DEFINABLE COMBINATORICS OF SOME BOREL EQUIVALENCE RELATIONS
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ABSTRACT. If X is a set, E is an equivalence relation on X, and n € w, then define
[(X]E = {(z0, -, xn—1) € "X : (Vi,5)(i # j = ~(2: E z;))}.

For n € w, a set X has the n-J6énsson property if and only if for every function f : [X|2 — X, there
exists some Y C X with X and Y in bijection so that f[[Y]2] # X. A set X has the Jénsson property if
and only for every function f : (U, ¢, [X]%) — X, there exists some ¥ C X with X and Y in bijection so
that f[U,c,[Y]2] # X.

Let n € w, X be a Polish space, and E be an equivalence relation on X. E has the n-Mycielski property
if and only if for all comeager C' C ™ X, there is some A% A C X so that E SA% E | Aand[A]}L CC.

The following equivalence relations will be considered: Eg is defined on “2 by z Eo y if and only if
(3In)(Vk > n)(xz(k) = y(k)). E1 is defined on “(¥2) by = Ej y if and only if (In)(Vk > n)(z(k) = y(k)).
FE is defined on “2 by x Fo y if and only if Z{%ﬂ :n € x Ay} < oo, where A denotes the symmetric
difference. E3 is defined on “(“2) by z E3 y if and only if (Vn)(z(n) Eo y(n)).

Holshouser and Jackson have shown that R is Jonsson under AD. It will be shown that Ey does not have
the 3-Mycielski property and that F;, F2, and E3 do not have the 2-Mycielski property. Under ZF + AD,
“2/Ey does not have the 3-Jénsson property.

new

1. INTRODUCTION

The Jénsson property and other combinatorial partition properties of well-ordered sets have been studied
by set theorists under the axiom of choice, large cardinal axioms, and the axiom of determinacy. Holshouser
and Jackson began the study of the Jonsson property using definability techniques for sets which generally
cannot be well-ordered in a definable manner.

Let X be a set and E an equivalence relation on X. For each n € w, let [X]% be the collection of tuples
(20, ..., Tp—1) € "X so that for all i # j, =(x; E ;). Let [X]|5* = U, [X]|% For each n € w, X has the
n-Jonsson property if and only if for every function f : [X]2 — X, there is some Y C X with Y in bijection
with X and f[[Y]2] # X. X has the Jénsson property if and only if for every function f : [X]|=¥ — X, there
is some Y C X with Y in bijection with X, and f[[Y]=%] # X.

Holshouser and Jackson showed that “2 has the Jénsson property under the axiom of determinacy, AD.
Let f:[¥2]=% — “2. For each n € w, let f,, : [X]™ — X be f | [X]2. Their proof has two notable tasks:
(1) Holshouser and Jackson first (assuming all sets have the Baire property) choose comeager sets C,, C ™(“2)
so that f, | Cy is continuous. Then a single perfect set P C “2 is found so that for each n, f, | [P]2 is
continuous. To obtain this perfect set P, they use a classical theorem of Mycielski which states: If C,, is a
sequence of comeager subsets of ™(“2), then there is some perfect set P C “2 so that [P]2 C C,, for all n.
(2) Since each f,, is continuous on [P]”, they use a fusion argument to simultaneously prune P to a smaller
perfect set @ C P so that there exists some real that is missed by each f, on [Q]™.

Holshouser and Jackson ask whether other sets which may not be well-ordered in some choiceless setting
like AD could also have the Jénsson property. They observed that under ZF + AD +V = L(R), every set
X € Lo(R) has a surjective function f : R — X. Define an equivalence relation on R by = E y if and only
if f(z) = f(y). Then X is in bijection with R/E. The study of the Jénsson property for sets in Lg(R) is
equivalent to studying the Jénsson property for quotients of R by equivalence relations on R. Note that R
is in bijection with R/ =.

Through dichotomy results of Harrington, Hjorth, Kechris, Louveau, and others, the equivalence relations
=, Ey, E1, Ey, and E3 occupy special positions in the structure of Al equivalence relations under A}
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reducibilities. = is the identity equivalence relation on “2. Fj is defined on “2 by = Ey y if and only if
(Fn)(Vk > n)(xz(k) = y(k)). Ep is defined on “(“2) by = E; y if and only if (In)(Vk > n)(z(k) = y(k)).
Es5 is defined on “2 by = Fy y if and only if Z{n%rl :m € x Ay} < oo, where A denotes the symmetric
difference. FEj3 is defined on ¥(“2) by = E3 y if and only if (Vn)(z(n) Eq y(n)).

Holshouser and Jackson asked whether the methods applicable for showing R/ = has the Jénsson property
could be used to show the quotients of these other A}l equivalence relations could be Jénsson. An important
aspect of their proof for R was the theorem of Mycielski. They defined the Mycielski property for arbitrary
equivalence relations as follows: Let E be an equivalence relation on a Polish space X. For each n € w, F
has the n-Mycielski property if and only if for every comeager C' C "X, there exists some Al A C X so that
E <A1 E] Aand [AlL C C.

They asked whether any of the A} equivalence relations mentioned above have the n-Mycielski property
for various n € w and whether the Mycielski property could be used to prove the Jonsson property for the
quotient of any of these equivalence relations. Holshouser and Jackson began this study by showing that
has the 2-Mycielski property and this can be used to show “2/E, has the 2-Jénsson property. This paper
will show that the Mycielski property fails in most cases:

Theorem The equivalence relation Ey does not have the 3-Mycielski property.

Theorem The equivalence relation F; does not have the 2-Mycielski property.
Theorem The equivalence relation Fo does not have the 2-Mycielski property.
Theorem The equivalence relation F3 does not have the 2-Mycielski property.

These results require understanding the structure of Al subsets of “2 or “(“2) so that Ey < ar Eo ['A
(or By < ar Eq I A, etc.) that come from the proofs of the dichotomy results. Kanovei, Sabok, and Zapletal
in [12], [13], [20], and [21] have studied the forcing of such Al sets for each of these equivalence relations.

Given that the Mycielski property fails in general, a reflection on Holshouser and Jackson’s proof of the
Jénsson property for “2 shows that it is only used to find some perfect set P so that f,, | [P]™ is nicely
behaved (i.e., continuous). This paper will give a forcing style proof of Holshouser and Jackson results that
“2 is Joénsson and “2/ Ey is 2-Jénsson assuming all functions satisfy a certain definability condition expressed
in Lemma [3:3] This definability condition follows from the Mycielski property for the equivalence relation
and the assumption that all sets have the Baire property. All Al functions have this definability condition
and under the axiom of choice and large cardinal assumptions, projective and even more complex sets also
satisfy this condition.

Following part (2) of Holshouser and Jackson’s template for “2, suppose one could find some Af set
B C “2 with Ey <A1 Eo | B and f | [B]‘"]i;0 is continuous for some function f. Could one then somehow
prune B to some C' C B so that Ey <a1 Eo [ C and f[[C]};,] # “2, or even better, miss an Eo-class? This
paper will have some discussion on how these continuity and surjectivity properties for Ey and Fy can fail.

This shows both part (1) and part (2) of the proof of Holshouser and Jackson establishing “2 is Jénsson
fail for Fy and several other Al equivalence relations. Moreover, for Ey, it will in fact be shown that “2/E
is not Jénsson under determinacy:

Theorem (ZF 4+ AD) “2/E; does not have the 3-Jénsson property and hence is not Jénsson.

Here are some historical remarks about the Jonsson property: Under the axiom of choice, the Jénsson
property is usually studied on cardinals. Cardinals possessing the Jénsson property are called Jdonsson
cardinals. For n € w, let Z™(X) denote the collection of all n-element subsets of X. Since there is a well-
ordering, the Jénsson property is usually defined using ™ (X) rather than [X]™. When this paper discusses
the Jénsson property using &2™(X), it will be refered to as the classical Jénsson property.

Under the axiom of choice, Jénsson cardinals also have model-theoretic characterizations. The existence
of Jénsson cardinals imply V' # L. Moreover, it has large cardinal consistency strength: for instance, it
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implies 0 exists. Erd6s and Hajnal ([4] and [3]) showed that if 2% = x*, then x* is not a Jénsson cardinal.
Hence under CH, 2%0 is not a Jénsson cardinal. Every real valued measurable cardinal is Jénsson (see [3]
Corollary 11.1). Solovay showed the consistency of a measurable cardinal implies the consistency of 2%
being real valued measurable. Hence it is consistent relative to a measurable cardinal that 2% is a Jénsson
cardinal. The sets “2, “2/Ey, “(“2)/Ey, “2/FEs3, “(“2)/Es3 are all in bijection with each other using the
axiom of choice. Hence if CH holds, these quotients do not have the Jénsson property and if 2%¢ is real
valued measurable, then all these quotients do have the Jénsson property.

