure sequence and fG be the (N,)HOP(}-name for the generic w-
sequence. Since the hypothesis of Lemma [7.25 holds for HODy,} and ly, by Fact [6.1] there is a v <  and
q € Ny so that for all g € [q], R(g,7). By definition of R, ®(g) =« for all g € [¢]. It has been shown that
[q] € @7 1[{~}]. Since |[q]| = |“k| by Fact |®~[{y}]| = |“K|. Since ® was arbitrary, this shows that “x
has ON-regular cardinality. O

If cof(k) = w and w < K, Fact shows that B(w, ) does not have w-regular cardinality. Under AD,
Jackson, Trang, and the author ([I7]) can show that B(w,w,) has n-regular cardinal for all n € w using
the Martin’s ultrapower analysis for each w,, when m < w. This will be generalized next to show under
determinacy assumption that B(w, k) has n-regular cardinality for all n € w. (Note that under AD, there
are sets which do not have 2-regular cardinality such as R Ll w;.)

Fact 7.27. Let M = ZFC be an inner model. Let § € ON and (u, : a € &) be a sequence so that
M E “u, is a measure sequence” for each o € § and (A" : a € ) 1is a strictly increasing sequence. Let
Kk =sup{\'e : o € §}. Let (po : o € §) be such that p, € Ny, (but not necessarily in M) for each o € 6.
Then | Upeslpsll = |B(w, 9.

Proof. Since |J,¢5[pal € B(w, k), it is clear that |J,cslpa]l < [B(w,k)|. If f € B(w, k), let ay € § be the
least a € 0 so that sup(f) < Aa. Let ¢y be the least n € w so that slength(p,,) < n and f(0) < kn'. Suppose

(k) has been defined. Let ¢y(k + 1) be the least n greater than ¢s(k) so that f(k+ 1) < k! . For each
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o € § and k € w with slength(p,) < k < w, let enum,,_ () : K;* — pa(k) be the increasing enumeration of
Pa(k). Define @ : B(w, k) = Uyes[Pal by

enumpuf(n)(()) n ¢ vpw]
enumpaf(n)(1+f(k)) n€fwlAn=1p(k)

(f)(n) = {

® is an injection and therefore |B(w, k)| < [Uyes(Pall- Thus [B(w, 5)| = |UqyesPall- O

Theorem 7.28. Assume AD and V = L(R). Let w < k < O be a cardinal with cof(k) = w. For all n < w,
B(w, k) has n-regular cardinality. If w < k, then B(w, k) does not have w-regular cardinality.

Proof. First, suppose k = w. Note that |B(w,w)| = |R|. As noted in Theorem R even has ON-regular
cardinality.

Next, suppose that w < k < © and cof(k) = w. Since AC§ implies cof(w;) = wq, one must have wy < k.
Let p : w — K be an increasing cofinal function. Let j € w. Let ® : B(w,k) — j be a function. Since
V = L(R), there is an € R so that p and ® are OD(,}. Thus p € HOD(,; and HODy,; = cof(k) = w.
Let R = {(f,i) € B(w,k) x j : ®(f) = i}. Note that R may be regarded as a subset of “k. Also
dom(R) = B(w, k) since @ is a function on B(w, k). By Fact 4.21} R has an ODy,} oo-Borel code (S, ¢). By
Fact HODy,y E “there are k-many measurable cardinals below «”. For each m,n € w, let k" be the
(w - p(m) + n)*™ measurable cardinal of HODy,} and let u”" be the least normal measure on £ according
to the canonical global wellordering of HODy,,. For each m € w, let \,, = sup{x;' : n € w}. For each
m € w, let u,, be the measure sequence so that k™ = k7', pp™ = py', and A" = A,,. Since p € HODy,,,
one has that u, € HODy, for each m € w. Note that sup{\,, : m € w} = x. For each m € w, let
Ry, = RN (Y(Am) X ). (S, @) essentially remains an co-Borel code for R,,. The hypothesis of Lemma
holds for HODy,; by Fact For each m € w, by applying Lemmato HODyg,, (N, )HOPe=)  and R,
with co-Borel code (S, ¢), one hasa ¢ € Ny, and ¢ € j so that for all g € [g], Ri.(g,?) or equivalently R(g, ).
Let i,, be the least such ¢ < j so that there exists a ¢ with the above property for m. Let S C w x £(k) be
defined by S(m, q) if and only if ¢ € N, and for all g € [q], R (g, im ). By the discussion above, dom(S) = w.
By the Moschovakis coding lemma and ACE in the real world)*| there is a sequence (g,, : m € w) so that
for all m € w, S(m, ). Thereis an i € j so that A = {m € w : iy, = i} is infinite. Let Z = J,,c 4[qm]-
Suppose g € Z. There is a unique m € A so that g € [¢,,]. By the property ¢, and since i,, = i, R(g,1).
By definition of R, ®(g) = 4. This shows that Z C ®~*[{i}]. Since |Z| = |U,,clpm]| = |B(w, k)| by Fact
7.27] (applied to the sequence (u,, : m € A)), one has that |®~1[{i}]| = |B(w, x)|. Since ® was arbitrary, this
shows that B(w, k) has j-regular cardinality. Since j € w was arbitrary, the theorem follows. O