Under AD, the Jonsson property and other combinatorial partition properties of cardinals were already
studied during the 1960s and 1970s. Assuming AD, for each n € w, X,, is a Jénsson cardinal ([I7]). More
recently Woodin had shown that under ZF + AD™, every cardinal x < © has the Jénsson property. Also [11]
showed that in ZF + AD + V = L(R), every cardinal x < © is Jénsson. [11] asked whether “2, which cannot
be well-ordered, has the Jénsson property. In analogy, they asked if every set in Lg(R) has the J6nsson
property. Holshouser and Jackson’s answer to this question for “2 begins the work that is carried out in this
paper.

Throughout, results attributed to Holshouser and Jackson can be found in [I0] and [9].

This paper is organized as follows:

Section [2| contains definitions of the main concepts and some basic facts about determinacy.

Section 3] will give a proof of the result of Holshouser and Jackson which shows “2 has the Jénsson property
if all sets have the Baire property. The proof uses forcing arguments and fusion. This section will have some
discussions about how absoluteness available under AD' can be used to prove this result without using the
Mycielski property. However, throughout the paper, a flexible fusion argument is necessary for handling the
combinatorics. It is unclear what the relation is between properness, fusion, and the Jénsson property for
the five equivalence relations considered.

Upon considering the Jénsson property for “2, a natural question is whether there is a function f :
PY(wY2) = “2 so that for all A C “2 with A =~ “2, f[F#¥(A)] = “2. Such a function is called an w-Jdonsson
function for “2. Under the axiom of choice, [4] showed that every set has an w-J6nsson function. Section
gives an example under ZF + ACF (choice for countable sets of nonempty subsets of “2) of a Al w-Jénsson
function for “2.

From the effective proof of the Ey-dichotomy, every X1 set A C “2 so that Ey < a1 Ey [ A contains the
body of a perfect tree with certain symmetry restrictions, known as an Fjy-tree. Section [5| will modify the
proof of the Fy-dichotomy using Gandy-Harrington methods to prove a structure theorem for X1 sets with
the same Ep-saturation on which the restriction of Ey is not smooth: For example, if A and B are two 31
sets with Eo <a1 Eo | A, Eo <a1 Eo | B, and [A]g, = [B]g,, then there are Ej trees p and g with [p] C A,
[¢) € B, and p and ¢ are the same except possibly at the stem. This is needed to show the failure of the
weak 3-Mycielski property (see Definition for Fy.

Section |§| will introduce the forcing I@QEO This forcing will be used to prove the result of Holshouser and
Jackson stating that “2/Ej has the 2-Jénsson property.

Let X and Y be sets. Let n € w. Define X — (X)} to mean that for any function f : ™(X) = Y,
there is some Z C X with Z = X and |f[#"(Z)]| = 1. Define X — (X)} to mean that for any function
f:[X]™ — Y, there is some Z C X with Z ~ X and |f[[Z]2]| = 1. Section [7] will show that “2/Eq, — (¥2/
FEp)2 holds for all n € w.

Section |8 will show that Ey does not have the 3-Mycielski property or weak 3-Myecielski property.

Section @ will produce a continuous function @ : [“’2]?]’50 — @2 so that for every X1 A C “2 with Ey < Al
Ey | A, Q[[AJ},] = “2. A modification of this function yields a Aj function K : 3(*2) — “2 so that on any
such set A, K [ [A]%, is not continuous.

Section [10] will use the function produced in the previous section to show that “2/Ej does not have the
3-Jénsson property or the classical 3-Jénsson property under ZF + AD. (In particular, “2/FEy is not Jénsson
under AD.)

Section [11| will use the classical 3-Jénsson map for “2/E to show the failure of “2/Ey — (¥2/Ep)3.

The fusion argument related to the proper forcing @2&) was used to establish many of the combinatorial
properties of Fy in dimension two. Given the failure of these properties in dimension three, a natural question
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would be whether the three dimensional analog @?j;o is proper and possesses a reasonable fusion. Section

will show that @%O is proper by having some type of fusion argument. However, there is far less control of
this fusion.

Section [13| will show that F; does not have the 2-Mycielski property.

Section will modify the proof of the Fs-dichotomy result using Gandy-Harrington methods to give
structural result about Fa-big X1 sets with the same Fa-saturation: For example, if A and B are two X1
sets with Fy <a! Ey | A, Ey <a! E; | B, and [A]g, = [B]g,, then there are two Fs-trees (perfect trees
with certain properties) p and ¢ so that [p] C A, [q] C B, [[pll, = [[¢]]E,, and p and ¢ resemble each other
in specific ways.

Section [T5] will use results of the previous section to show E2 does not have the 2-Mycielski property and
the weak 2-Mycielski property.

Section will produce a continuous function @ : [ 2]?}52 — “2 50 that on any X1 set A with E» <a! BEp |
A, Q[[A]},] = “2. There is also a A} function P’ : 3(*2) — “2 so that for any such set A, P’ | A is not
continuous.

Section [17] contains no new results but just gives the rather lengthy characterization of 31 sets A C ¥ (¥2)
so that B3 <a1 Ej3 | A which comes from the E3-dichotomy result. This structure result is applied in Section
to show that E3 does not have the 2-Mycielski property.

Section [19| will study the completeness of non-principal ultrafilters on quotients of Polish spaces by equiv-
alence relations.

The authors would like to thank Jared Holshouser and Stephen Jackson whose talks and subsequent dis-
cussions motivated the work that appears here. The authors would also like to thank Alexander Kechris for
comments and discussions about this paper.

2. BASIC INFORMATION

Definition 2.1. Let 0 € <¥2. Suppose |o| = k. Then ¢ € “2 is defined by 6(n) = o(j) where 0 < j < k
and j =nmod k.
For example, 0, 1, 01, etc. will appear frequently.

Definition 2.2. Let o0 € <¥2. Let N, = {z €“2:2 D o7}.
{N, : 0 € <¥2} is a basis for the topology on “2.
Let 0,7 € <*“2. Let N, = {(z,y) € 2(“2) : 2 € N, Ay € N, }.
{N,+:0,7 € <¥2} is a basis for the topology on ?(¥2).
N, is defined similarly for *(*2).

Definition 2.3. Let n € w and o : n — <¥2. Let N, = {z € “(¥2) : (Vk < n)(o(k) C z(k))}.
{N, : 0 € <¥(<¥2)} is a basis for the topology on ¥(“2).
Let 0,7 :n — <*2. Let N, , = {(z,y) € 2(*(“2)) : 2 € N, Ay € N, }.
{N,;:0,7€ <“(<¥2) A|o| = ||} is a basis for the topology on 2(*(+2)).

Definition 2.4. Let A and B be two sets. A = B denotes that there is a bijection between A and B.

Often this paper will consider settings where the full axiom of choice may fail. In such contexts, not all
sets have a cardinal, i.e. is in bijection with an ordinal. Similarity of size is more appropriately given by the
existence of bijections. Recall the following method of producing bijections between sets which is provable
in ZF:

Fact 2.5. (Cantor-Schréder-Bernstein) (ZF) Let X and Y be two sets. Suppose there are injections ® :
X =Y and ¥ :Y — X. Then there is a bijection A : X = Y.

Definition 2.6. Let X and Y be sets. XY is the set of functions from X to Y.
P(X) is the power set of X.
Let n € w. Define
P X)={FePX): Frxn}

7<(x) = | 2"(X)
4



Let E be an equivalence relation on a set X. Let n € w. Define
X]E ={(z0, ... tn-1) € "X : (Vi,j <n)(i #j = ~(x; E x;))}

(X)5 = J X%
new
Definition 2.7. Let X be a set and n € w. A set X has the n-Jonsson property if and only for all functions
f[X)2 = X, there is some Y C X so that Y &~ X and f[[Y]2] # X. X has the Jénsson property if and
only if for all f: [X]=% — X, there is some Y C X so that Y ~ X and f[[Y]=*] # X.
A set X has the classical n-Jénsson property (or classical Jénsson property) if and only the above holds
with [X]7 (or [X]=%) replaced with 2"(X) (or £2<¥(X), respectively).

n

If X is a wellordered set, one can identify a finite set F' C X with the increasing enumeration of its
elements. Such a presentation is helpful for defining useful functions on &"(X). In the absence of choice,
it is easier to define functions when one considers order tuples from [X]™. For this reason, the paper will be
mostly concerned about the Jénsson property as defined above rather than the classical Jénsson property,
although the classical version will be discussed in Section

Definition 2.8. Let X be a set. [X]¥ and &“(X) are defined as above (with w in place of n € w).

Let N € wU {w}. A N-Jénsson function for X is a function ® : [X]¥ — X so that for any ¥ C X with
Y ~ X, o[[Y]Y] = X.

A classical N-J6nsson function for X is defined in the same way as the above with 2%~ (X) instead of
X,

With the axiom of choice, [4] showed that every set has an w-J6énsson map. The existence of w-Jénsson
maps for certain cardinals is where Kunen’s original proof of the Kunen inconsistency used the axiom of
choice. Note that for N € w U {w}, a counterexample to the N-Jénsson property for some set is equivalent
to the existence of an n-Jonsson function for that set.