The following is obtained by making similar modifications as in Theorem[6.7]and Theorem to Theorem
[7.26l and Theorem [Z.28

Theorem 7.29. Assume ADT. Suppose w < k < © with cof(k) = w. “k has ON-regular cardinality.
B(w, k) has n-regular cardinality for eachn € w. If w < k, then B(w, k) does not have w-reqular cardinality.

The results above have been shown for “x and B(w, k) when £ < © with cof(k) = w. When cof (k) > w,
“)k = B(w,k). Fact shows that B(w, ) does not have cof(x)-regular cardinality. Under AD, using
w1 —4 (w1)g or the countably completeness of pe , one has that “w; has w-regular cardinality. Under AD,
using wy —4 (wl)zl or the wo-completeness of the Mg, one has that “ws has wi-regular cardinality. Jackson,
Trang, and the author can show that for all 2 < n < w, “w,, has w;i-regular cardinality. The conjecture
is that for all cardinal k, B(w, k) has d-regular cardinality for all § < cof(x). The methods developed here
for B(w, k) when cof(k) = w can be extended to “x for all cardinal x < © if one assumes an additional
hypothesis. The following is the version of this conjecture for L(R).

Definition 7.30. The Uniform Cofinality of HOD Successor and Double Successor Hypothesis for L(R) is
the following assertion:

24The use of the coding lemma and AC% in the real world is necessary. S does not belong to HOD . and hence one cannot
make the choice of (¢m : m € w) using the wellordering in HOD{I}. Moreover, a gm such that S(m,gm) cannot belong to
(Nu,, ) TOP ).
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Assume AD and V = L(R). Let z € R and w1 < x < © be a cardinal such that HOD(, [= cof(x) =
cof (k)“®). There are functions h : cof(k) — w, H : cof(k) x w — k, Sy : cof(k) X w — &, and Sy :

cof(k) X w — k so that for all & € cof(x) and n € w, the following holds.
(1) H(ayn) < H(ayn +1), S1(a,n) < S1(a,n+ 1), Sa(a,n) < Sa(a,n+1).
(2) (H(a,n):n € w) € HODy,
(3) HOD{I} E H(a,n)is a measurable cardinal.
(4) h(a) =sup{H(a,n):n € w}.
(5) h is cofinal in &.
(6) (A(c)")"OPtr = sup{Si(a,n) : n € w}.
(7) (h(a)t)HOPE) = sup{Sy(a, n) : n € w}.

Remark 7.31. Recall that Steel [60] Lemma 8.25 shows that successor cardinals of HOD have cofinality w
in the real world. The above conjecture asserts one can uniformly find a sequence of witnesses to many
successor cardinals of HOD having cofinality w.