Definition 2.9. Let X and Y be Polish spaces. Let E and F be equivalence relations on X and Y,
respectively. A Al reduction between X and Y is a A function ® : X — Y such that for all a,b € X, a E b
if and only if ®(a) F ®(b).

This situtation is denoted by E' <a1 F. Define £ =1 F'if and only if E <A1 F and F' <1 E.

Definition 2.10. Let E be an equivalence relation on a set X. If z € X, then [z]p ={y € X : y E x} is
the E-class of z. Let AC X. [Alp={y € X : (3z € A)(z E y)} is the E-saturation of A.

Definition 2.11. Let X be a Polish space and E be an equivalence relation on X. Let n € w. X has the
n-Mycielski property if and only if for every C' C "X which is comeager in "X, there is a Al set A C X so
that E =a1 E' [ A and [A]}; C C.

E has the Mycielski property if and only if for all sequences (C,, : n € w) such that for alln € w, C,, C"X
is comeager in "X, there is a some set A C X so that E =a1 E [ A and for all n € w, [A]% C Cy,.

The Mycielski property of equivalence relations comes from the following eponymous result:

Fact 2.12. (Mycielski) Let (Cy, : m € w) be a sequence such that for each n € w, C,, C ™ (¥2) is a comeager
subset of "(¥2). Then there is a perfect set P C “2 so that for alln € w, [P|™ C C,.

Definition 2.13. Let E be an equivalence relation on a Polish space X. Let n € w. E has the n-continuity
property if and only if for every function f : "X — X, there is some A} A C X so that E =a1 B[ Aand
f T [A]% is continuous.

Fact 2.14. Let E be an equivalence relation on a Polish X which has the n-Mycielski property. Then for
every function f : "X — X with the property of Baire (i.e. f~'[U] has the Baire property for every open set
U), there is some Al A C X with E =a1 B A so that f | [A]% is continuous. Hence if every set has the
Baire property, then E has the n-continuity property.

Proof. Let f:™X — X. Since f is Baire measurable, there is some C' C "X so that f | C' is continuous.

By the n-Mycielski property, there is some A C X with E =a1 £ [ A so that Al € C. f 1 [A]% is

continuous. (]
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In place of the axiom of choice, the paper will often use the axiom of determinacy. The following is a
quick description of determinacy:

Definition 2.15. Let X be a set. Let A C “X. The game G 4 is defined as follows: Player 1 plays a; € X,
and player 2 plays b; € X for each i € w. At turn 2¢, player 1 plays a;, and at turn 27 + 1, player 2 plays b;.
Let f € “X be defined by f(2i) = a; and f(2¢ + 1) = b;. Player 1 wins this play of G4 if and only if f € A.
Player 2 wins otherwise.

A winning strategy for player 1 is a function 7 : <“X — X so that for any (b; : ¢ € w) if (a; : i € w)
is defined recursive by ag = 7(0) and a,+1 = 7(ag...anby), then player 1 wins the resulting play of G4. A
winning strategy for player 2 is defined similarly.

The Axiom of Determinacy for X, denoted ADx, is the statement that for all A C “ X, G4 has a winning
strategy for some player.

AD refers to ADy or equivalently AD,,. ADgr will also be used. Note that ADg often will refer to ADwy or
ADu,,.

AD implies classical regularity properties for sets of reals: Every set of reals has the Baire property and
is Lebesgue measurable. Every uncountable set of reals has a perfect subset. Every function on the reals is
continuous on a comeager set.

Uniformization however is more subtle:

Definition 2.16. Let R C “2 x “2. Let R* = {y : (z,y) € R}. Suppose for all x € “2, R* # (. R can be
uniformized if and only if there is a some function f :“2 — “2 so that for all z € “2, (z, f(z)) € R. Such a
function f is called a uniformization of R.

Fact 2.17. (ZF + ADg) FEuvery relation can be uniformized.

Proof. Suppose R C “2 x “2 with the property that for all z, R* # (). Consider the two step game where
player 1 plays a € “2 and player 2 responds with b € “2. Player 2 wins if and only if (a,b) € R. Clearly
player 1 can not have a winning strategy. Any winning strategy for player 2 yields a uniformization of R. O

Woodin has shown that if there is a measurable cardinal with infinitely many Woodin cardinals below it,
then L(R) = AD. Solovay showed in [I8] Lemma 2.2 and Corollary 2.4 that the relation R(z,y) if and only
y is not ordinal definable from z can not be uniformized in L(R). Hence ADg is stronger than than AD. AD
is not capable of proving full uniformization.

Definition 2.18. Let E be an equivalence relation on “2 and n € w. Let f : (“2/E)" — “2/E. A lift
of f is a function F : "(¥2) — “2 with the property that for all (xg,...,z,) € "(¥2), [F(zg,...,Zn-1)|E =
f(zolg, s [#n-1]B)-

Fact 2.19. Let E be an equivalence relation on “2 and n € w. Let f : "(“2/E) — “2/E. Define
Ry(zo,....xn-1,y) © y € f([zolE, ... [n-1]g). If F is a uniformization of Ry (with respect to the last
variable), then F is a lift of f.

Under ADg, every such function has a lift.

Many natural models of AD such as L(R) are not models of ADg. However, functions on quotients of
equivalence relations with all classes countable can still be uniformized: ADV is a strengthening of AD which
holds in all known models of AD (in particular L(R)). See [I9] Definition 9.6 for the definition of AD™. Tt is
open whether AD and AD™ are equivalent. Also ADg 4+ DC implies AD™, and it is open whether this holds
without DC.

Fact 2.20. (Countable Section Uniformization) (Woodin) (ADV) Let R C “2 x “2 have the property that
for all x € “2, R” is countable. Then R can be uniformized.

Proof. See [16] Theorem 3.2 for a proof. O

Fact 2.21. (AD") Let E be an equivalence relation on “2 with all classes countable. Letn € w and f:"(“2/
E)—“2/E. Then f has a lift.

For the results of this paper, all results that require lifts can be replace by lift on some comeager set. The
benefit is that such lift follows from comeager uniformization which is provable in just ZF + AD.
6



Fact 2.22. (Comeager Unformization) (ZF + AD) Let R C “2 X “2 be a result such that (Vx)(3y)R(z,y),
then there is a comeager C' C “2 and some function f: C' — “2 so that (Vz € C)R(z, f(x)).

By shrinking to an appropriate comeager set, one can assume that the uniformizing function is also
continuous.

Often to use the techniques of forcing over countable elementary structures, the axiom of determinacy
will need to be augmented by dependent choice (DC). Kechris [14] proved that AD and AD + DC have the
same consistency strength by showing if L(R) = AD, then L(R) = DC. However, Solovay [18] showed that
ADg + DC has strictly stronger consistency strength than ADg.

If one is ultimately interested in functions F' : ™(“2) — “2 which are lifts of some function f : ™*(“2/
E) — “2/F only in order to infer information about f, then the demand in the Mycielski property that one
considers tuples coming from a single set A C “2 such that F = ar BT A seems restrictive. If one ultimately
will collapse back to the quotient, two sets A and B with the same FE-saturation should work equally well.
This motivates the following concepts:

Definition 2.23. Let n € w and E be an equivalence relation on some Polish space X. Let (4; : i <n) be
a sequence of subsets of X. Define

E
H A ={(zo, ..., xn—1) : (Vi)(z; € 4;) A (Vi # j)(~(x; E x;))}.

This set will sometimes be denoted Ay Xg ... Xg A, —1.

Definition 2.24. Let E be an equivalence relation on a Polish space X. Let n € w. FE has the n-weak-
Mycielski property if and only if for any C' C "X which is comeager in "X, there are Al sets (A; : i < n)
. . E
with the property that for each i <n, E=a1 E' | 4; and [[i-, A CC.
3. “2 HAS THE JONSSON PROPERTY

This section will give a forcing style proof of Holshouser and Jackson’s result that “2 has the Jénsson
property under some determinacy assumptions. The Jénsson property for “2 will follow from a flexible fusion
argument for Sacks forcing and the fact that under determinacy assumptions, every function is definable (on
some perfect set) with certain absoluteness properties between countable structures and the real universe.
Continuous functions will satisfy this property, and so the Baire property and the Mycielski property for
= can be used to show every function has such a definition on some perfect set. This definability can also
be achieved by absoluteness phenomena that occur under AD'. Later, it will be shown that the Mycielski
property fails for all the other simple equivalence relations considered; the hope is that such a definability
and absoluteness approach could establish Jénsson type properties without the Mycielski property. In the
following, the fusion argument is essential for the combinatorics of the forcing argument. It is unclear what
the relation is between fusion (or properness), the Mycielski property, and the Jénsson property.