The following outline the usefulness of the conjecture. Let a < cof(k) and n € w. Let 7§(n) = H(a,n).
Let pg, be the least normal measure on H(a,n) according to the canonical global wellordering of HOD 3.
Let 7(n) = Si(a,n). Let 78(n) = Sa(a,n). Let u, be the measure sequence such that x'e = H(a,n),
e = gy, and A*» = h(a). Since for each «, (H(a,n) : n € w) € HODy,y, one has u, € HODy,, which is
important since one needs HODy,) to be able to define N, . In the real world, one has the following two
sequences (7% : o < cof(k) Ai < 3) and (u, : o < cof(k)). By the uniformity asserted in Lemma one
has a sequence (e : o < cof(k)) so that eq : h(ar) = (h(a)TF)HOPi=) is a HODy,}-amenable surJectlon for
each a < cof (k). Similarly, one can apply Lemma- 5land Lemma uniformly.

Note also that the conjecture is stated with the domain of A belng cof(k). This will be sufficient for
the following application. Moreover, for higher dimensional problem such as primeness and Joénssonness
addressed in forthcoming work, the measurability of cof(x) in HODy,} will be needed.

The belief is that the conjecture will be proved using the directed system analysis of HOD{LSE) using
certain iterable mice. Theorem [7.34] will provide some evidence for this conjecture by establishing that it
holds for those k < © with cof (/ii wy assuming externally that MF exists. For those set Z which appeared

in the discussion before Lemma m HODL(Z R) possesses a similar directed system analysis. Hence one can
also formulate the conjecture for such models of the form L(Z,R) and successor and double successor in

HODé(Z’R). Granting such a conjecture, one can extend as usual the results from L(R) to AD™.

Next, one will verify the extent of regularity for B(w, ) in L(R) = AD assuming the uniform cofinality
of HOD successor and double successor hypothesis in L(R).

Theorem 7.32. Assume AD and V = L(R), and the uniform cofinality of HOD successor and double
successor hypothesis in L(R). Let w < k < © be a cardinal. Then B(w, k) has §-reqular cardinality for all
§ < cof(k).

Proof. When cof(k) = w, Theorem already showed that B(w, k) has n-regular cardinality for all n € w.

Suppose £ = wy. Let @ : [w]$* — w. Since w1 —» (w1)$, pg, is a countably complete measure. Thus
there is a club C C wy and an m € w so that for all f € [C]¥, ®(f) = m. Thus |®~![{m}]| = |[“w1|. “w; has
w-regular cardinality.

Assume wy < k and cof (k) > w. Let § < cof(k) and @ : B(w,k) — d. Let p: cof(k) — Kk be an increasing
cofinal map. Since V = L(R), there is an z € R so that ® and p are ODy,,. Thus p € HODy,, and
HODy,, = “cof(r) = cof (k)“®)”. Let R C B(w,r) x § be defined by R(f, ) if and only ®(f) = 8. R is
ODy,y and thus there is an co-Borel code (S, ¢) € HODy,, for R by Fact By the uniform cofinality of
HOD successor and double successor hypothesis, let h, H, S1, and S be as in Deﬁnitionfor HODy,y and
k. For each o < cof(k) and n € w, let u% be the least normal measure on H (o, n) according to the canonical
global wellordering of HODy,,. Let o, € HODy,, be the measure sequence defined by w,* = H(a,n),
pe = pe, and A*e = h(a). Since for each a < cof(x), (H(a,n) : n € w) € HOD(,}, uy € HODy,y.
For each a < cof(k), let 7 : w — (h(a)?)HOPt=1 be defined by 7*(n) = S1(a,n). For each a < cof(k),
let 78 @ w — (h(a)T)HOP) be defined by 75'(n) = Sa(a,n). Note that (7% : a < cof(k) Ad € {1,2}}
is a sequence that exists in the real world L(R) but does not belong to HODy,,. Let < be the global
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wellordering of HODy,;. By applying Lemma to uq, <, 71, 75, Iy, , and (S, ¢) uniformly for each «,
one has sequences (7, : a < cof(x)) and (g, : @ < cof(k)) so that for all & < cof(x) and g € [qa], R(g,7Va)
holds. By the definition of R, for all @ < cof(k) and g € [¢u], P(9) = Yo- Since {7y, : o < cof(k)) is a
sequence below § < cof(k) and cof(k) is regular, there is a 7 so that the set A = {& < cof(k) : 7o = 7} has
cardinality cof(x). Let Z = (J,c4lqa]- Let g € Z. There is a unique o € A so that g € [go]. By properties
of g, and since 7, = ¥, one has that ®(g) = 4. Thus Z C ®~1[{7}]. Since |Z| = |B(w, k)| by Fact one
has that |®~1[{¥}]| = |B(w, k)|. Since ® : B(w, k) — & was arbitrary, this shows that B(w, x) has d-regular