Definition 3.1. A tree p on 2 is a subset of <“2 so that if s € p and t C s, then ¢t € p. p is a perfect tree if
and only if for all s € p, there is a t O s so that t°0,¢"1 € p.

Let S denote the collection of all perfect trees on 2, <g=C, and 1lg = <“2. (S, <g,1g) is Sacks forcing,
denoted by just S.

Let p € S. s € p is a split node if and only if s°0,s"1 € p. s € p is a split of p if and only if s | (|s|] — 1)
is a split node of p. For n € w, s is a n-split of p if and only if s is a C-minimal element of p with exactly
n-many proper initial segments which are split nodes of p.

Let split™(p) denote the set of n-splits of p. Note that |split™(p)| = 2" and split®(p) = {0}.

If p,q €S, define p <¥ ¢ if and only if p <g ¢ and split”(p) = split"(q).

If peSand s € p, then define p, ={t €p:t CsVsCt}.

Let p € S. Let A be defined as follows:
(i) Alp,0) = 0.
(ii) Suppose A(p, s) has been defined for all s € "2. Fix an s € "2 and ¢ € 2. Let ¢t D A(p, s) be the minimal
split node of p extending A(p, s). Let A(p, s™) = t"i.

Let E(p, 8) = PA(p,s)-



For n € w, let S™ denote the n-fold product of S. If p € S, then let p™ € S™ be defined so that for all
i<m,p*(n)=np.

Let n € w and m < n. There is an S"-name zz" which names the m'™ Sacks-generic real coming from
an S™-generic filter.

Fact 3.2. A fusion sequence is a sequence (p, : n € w) in S so that for alln € w, pny1 <§ pn. The fusion

of this sequence is p,, = ﬂnew Pn-
Po 18 a condition in S.

Lemma 3.3. Let f : [*2]=¥ — “2. Let f, = [ | [“2]%. Suppose there is a countable model M of some
sufficiently large fragment of ZF, p € SN M, and a S™-name 7, € M so that p™ IF 7, € “2 and whenever
G" C S" is S"-generic over M with p* € G", T,[G"] = fn(x0[G"], ..., x5 [G"]). Then there exists a
q €S so that f[[[g]=*] # “2.

Proof. For each n € w, let (DT, : m € w) be a sequence of dense open subsets of S" in M so that for all m,
Dy, 1 € Dy, and if D is a dense open subset of S™ in M, then there is some m so that Dy} C D.
Let z € w2\ (v2)M.
A fusion sequence (p, : n € w) with pg = p will be constructed with the following properties:
For all n > 0, m < n, and (09, ...,0m—1) € ™("2) so that o; # o; if i # j:
(1) (E(pn,00)s s E(Pnsom-1)) € D}
(ii) There are some k € w and i € 2 so that z(k) # i and (Z(pn, 00), -+, E(Pns Tm—1)) IFEL 7 (k) = i.
Suppose this fusion sequence (p,, : n € w) could be constructed. Let ¢ be its fusion. Fix m > 0. Suppose
(o, -y &m—-1) € [[q]Z. Let GT .y = {(Po,--;pm-1) € S"NM : (Vi < m)(z; € [p;])}. Note that

(zo,---,
Gl a1y 15 @ S generic filter over M: There is some L so that for all k > L, there are of € *2

with the property that for all i < m, z; € Z(pg,oF) and for all i # j, oF # U;?. Then for all k& > L,
(E(pr, o8), .., E(pr, 0k,_1)) € G (i) asserts that this element belongs to D}". Hence G{}

(20, sTm—1)"
is S™-generic over M.
By (ii), Tm[G

s Tm—1)

] # z. Also

m
($07-<~7xm,—1)
,0 ym—1 —
Tm[G(r;?O,nwﬂCmfﬂ] = fm(nggn [Ggo,m,wmfﬂ}’ It} xgﬂ:n [ ?;07~"5sz1)]) - fm(mOa I xm*l)'

Hence z ¢ fm[[[q]]Z]. Thus f[[[¢]]=*] # “2.

The construction of the fusion sequence remains: Let py = p.

Suppose p,, has been constructed with the above properties. For some J € w, let (5% : k < J) enumerate
all tuples of strings (o0, ...,0m—1) where m <n+1, o; € ""12 and if i # j, 0; # 0.

Next, one construct a sequence 7_1,...,75_1 as follows: Let r_1; = p,. Suppose ri for k < J — 1 has been
constructed. Suppose di+1 = (00, ..., Om—1)-

(Case I) There is some (ug, ..., Um—1) <sm (2(rx,00), ., Z(Tk,0m_1)) and ¢ € (“2)™ so that

(UO, ...,Umfl) “‘é\/{n Tm = c.

Also as D}, is dense open in S™, one may choose (uo, ..., unm—1) satisfying the above and (ug, ..., Um—1) €
Dy ;. Note that since z ¢ M and ¢ € M, there must be some j € w and i € 2 so that c(j) # ¢ and z(j) = i.
Now let 7441 € S be so that for all o € "+12

_ U; (F)0<i<m—1)(o=0;)
E(rg4+1,0) =< _ i .
E(rg,0) otherwise
(Case IT) For all (ug, ..., um—1) <sm (E(Tk;00), -y 2(Tk, Om—1)),

(g, ovoy U —1) F2L 70 & M.
Hence there are (ug, ..., um—1) <sm (2(Tk,00)s s (ks Om—1))s (V05 ooy Vm—1) <sm (E(Tk,00), s E(Tk, Om—1))s
and j € w so that

(UQy ooy U —1) IFEE 7,0 (5) = 0

(UO7 ...,’Umfl) “_g;bn Tm(j) =1
Without loss of generality, suppose that z(j) = 1. Moreover since D), ; is dense open, one may assume that

(40, ey m—1) € D]’ 1. Define rp 41 in the same way as in Case I.
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Finally, let ppy1 = 7j-1. Pn+1 <& pn and condition (i) and (ii) are satisfied. This completes the
construction. O

Fact 3.4. (ZF+DC) Letp € S and n € w. If f, : [[p]]> — “2 is continuous, then there is a countable
elementary M < Vz (for 2 some sufficiently large cardinal) and a name 1, so that M, 7, and p satisfy the
conditions of Lemma[3.5

Proof. If f,, is continuous, then f,, has ¥1 and II} formulas with parameters from “2 defining it. Let M < V=
be a countable elementary substructure containing p and all the parameters used to define f,,. (This requires
DC.) Using Mostowski’s absoluteness, f, (as defined by this formula) continues to define a function in
the forcing extension M[G], where G C S" is S™-generic over M. So there is some S"-name 7,, € M so
that p® IFY 7, = fo (220, ..., 2%~ 1). Suppose G"® C S" is S"-generic over M and contains p”. Then

Loins -3 Lgén
M[G"] & 7,[G"] = ful(z geg[G”] Sxpt[G"]). Let m: M[G™] — N be the Mostowski collapse of M[G™].

Since reals are not moved by the Mostowki collapse map 7, 7(f,) is still defined by the same formula. So

N [ 7(1alG")) = TalG"] = 7(fu(wgn G, s wgan T [G™]) = Fu(@genl G, - g [G™]).

gen

Then applying Mostowski absoluteness, 7,[G"] = fn (250 [G"], ..., g~ [G"]). O

Lgén

Theorem 3.5. (Holshouser-Jackson) Assume ZF + DC and all sets of reals have the Baire property. Then
“2 has the Jonsson property.

Proof. Let f: [“2]=% — “2. Let f, : [R]® — R be defined by f, = f [ [“2]2. Since all sets of reals have
the Baire property, there are comeager subsets C,, C ™(“2) so that f,, [ C,, is continuous. By the theorem
of Mycielski (i.e. = has the Mycielski property), there is a perfect tree p so that [[p]|= C C,, for all n € w.
Hence for all n € w, f, [ [[p]]Z is a continuous function. Then Fact and Lemma imply that “2 has
the Jénsson property. |

Remark 3.6. As a consequence of phrasing this argument using forcing, one needed to introduce countable
elementary substructures. DC is needed in general to obtain useful countable elementary substructures. A
more direct topological argument can be used to avoid DC.

4. w-JONSSON FUNCTION FOR “2

Let ACE be the axiom of countable choice for “2: If £ is a countable set of nonempty subsets of “2, then
& has a choice function.

Note that ZF + AD implies ACE.

Using the axiom of choice, every set has an w-Jénsson function. However, just ZF + ACE implies there is
a Al classical w-Jénsson function for “2. In fact, a slightly stronger statement holds:

Theorem 4.1. (ZF + ACE) There is a Al function ® : 2%(“2) — “2 so that if B C “2 is uncountable,
then ®[2“(B)] = “2.
There is a A} classical w-Jonsson function for 2.

Proof. Let A be a countable subset of “2.

Let aaf‘ be the longest element of <“2 which is an initial segment of every element of A.

If a2 is not defined, then a?:; is not defined for i € 2. If a2 is defined, let a”., be the longest element
of <¥2 which is an initial segment of every element of A N Nga~;, if it exists. Otherwise a?Ai is undefined.
(Note this happens if and only if AN N,_-; is a singleton.)

For A € 22%(+2), let U(A) be the collection of o € <“2 so that a? is defined. W(A) is an infinite tree on
2 with possibly dead nodes and is not perfect. ¥ is a A} function.

Using some recursive coding, let X be the collection of reals coding infinite binary trees (which may have
dead branches). X is an uncountable II set.

Let T € X. Let T = {070,010 : 0 € T}. T € 2 (“2). One seeks to show that ¥(7) = T. To see this,
the following claim is helpful: If o € T, then aUT =ocandif o ¢ T, then af is undefined.

This claim is proved by induction: § € T's00,1°0 € T'. ag = (). Suppose this holds for 0. Suppose c"i € T
Then ¢"i"0°0 and ¢7i"1°0 are both in 7. By induction, az = 0. The longest string which is an initial segment
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of every element of 7' N N, z-; = T N N,-; is ¢”i. This shows af»i = 0. Suppose o"i ¢ T. Either a? is

undefined or af is defined. If af is undefined, then a?.; is undefined. Suppose al is defined. By induction,

al = o. o € T implies that 0°0°0 and ¢"1°0 are both in 7. Since 0" ¢ T, Nyr; N T = Nz, N T = {0"i"0}.

al’, is undefined. This completes the proof of the claim.

This shows ®(T') = T. Hence ¥[2*(“2)] = X. Let ' : X — “2 be a Al bijection. Let ® =T o ¥.

Let B be an uncountable subset of “2. Then there is an uncountable C' C B which has no isolated points.
One way to see this is to note that using a countable basis, the Cantor-Bendixson process must stop at a
countable ordinal. The fixed point starting from B would be an uncountable set with no isolated points.

Fix such a set C. Let £ = {N,NC :0 € <“2AN,NC #0}. £ is a countable set. Using AC, let A be a
choice function for €. Let T be any infinite binary tree on 2.

The following objects will be constructed:

(I) ¢s € C for each s € <¥2.
(IT) A strictly increasing sequence (k; : i € {—1} Uw) of integers.

For each n € w, let A,, = {cs : s € "2}. The objects above will satisfy the following properties:

(i) If s € T, then 2" is defined and has length less than k- If s ¢ T, then Ajg41 0 Nejr,,, = {es}-

(ii) If s € T, then cs; 2 af'SH“i for each i € 2.
(iii) For all m, if n > m, then {z [k, :x € Ap} ={z [ kn :x € A, }.

Let ¢y be any element of C. Let k_; = 0. Let Ag = {c¢y}.

Suppose for m € w, ¢s € C for all s € ™2 and k,,—1 have been defined. Suppose properties (i) to (iii) hold
for t € <2 with |t| < m. Let s € TN™2. Since ¢; € C and C has no isolated points, there is some mg > kp,_1
s0 that N(c, 1. ) (1—c.(m.))NC # 0. Let cgc (m,) = ¢s and let c-(1—c_(m.)) = A Neomo) (1—co(mo)))- s & T,
then let ¢s~; = ¢, for each i € 2. Let k,,, = sup{ms;+1:s€™2NT}.

Since for each s € T N™2, mg > ky—1, (i) to (iii) still hold for ¢ with |t| < m. Let s € T. Using

the induction hypothsis for (ii) on s [ m — 1, one has that ¢; 2 aSA{;;%lAs(m —1). ¢s and ce1 extend

af[";;%_fs(m —1). This shows that a2 ™" is defined. In fact, 2™ = ¢, [ ms. If s ¢ T, (i) is clear from the
construction. Properties (i) to (iii) hold for s € ™2.

Let A = |J,c,, An- Note that A is countably infinite and A € C' C B. From the above properties, if

s € T, then a? is defined and in fact equal to a?‘s‘“. Suppose s ¢ T. Let t C s be maximal with ¢ € T. The
above properties imply that AN Nya-yy) = {¢rs(e)} = {cs}. Hence aﬁs(m) is not defined and hence a? is

S

not defined. Thus T'= WU(A). This shows that ®[F*(B)] = “2. ® is an w-Jénsson function for “2. O

Question 4.2. Under ZF + ﬁACE, can there be a classical w-Jénsson function for “27

The first statement of Theorem may not be true without AC%: Let C, denote the finite support
product of Cohen forcing C. Let G C C,, be C,-generic over L. For each n € w, let ¢, be the n*"-Cohen
generic real naturally added by G. Let A = {¢, : n € w}. Let H = (HOD(A U {A}))*E). H is called
the Cohen-Halpern-Lévy model. In H, A has no countably infinite subsets. Hence the first statement of
Theorem [£.1] cannot hold. However A is not in bijection with 2. This suggest the following natural question:
In H, is there a classical w-Jénsson function for “27

5. THE STRUCTURE OF Ej

Definition 5.1. Ej is the equivalence relation defined on “2 by = Ey y if and only if (In)(Vk > n)(z(k) =
y(k)).
Definition 5.2. Let {s,v} :i € 2An € w} C <¥2 have the property that for all n € w and i € 2, (i) C v},
and [v2] = |vl].

Let o(0) = s. If 0 € <¥2 and |o| > 0, then let ¢(0) = SAvg(O)A...Avl‘z(‘lflfl).

A perfect tree p is an Ep-tree if and only if there is a sequence {s,v : i € 2 An € w} with the above
properties so that p is the C-downward closure of {¢(0) : o € <“2}.

Let Pg, be the collection of all perfect Ey trees. If p,q € Pp,, then p <p, ¢ if and only if p C ¢q. Let
lpy, = <w2. (Pg,, <Pr, l]pEO) is forcing with perfect Ey-trees.
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If p € Pg,, then the notation s? and v:P will be used to denote the strings witnessing p is a perfect
FEp-tree.

Let @ : “2 — [p] be defined by ®(z) = U, c,, ¢(x | n), where ¢ is associated with the Ep-tree p as above.
® is the canonical homeomorphism of “2 onto [p], and ® is a reduction witnessing Ey < al Eo [p]-

Fact 5.3. Suppose B is a X1 set so that E <a: Eo | B. Then there is an Eg-tree p so that [p] C B.
Proof. This is implicit in [6]. See [20] Lemma 2.3.29 and [12] Theorem 10.8.3. O

The weak Mycielski property for Ey considers Eg-products of Al sets Ay, ..., A,_1 so that Ey = Al Ey | A;
and [A;]g, = [4;]E,. Showing the failure of the weak Mycielski property requires finding some structure
shared by all of the sets Ay,...,A,—1. For instance, are there perfect Ey-trees p; so that [p;] C A; and
([pille, = [[Pj]lE,? How similar can p; and p; be chosen to be?

A simpler solution using the o-additivity of the Ejy-ideal, which follows Fact will be given first. A
stronger result giving more information using effective methods will follow.

Fact 5.4. For each n € w, suppose A, C “2 is X1 and there is no Ey-tree p so that [p] C A,. Then there
is no Ey tree p so that [p] C U,,c,, An-

A,. Let ® : “2 — [p] be the canonical injective
1A,
There is some m € w so that ®~1[4,,] is nonmeager. Therefore, there is some continuous injective function
U2 — & '[A,,] which witnesses Ey <a1 Eo | @7'[A,]. ® o ¥ witnesses Ey <a1 Eo | Ap. This implies
there is some Fy-tree ¢ so that [¢] C A,,. Contradiction. O

Proof. Suppose there is some Ep-tree p so that [p] C U, c,,
reduction witnessing Ey <a1 Ep | [p]. For each n € w, ®71[A,] is a =1 set, and “2 = |J

new

Definition 5.5. If z € “2 and n € w, let x>, € “2 be defined by z>,(k) = z(n + k).
If AC¥2 thenlet (A)s>, ={z:(Fz € A)(z =2>,)}.

Definition 5.6. Let s € <“2. Define switch, : ¥2 — “2 by

switchg(z)(n) = {

z(n) otherwise -

Also if o € <2, switch, (o) € 1912 is defined as above just for n < |a|.

Theorem 5.7. Let n € w. For k < n, let Ay C “2 be 1 so that Ey <al Ey | Ag and for allk <n—1,
[AklE, C [Ak+1]lE,- Then there exists Eg-trees py so that [px] € Ar and for all a,b < n, |sP*| = |sP*|, and
vihPa = vbPr for allm € w and i € 2.

Proof. For each ¢ € w, let

EC = {((E(), "'7xn71) € H Ak : (VZ,j < n)((mZ)ZC = (mj)>C)} .
k<n

For each ¢ € w, E. is a X1 set. For k < n, let m, : "(“2) — “2 be the projection map onto the k*"' coordinate.
mo[Ec] is 21 for each ¢ € w. Since [A]g, C [Ait1]Ee Uee,, TolEe] = Ao. By Fact [5.4] there is some m € w
so that my[E,,] contains the body of an Fy-tree go. By choosing an appropriate subtree, one may assume
that [s?] > m. Let sg = s% | m.