cardinality. Since ¢ < cof(x) was arbitrary, this completes the proof. |
Theorem 7.33. Assume AD" and uniform cofinality of HODé(Z’R) successor and double successor con-

jecture for L(Z,R) when Z has the property from the discussion before Lemma . Let w < kK < © be a
cardinal. Then B(w, k) has §-regular cardinality for all § < cof(k).

Next, one will provide a sketch of the argument that if Mf, exists, then the uniform cofinality of HOD
successor and double successor hypothesis hold for L(R) below 8> at cofinality w .

Theorem 7.34. Assume MY exists. Then L(R) = “if k < &5 is a cardinal and cof (k) = wy, then the
uniform cofinality of HOD successor and double successor hypothesis holds at k7.

Proof. First one will review the relevant theory and notation of the internal directed system from [60]
Section 8. By [60] Lemma 8.3, a countable, properly small, and DRH%—iterable mouse M has a unique
iteration strategy for a certain game G*(M,wy,w) in L(R) which is uniformly ¥; definable in L(R) with M
as a parameter. See [60] Definition 8.4 for the definition of correct iteration for countable, properly small,
and DRH%-iterable mouse. [60] Lemma 8.5 states that the notion of correct iteration is X;-definable over
L(R). Let F be the set of countable, properly small, DRH%—iterable7 and full mouse. The ordering on F is
<* defined by M <* N if and only if M iterates correctly to a cutpoint of N (see [60] Definition 8.7), and
in this case, my,n Will refer to the unique iteration map of M to a cutpoint of N. F, <*, and the map
(M,N,mp,n): M,N € FAM <* N) are ordinal definable in L(R). Let F'* consists of the correct iterates
of M, by dg-bounded trees. For M, N € F*, define M < N if and only if M iterates correctly to N by a
do-bounded tree. (See [60] Definition 8.10, 8.11, and 8.12.) (F*, <) is external to L(R) in the sense that it
is not even definable in L(R). However, using (F*, <T), [60] Lemma 8.14 implies that the internal directed
system (M, N,y n : M,N € FAM <* N) is countably directed with wellfounded direct limit denoted
M. Steel ([60] Theorem 8.20) showed that HODL® n Vs2 = Mo N Vsz. (The discussion above can be

relativized for HODfo) where x € R.)
Now work in L(R). Let w; < & < 87 with cof(k) = w;. Since every cofinal map of w; into & is ODyy
for some = € R, there is an x € R so that HODy,y = cof(x) = wlL(R). Without loss of generality, suppose

HOD [ cof(k) = wlL(R). Since w; < kK < O, there are x many measurable cardinal of HOD below « by
Fact Let p € HOD N V2 be such that HOD N Vis2 E “p: wlL(R) — K is increasing cofinal and for all

o < wlL ® , p(a) is a measurable cardinal”. Since HOD N Va2 = Moo N V2, there is an Ny € F so that the

following holds.

(1) Let jo,00 : No = My denote the direct system map of Ny into M.
(2) Let & be the least measurable cardinal of Ny. It can be shown that jo oo (8) = wlL ®)

(3) There is a & € Ny so that jo oo (R) = &.

(4) There is a p € Ny so that jo.«(p) = p. Thus Ny |= “p: § — F is cofinal increasing and for all o < 6,
p(a) is measurable”.