Fix k < n — 1. Suppose the Fy-tree gr and s € ™2 have been constructed so that s C s% and
[qx] € 7x[Fm]- Then

[ L switch, fge]] 0 ml[Em]] — llaul]s.
sEM2 Eo
By Fact there is some sy € ™2 so that switch,, . [[qx]] N 741 [Er] contains an Eo-tree. Let gii1 be
such an Fjy-tree. Note that switchs, [gr+1] is an Egp-subtree of .

For i < n, let p; = switchg,[¢,—1]. Note that [p;] C m;[En] C A;. O

The rest of this section will prove a result that implies Theorem [5.7] using an effective definability condition.
The methods from [12] Theorem 10.8.3 will be used to simultaneously produce Ey-trees, which are very similar
to each other, through several sets.
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Definition 5.8. Let z € “2. Let P, be the forcing of nonempty 31(z) sets ordered by inclusion with largest
element P, = “2. P, is z-Gandy-Harrington forcing.

Fact 5.9. There is a z-recursive (in a suitable sense) collection D = {D,, : n € w} of dense open subsets of
P, so that if G C P, is generic for D, then (G # 0.

Proof. See [12] Theorem 2.10.4. O

Fact 5.10. Let z € “2. There is a I11(2) set D C w, X1(2) set P Cw x “2, and [13(2) set Q C w x “2 with
the following properties:

(i) For all e € D, P® = Q°, where if X Cw x “2, then X¢ ={zx €“2: (e,z) € X}.

(ii) If X C“2 is Al(2), then there is some e € D so that X = P = Q°.

Definition 5.11. Let z € “2. Let S, be the union of all A}(z) sets C so that for all z,y € C, =(z Ep y).
Let H, =%2\ S,.

Fact 5.12. Let z € “2. S, is 111 (2). H, is ©1(2). If XN H, # (0 and X is $1(2), then there exists x,y € X
with x # vy and x Ey y. H, is Eg-saturated.

Proof. Let D, P, and @ be the sets from Fact Note that

reS. o [Fe)lec DAz e QNN # 9N g€ PY)==(f Eog)))
S, is 11} (z). Hence H, is ¥1(z).
Let A be the collection of all ¥}(z) subsets of “2 whose elements are pairwise Ep-inequivalent. Let
U Cw x “2 be a universal ¥1(z) set.

fe:U e Ay ={e:(vV/.9)(f,g € U Nf#g)=~(f Eo 9))}

The above is a I13(2) set. So A is a collection of 31 (z) sets which is I1}(2) in the codes. By 1 (z)-reflection
(see [12], Theorem 2.7.1), every £1(z) set X whose elements are Ep-inequivalent has a A}(z) set C' whose
elements are Ey-inequivalent and X C C.

Suppose X is ¥1(z), X N H, # 0, and the elements of X are pairwise Ep-inequivalent. By the previous
paragraph, there is some Al(z) set C' which also Ep-inequivalent and X C C. Then X C S,. Contradiction.

Suppose x € H,, y ¢ H,, and x Ey y. Let n € w be so that £>, = y>,. y € S, implies that there is some
Al(z) Ep-inequivalent set X so that y € X. switch,,[X] is a A}(z) Ep-inequivalent set containing z. This
contradicts x € H,. This shows H, is Fy-saturated. O

Lemma 5.13. Let z € “2 and n,{ € w. Suppose (B; : i < n) is a collection of nonempty X1(z) sets.
Suppose for all i,j < n, (B;)>¢ = (Bj)>¢. Let D C P, be a dense open subset of the forcing P.. Then
there is a collection (B; : i < n) of nonempty ¥1(2) sets so that for all i,j < n, B; € D, B; C B;, and

(Bi)>e = (Bj)>e-

Proof. For k < n, $1(2) sets {BF: -1 <k <nA0<i<n} will be constructed with the properties that
(i) For all i < n, B! € D.
(i) If-1<k<n-—1land 0<i<n, thean+1 QBf.
(iii) For all =1 <k <nand 0 <i,j <n, (BF)s, = (B;?)Zg.

Note that this implies that if & > 4, then BF € D.

Let B; ' = B;. (iii) is satisfied.

Suppose for —1 < k<n—1and 0 <i <mn, Bf has been constructed with the desired properties. Since
D is dense open, there is some nonempty ¥1(z) set, denoted B’,j_ti, so that Blkcjrr% - B,’;_H and B’,j_ﬁ e D.
For 0 <i<mn,let BF"' ={zx e BF: (32)(z € B,lf_ti A Z>¢ = z>¢)}. All the conditions are satisfied.

Finally, let B; = B?_l.

O
Theorem 5.14. Let z € “2 and n € w. Let (A, : a < n) be a collection of £1(z) sets so that (,_,,[Aa N
H.g, # 0. Then there are Eg-trees (pg : a € n) so that for all a,b <n, k € w and i < 2,
(i) |sPe| = |sP| and vjPe = P
(i1) [pa] € Aa.
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Proof. The following objects will be constructed: For each a < n, k € w, ¢ € 2, and t € <2,

(a) w, s, vi € <w2

(b) £y € w and for all k € w, £ < my < lgyq

(c) £1(2) nonempty sets X

with the following properties

(i) For all a < n and ¢t € <“2, |w§| = ;. For all a < n and k € w, |s°| = [s’| and |[v)| = |v}|. For
all k € wand i € 2, (i) CovF. Forall a < nand t € <w2, if [t| = 1, then s* C w{ and if t > 1, then
s“Avf)(O)A...Avflf("ﬂz_m C wi.

(i) Ifa€n, t € <2, ue <2 and t Cu, then X2 C X, X¢ C Nye, and X§ C A, N H,.

(iii) Let D = (D,, : n € w) be the collection of dense open subset of P, from Fact For all t € <¥2,
Xta S D|t|

(iv) For all k < w, € < lx1q. For all k < w, t,u € ¥2, and a,b € n, (X) s, = (X2)>0, -

Suppose objects with these properties can be constructed. For a < n, let p® be the FEyp-tree given by
sPa = 5% and v,@’p“ = v,i. Let ®* : “2 — [p,] be the canonical map associated with the Ey-tree p,. For
each x € “2, let G be the P.-filter generated by the upward closure of {X¢, : k € w}. G§ N Dy # 0 since
Xow € Di. Gf is a filter generic for D. By Fact NG # (. By (i) and (ii), G% = {®*(x)}. Thus
¢ (x) € Xj € A, N H,. Therefore, [p,] C A,.

Next, the construction will be described. Since (,_,,[Aa N H.]g, # 0, let (24 : @ < n) be elements of “2
so that for all a,b < n, x4 € A,NH, and x4, Ey 2. Choose ¢y € w so that for all a,b < n, (x4)>e, = (Tp)>0,-
Let wf = x4 [ Lo. Let Z = {r € “2: (3yo, -, Yn-1)(Nagen Yo € Aa N H. Nw§™r = ya)}. Z is a nonempty
Yi(2) set. Let B, = {x € Ay NH,: (3r)(r e ZAx 2 wj Axsy, =r)}. For each a < n, B, is a nonempty
$1(2) set. Note that for all a,b < n, (Ba)>s, = (Bp)>r,- Applying Lemma find sets (X§ : a € w) so
that Xj C B, and X§ € Dy.

Suppose X{ has been constructed for a < n and ¢t € *2. ng. C H, is nonempty and ¥}(z). By Fact
there are x,y € ng so that ¢ # y and « Ey y. By (i) and (ii), « [ €y = y | €x. Therefore, there is
some (11 > £ so that x>¢, ., = y>s,,,. Let my be smallest m so that £, < m < £341 and x(m) # y(m).
Without loss of generality, suppose that z(mg) = 0 and y(my) = 1. For i € 2, let wgm) = [ lr41 and
wSM =9y [ lgt1. For a € nand t € <92, let wi, = switchwgwgkw

If k=0, then let s* = wig, [ mo. If k> 0, then let Ly = |s9] + D 0<j<k-1 |v?|. Let vy, be the string of
length my, — Ly, defined by v}, (j) = wp-,(Lk + j).

Let Z={z€%2: (3z,y)(z,y € XOn Nwor-o CTAwgrry CYA2Z =254, =Y>4,,,)}- Z is a nonempty
Y1(2). Fort € ¥*12 and a < n, let Bf = {z € Xy, : (32)(2 € Z Az = wi'z)}. B is a nonempty ¥1(z)
set and (Bf)>¢,., = (BY)>4,,, for all a,b € n and t,u € **'2. Apply Lemma to get X2 C B¢ so that
X € Diy1 and (X{)>4,,, = (X2)>0,,,. This completes the construction. O

6. “2/Ey HAS THE 2-JONSSON PROPERTY

Theorem 6.1. (Holshouser-Jackson) Eqy has the 2-Mycielski property.

This can be proved by producing an Ey-tree p using an Ey-tree fusion argument to ensure that [[p]]%o

meets a fixed countable sequence of dense (topologically) open subsets of 2(“2). The fusion argument is
quite similar to the fusion argument used in the forcing style proof of the 2-Jénsson property for “2/Fq in
this section.

By Theorem if (A, : @ < n) is a sequence of X1 sets so that [A,]p, = [Ap]g, for all a,b < n, then
there is a sequence of Ey-trees (p, : a € n) so that for all a,b < n and i < 2, |[sP+| = [sP*| and v} = vP*.
This motivates the definition of the following forcings:

Definition 6.2. Let n > 0, let @%Q be the collection of n-tuples of Eg-trees (po, ..., pn—1) so that for all

a,b<nandi <2, [sPe| = [sP| and v]* = v}". Let <g, be coordinatewise <p, . Let Iz, = (Ipg ;- lpy,)-
Eg Eo
(P&, <gn »1p, ) is forcing with n Ep-trees with the same Ep-saturation.
Eo Eo

Let xgen and xéen be the @%O names for the left and right generic real added by a generic filter for ]IADQEO
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Definition 6.3. If p,q € Pg,, then let p <p_ . 4 be defined in the same way as p <g ¢, when p and ¢ are

considered as conditions in Sacks forcing S.
Let S%ﬁ% be the coordinate-wise ordering using SEEO

A sequence (p, : n € w) of conditions of Pg, is a fusion sequence if and only if p,41 S{PEEO pp, for all
n € w. Similarly, a sequence {(pn,qn) : n € w) of conditions in I@%O is a fusion sequence if and only if

(Prt1, Gnt1) =" (P, qn) for all n € w.

Suppose p € ]P’EO. Let n € w with n > 0. Let u,v € "2 with u(n — 1) # v(n — 1). Suppose (p/,q’) € @%0
with the property that p’ <p, Z(p,u) and ¢’ <p, E(p,v). Let A = {s € "2:5(n —1) = u(n — 1)} and

B={se™:s5(n—1)=wv(n—1)}. Then define pruneEp’vq))( ) € Pg, by
prunegz,’g)) U switch =e.) ( U switch =0 (¢)
teA teB

Suppose (p, q) € I@%O Let n € w, n >0, and u,v € "2 so that u(n — 1) # v(n —1). Let (p',¢) <g. (p,q)
Eo
so that p’ <p, Z(p,u) and ¢’ <p, Z(q,v). Define 2prune( Y (p7 q) by

(r",q')
2prune(u’v) (p,q) = (prune(u v (p), prune!™) (q))
(0'a" )M (v switch.p (¢) \P (switch.a (p'),q")

Perhaps more concretely: Let A= {s € ™2:s(n—1) =u(n— 1)} and B={s€"2: s(n —1)=v(n—-1)}

2pruneEZ,’7vq),)(p7 ( U switch ;=(.0) ( U switch =(p.) ( U switch ;=(q.0) ( U switch ;=(q.0) (g ))

teA teB teA teB
Fact 6.4. Suppose (p,q), (',q'), n, u, and v are as in Definition . Then 2prunegz,’j)q)/)(p, q) € ]IA’%O and if

2pruneEZ,’vq)/)(p7 q) = (z,y), then s* = sP and s¥ = s1.

(u,v) <n

If lu| = n, then 2prune; ;"\ (p, q) < =1 (p. q)-

If (pn : m € W) is a fusion sequence of conditions in P, , then p, = (), c, Pn 5 a condition in Pg, and is
called the fusion of the fusion sequence.
Similarly, if {(pn,qn) : 1 € w) is a fusion sequence of conditions in P2E07 then (Puw, 4w) = (Npew Prs Npew @)

is a condition in ]IAD2EO and is called the fusion of the fusion sequence.

Fact 6.5. ([13] Proposition 7.6) ]IAD%O is a proper forcing. In fact, for any countable model M and (p,q) €
(@% YM | there is a (p',q') < <pz, (p, q) which is a (M, @QEO)—master condition and [p'] X g, [¢'] consists of pairs
of reals which are IP’EO -generzc over M.

-

Eo

Moreover, if T is a ]IAD%O -name in M such that (p,q) T € Y2, then one can even find (p',q’) with the

above properties and so that either }

(i) there is some z € “2 N M with z Eg 0 so that (p',q') g, 7 =2
or Fo

(i) (. 4') gy, ~(7 Fo 0).

Proof. Let (D,, : n € w) be a decreasing sequence of dense open subsets of @2&) in M with the property that
if D is a dense open subset of @ZEO in M, then there is some k € w so that Dy C D.

There are two cases: (Note that 0 can be replaced by any real in M in the following argument and hence
as well in the statement of the fact.)
(Case I) There is some (p',¢') <z (p,q) so that (p',q") Il—# 7 Ey 0. Then there is some z € (“2)™ and
Eo Eo

(p”,q") so that (p”,q") II—M T = %. Since Dy is dense open in @%O, one may assume (p”,q¢") € Dy. Let
Eq
(po,q0) = (", 4"). )
(Case II) (p,q) H—%g =(7 Eo 0). Let (p/,q’) be any condition below (p,q) so that (p',q') € Dy. Let
E

0
(Posq0) = (', 4')-
14



In either case, a fusion sequence ((pn,qn) : 7 € w) of conditions in (@%O)M will be constructed with the
following property:

(i) For all n € w, (u,v) € "2 x ™2 so that u(n — 1) £ v(n — 1), (E(pn,u), Z(qn,v)) € Dy,.

Suppose this can be done to produce a fusion sequence {(p,,qn) : n € w). Let (p’,¢") be the fusion of this
fusion sequence. First, it will be shown that (i) implies that (p',¢’) is a (M, P%, )-master condition with the
property that [p'] x g, [¢] consists entirely of pairs of reals which are @QEO—generic over M.

Let D be a dense open subset of ]IAD%O with D € M. By the choice of (D,, : n € w), there is some
k € wso that D C D. Let G C @%O be @%O—generic over M containing (p’,¢'). Let K = |A(py,0%)].
Let Ef be the collection of (p,q) € P%, so that |s?| > K and there is some j with K < j < [sP| so that
sP(7) # s%(j). Ex is dense open. Since G is generic, G N Ex # 0. As G is generic and (p/,q¢') € G, one
may assume that there is some (p”,q"”) <z (p',¢') with (p”,¢"”) € G N Ey. So there is some J > k and

Eq
u,v € 72 with u(J — 1) # v(J — 1) so that (p”,¢") <g. (E(P',u),E(¢,v)) <= (E(ps,u),Z(gs,v)). Since
Eg Eo
(»",q") € G and G is a filter, (E(ps,u), E(qs,v)) € G. However (E(py,u),Z(qs,v)) € Dy C Dy, by (i). Note
that (E(ps,u),Z(qs,v)) € M. Since G was an arbitrary generic containing (p’,¢’), it has been shown that
', q) Il-%,%0 GNMND#0. (¢,q)isa (M, P%O)—master condition. ]P%O is proper.

Now suppose (a,b) € [p'] xg, [¢']. Let Gy = {(p,q) € @QEO NM : (a,b) € [p] X [¢]}. Let D be a dense
open set. There is some k so that Dy, C D. Since —(a Ey b), there is some j > k and some u,v € 72 with
uw(j —1) # v(j — 1) so that A(p’,u) C a and A(q’,v) C b. Then (a,b) € [Z(p;,u)] Xg, [E(g;,v)]. Therefore
(E(pj,u), 2(q5,v)) € Gap)y N D € Gapy N D. Gap) is @%O—generic over M. (a,b) is a @%O—generic pair of
reals over M.

It is clear using the forcing theorems that if Case I holds, then statement (i) of the fact holds and if Case
IT holds, then statement (ii) of the fact holds.

Now it remains to construct the fusion sequence:

(po, qo) is already given depending on the case. The rest of the construction is the same for both cases.

Suppose (pn,gn) have been constructed with the desired properties. For some J € w, let (ug,vp), ...,
(ug—1,v7-1) enumerate all (u,v) € "2 x "2 with u(n — 1) # v(n —1).

A sequence of conditions in @%ﬂ, (x_1,Y—1), -, (xg—1,ys-1) will be constructed:

Let (z-1,¥-1) = (Pn, n)-

Suppose (zg, yx) has been constructed for k < J — 1.

Since D41 is dense open, find some (p',¢") <z (E(zk,ur),E(yr,vr)) so that (p',q") € Dny1. Let
Eg

(Th+1, Y1) = 2Prunegzlli$'§)($k7yk)~ O

Lemma 6.6. Let f : [WQ]QEO — “2. Suppose there is a countable model M of some sufficiently large fragment
of ZF, (p,q) € @%O NM, and 7 € MWEO so that (p,q) II—%E0 T € “2 and whenever G C @QEO 18 @QEO—
generic over M with (p,q) € G, then T[G] = f(a:gen [G],xéen[G]). Then there is a (p',q") S@%O (p,q) so that
('] %5 [q' ]2 # <2

Proof. Let (p/,q') € @%ﬂ be given by Fact Then exactly one of the two happens:

(i) For all G C @2150 which are generic over M, M[G] = 7[G] Ey 0. By absoluteness, 7[G] Eq 0.