(5) Let fi € Ny be such that Ny = “fi is a measure on 6” (on the extender sequence of Np).

(6) By Fact HOD N Vsz [= “there are £ many measurable cardinals below . By the elementarity
of jo,0c; No = “there are & many measurable cardinals below &”. Let iz : No — Ult(No, i) be the
ultrapower map. By elementarity, Ult(Ny, i) = “there are i;(K)-many measurable cardinals below
in(R)”. Since cof (k) = 6, i5(K) > k. Since ji € Ny, let ¢ € Ult(Np, i) C Ny be such that Ult(No, i) =
“.:w — ip(K) enumerates the first w-many measurable cardinals above £”. Note this property of ¢
is first order expressible in Ny since i € N.
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(7) Let A = sup(:) and note that A < iz(k). Let \* = (AT)U(NoA) and let A** = (A+H)UltWo.m) -\
and \** are the ordinals which become the successor and double successor of A in the ultrapower of
Ny by . Note that these facts about g, A, A*, and A\** are first order expressible in Nj.

(8) Since Ny is countable in L(R), let ¢; : w — A* and f5 : w — A** be increasing cofinal functions
through A* and A\**, respectively, which belong to L(R).

For each o < wy, let joo : No — N, be the att-length linear iteration of Ny by the image of ji. Note
that N, € F for all @ < B. Let jo,00 : No — My be the direct limit map of N, into M. Note that
for all & < w1, ja,00 belongs to L(R) (and this is an important reason to use the internal direct system F
rather than the external direct system F*+). For a < 8 < w, let ju 5 : No — Np denote (3 — «)*-length
linear iteration of N, by the image of jo o(ft). Furthermore, since these are linear iterations, one can check
that j.s = ™, n, in the notation above; that is, ja s is the unique map of the correct iteration witnessing
N, <* Ng according to the unique iteration strategy for the appropriate game. Thus for all a < 8 < 7,
Jayy = JB,y © Ja,p 3d Ja,co = JB,00 © Ja,3. Define the following objects:

(a) For a« <wq and n € w, let H(a,n) = jat1,00(J0,a(t))(n).

(b) For o < wy, let h(a) = sup{H(a,n) : n € w} = sup(Ja+t1,00(Jo.a(t))) = Jat1,00(sup(jo.a(t))) =
jaJrl,oo(jO,a()\))-

(c) For a < wy and n € w, let S1(a,n) = ja+1,00(Jo,a(f1(R))).

(d) For a < wy and n € w, let Sp(@, ) = ja+1,00(Jo,a(f2(n))).

Note that jo () enumerates the next w-many measurable above sup(jo.« (7)) = Jo, Oé( ) in Ult(Na, jo,o(R)) =
Naq1 by (6) above. Note that sup(jo,a+1(p)) = Jo,a+1(R) > jo,a(R) = sup(jo,a(p)). By (4), Nay1 sees that
Jo,a+1(R) = sup(jo,a+1(p)) is a limit of measurable cardinals. So sup(jo,«(¢)) = Jo,a(X) < jo,a+1(F) since the
supremum of the first w-many measurable cardinals of No41 above jo o (%) is less than jo o+1(%) which is
above jo o (%) and is a limit of jo, «(6) many measurable cardinals of N, ;. Similarly, Jo.a(A*) < Jo,a(A*) <
Jo,a+1(F) since these are the successor and double successor of jo () in Nyt1. Then

H(a,n) = jat1.00(Jo.a(0))(n) < (@) = Jat1,00(5uP(jo,a (1)) = Jat1.00 (Jo.a(A))

< ja+l7oo(j0,a()\*)) < jaJrl,oo(jO,a()\**)) < ja+l,oo(j07a+1 (R)) =K.
This shows that that H : wi; X w1y — &k and h : w1 — k. Also Si(a,n) = jat1,00(Jo,a(¢1(n))) <
Ja+1,00(Jo,a(A*)) < k. Similarly, Se(a,n) < k. This shows that S7 : w3 X w — k and Ss : w1 X W — K.

Since ¢, £1, and ¢3 are increasing functions, Definition [7.30] _ property (1) holds by the elementary jo  and
Ja+1,00- Since jo o (t) enumerates the next w-many measurable cardinals above jo o (%) in Ult(Ny, jo.o (7)) =
Not1, Jat1,00(Jo,a(t)) € Mo enumerates the next w-many measurable cardinals above ja1,00(j0.a(R))
in Mo N Vsz = HOD N Vgz. Thus (H(a,n) : n € w) = jJa+1,00(jo,a(t)) belongs to HOD which estab-
lishes Definition m property (2) and it enumerates the next w-many measurable cardinal in HOD above
Ja+1,00(Jo,a(R)). In particular, for all n € w, H(a,n) = ja+t1,00(Jo,a(t))(n) is a measurable cardinal in
HOD which establishes Definition property (3). Definition property (4) holds by definition of
h. For any o < w1, jo,a(0) > a and joo(0) = dom(jo,o(p)). By (4) above, Ny = jo,o(p)(a) is a mea-
surable cardinal. Since jo,a41 @ No — Ult(NVg, Jo,a(f)) = Na41 is just the ultrapower map of jo (i)
and this ultrapower map fixes all strong limit cardinals of cofinality not equal to j(m(g), one has that
j(],a+1(ﬁ)(a) = joz,oHrl(jO,a(ﬁ)(O‘)) ]0 a( )( ) ClearIY7 JU a(P)( ) < Sup(j(),a(ﬁ)) = jO,a(R) < j(),a()‘)' Thus
one has

(@) = Jo,00(P)(@) = Jat1,00 (J0,0+1(P) (@) = Jart1,00(J0,a(P) (@) < Jart1,00(j0,a(A)) = R(a)

Since a < w) LR was arbitrary and sup(p) = k, one has that sup(h) = x. Thus h is cofinal in k which
establishes Deﬁnition [7.30] (5). Note that since Ult(No, i) = A* = AT by (7), Ult(No, i) = A* is regular.
Since Ny and Ult(Ny, 1) have the same d-sequences, Ny = cof(A\*) > §. Since jo o is a linear iteration by
fi which is a measure on ¢ and its image, Jo,a is continuous at any ordinal whose cofinality is greater than
5. Hence jo o is continuous at \*. Since sup(¢;) = \*, sup[jo.o © £1] = sup{jo.a(f1(n)) : n € w} = jo.o(N*).
By (6), Not+1 E jo.a(A*) = jo.a(AN)T. Thus Not1 E “jo.o(A*) is regular non-measurable cardinal”. The
direct limit map jo+1,00 i continuous at all regular non-measurable cardinals of N, (see the remark in the
proof of [60] Lemma 8.25). Since sup[jo,a © ¢1] = jo,a(A*); SUP[jat1,00 © J0,a © 1] = Ja+1,00 (Jo,a(A*)). Thus
sup{Si(a,n) : n € w} = sup{jat1,00(Jo,a(l1(n))) : 1 € W} = jat1,00(Jo,a(A")). Since Noy1 = jo,a(A7) =
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Jo,a(A)F, one has that Moo = ja+1,00(Jo,a(A*)) = Jo,a+1(jo,a(N)" = h(a)*. Since Mo N'Vsz = HOD N V2,
HOD [ jo,a+1(jo,a(A*)) = h(a)t. This establishes Definition m (6). Definition m (7) is shown in an
analogous manner. This completes the proof. (Il

To remove the restriction that £ < 6? in Theorem one can perhaps use the more complex internal

directed system of [64] Section 6. To remove the use of the external assumption of M¢, one can possibly use
the idea of [64] Section 7. Linear iterations cannot be used once the cofinality of « is greater than wy. It is
anticipated that the uniform cofinality of HOD successor and double successor hypothesis in its full generality
should be established through the direct system analysis of HOD. In conversation with Schlutzenburg, it
seems that Schlutzenburg’s result on normalization [51] which implies HOD is a normal iterate of M, may
suggest a path forward.
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