(ii) For all G C @QEO which are generic over M, M[G] = —(7[G] E, 0). By absoluteness, —~(7[G] Ey 0).

Let (a,b) € [p'] xg, [¢']. By Fact there is some @QEO—generic filter G4y so that 3.,[G )] = a and
xéen[G(a,b)] =b. ~

If (i) holds, then f(a,b) = f(23en[G(a,0))s Tgen|Gap)]) = TG (a,p)] which is Eq related to 0. So [f[[p'] x g,
[q/H]Eo = [G]Eo #“2. B 5
[ ’]?]f (ii) holds, then f(a,b) = f(2gen[G (a,0)]s Tgen (G (ap)]) = T[G(apy)s But =(7[Ga5)] Eo 0). So 0 ¢ [f[[p'] XEDO
q ]l|Eo-

Theorem 6.7. (Holshouser-Jackson) (ZF + DC + AD) “2/Ey has the 2-Jénsson property.
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Proof. Let F : [“2/Ey]2 — “2/Ey. Define the relation R C “2 x “2 x “2 by

R(x,y,2) < z € F[z]g,, [y]g,)
AD can prove comeager uniformization (Fact [2.22): There is a comeager set C' C [“’2]2E0 and a continuous
function f : C — “2 which uniformizes R on C. Since Ey has the 2-Mycielski property, let p be an Ey-tree
so that [[p]]E, € C. So f | [[p]]%, is a continuous function. By a similar argument as in Fact one

can find a name 7 satisfying Lemma using the condition (p,p) € @QEO Then Lemma gives some

', q) <pz (p,p) so that [f[[p'] &, [¢']]]E, is either [0]g, or does not contain 0. Since (p/,q') € ]IA"%O, 1

0
and [q'] have the same Ep-saturation. Let A = [[p']|g, = [[¢']] 5, Note that Ey =a1 Eo [ A. Let B = A/Ej.

There is a bijection between B and “2/Ey. Moreover, F[[B])2] is either the singleton {[0]x,} or is missing
the element [0]g,. In either case, F[[B]Z] # “2/Ej. O

7. PARTITION PROPERTIES OF “2/E, IN DIMENSION 2

Definition 7.1. Let X and Y be sets. Let n € w. Denote X — (X)} to mean that for any function
f:P2"(X) =Y, there is some Z C X with Z ~ X and |f[2"(Z)]| = 1.

Denote X +— (X)} to mean that for any function f : [X]|2 — Y, there is some Z C X with Z ~ X and
[fl[Z12]] =1.
Fact 7.2. (Galvin) Assuming ZF and all sets of reals have the Baire property, “2 — (“2)2 for all n € w.

Note that “2 +— (“2)3 is not true: If z,y € “2 and = # y, then define d(z,y) = min{n : z(n) # y(n)}.
Define f : [“2]2 — 2 by f(z,y) = z(d(z,y)). Note that f(z,y) # f(y,z). It is impossible to find a
homogeneous set for this coloring of [“2]2..

However, under AD, “2/FEq +— (“2/Ey)? does hold:

Lemma 7.3. Letn > 1. Let F': [“’Q]QE0 — n be a function. Suppose there is a countable model M of some
sufficiently large fragment of ZF, (p,q) € @QEO NM, and T is a @%D-name in M so that (p,q) II—%QI TEN
E,

0

and whenever G C @%30 is ]IAD%EO -generic over M with (p,q) € G, 7[G] = F(2.,[G], ©3en[G]). Then there is a
(v’ q') <ps,(p,q) s0 that |F[[p'] ¥, [¢]]] = 1.

Proof. Since (p, q) II—%‘; T € N, there is some (r,5) <z, (p,q) and some k € n so that (r,s) II—%‘Z[ =k
E E

0 Eo

0
Using Fact let (p',¢') <g» (r,s) be a (M,P% )-master condition so that [p'] x g, [¢'] consists of pairs of
Eo
reals which are ]P’zEO—generic over M. Using the forcing theorem and the assumptions, (p’,¢") works. (]

Theorem 7.4. (ZF +DC + AD) “2/Eq +— (¥2/Ep)? for alln € w.
Proof. Let f:[*2/FEy)% — n. Define a relation R C “2 x “2 x n by

R(z,y, k) & k= f([m]Eov [y]Eo)'
AD can prove comeager uniformization (Fact so there is some comeager C' C [“’Z]QEO and a continuous
function F' : C' — n which uniformizes R on C'. Since Ey has the 2-Mycielski property, let p be an Ey-tree
so that [[p]]}, € C. F | [[p]], is a continuous function. As before, one can find a @QEO—name 7 satisfying
Lemma using the the condition (p,p). Then using Lemma there is a (7, s) §@%EO (p,p) so that

|F[[r] X g, [s]]| = 1. Let k be the unique element in this set.

Let A = [r]lg, = [S|g,- 4/Eo =~ “2/Ey. Suppose z,y € A/Ey and = # y. There is some a,b € A with
a €lr],bels],a €x anddb€y. Flab) = k. Therefore, R(a,b,k). By definition, f(z,y) = k. So
[FI[AZ]] = 1. 0

Remark 7.5. Before, it was mentioned that “2 ~ (“2)3 is not true. Using the notation from the above proof:
Observe that the function F produced in the above proof is Fgp-invariant in the sense that if x Ey 2’ and
y Eo ¢ then F(x,y) = F(2/,y"). Also since (r,s) € @%0, if a € A, then there is some a’ € [r] and a” € [s]
with a Ey a' Ey a”. These two facts are essential in proving “2/Eq — (“2/Ep)2.
Later it will be shown that the partition relation for ¥2/FEy will fail in higher dimension. The counterex-
ample is closely connected to the failure of the 3-Jénsson property.
16



8. Ey DoEs NoT HAVE THE 3-MYCIELSKI PROPERTY

An earlier section mentioned that Holshouser and Jackson proved FEy has the 2-Mycielski property and
“2/Eq has the 2-J6nsson property. The next few sections will show that dimension 2 is the best possible for
these combinatorial properties. This section will show the failure of the 3-Mycielski property and the weak
3-Mycielski property for Ejy.

Theorem 8.1. Let D C 3(“2) be defined by

D ={(z,y,2) € *(“2) : Gn)(a(n) # y(n) Az(n) # z(n) Ay(n +1) # z(n +1))}.
D is dense open in 3(+2).
If p is an Eg-tree with associated objects {s,vl :i € 2 An € w}, ¢, and ® as in Deﬁm’tion then

(®(010), ®(110), ®(1)) ¢ D.
FEy does not have the 3-Mycielski property.

Proof. Suppose (x,y,z) € D. Then there is an n € w so that x(n) # y(n), x(n) # z(n), and y(n + 1) #
z(n+1). Leto=a | (n+2), 7=y (n+2),and p=2] (n+2). Then N, ., C D. D is open.

Suppose o,7,p € <¥2 and |o| = || = |p| = k. Let o/ = ¢°00, 7/ = 7710, and p’ = p"11. Then
Nyt vt o0 € Norp and Ngr 7 o € D. D is dense open.

Let L_y = |s|. Forn € w, let L,, = |s|+ >, -, [v}|. Note that if z(n) = y(n), then for all L,,_; < k < L,
®(z)(k) = ®(y)(k). If 2(n) # y(n), then ®(z)(L,_1) # ®(y)(Ln_1), and there may be other L,,_1 < k < L,
so that ®(x)(k) # ®(y)(k).

Suppose ®(010)(n) # ®(110)(n) and (010)(n ) # d(1)(n ) Then there exists some k so that Lzg_1 <
n < Lsg. If n # Lay — 1, then n+ 1 < Lgy. Since 110(3k) =1 = ~(?)k) (110)(n+ 1) = ®(1)(n+1). Hence
if n # L3k — 1, then n cannot be used to witness that (& (101) (110) ®(1)) € D. Suppose n = Lz — 1.
Since 110(3k 4+ 1) = 1 = 1(3k + 1), one has that ®(110)(n + 1) = @(110)(L3k O(1)(Lar) = (1) (n +1).
If n = L3y, — 1, then n does not witness membership in D. Hence (® (010) ®(110), ®(1)) ¢ D.

Since =(010 Ey 110), (010 Ey 1), and ~(110 By 1), (9(010), ®(110), (1)) € [[p]]%,. Hence [[p]]%, € D.

Suppose B is Al so that Ey | B =a! Ep. By Fact there is some Fjy-tree p so that [p] C B. By the
above, [B]}, Z D. Ey does not have the 3-Mycielski property. O

The 3-Mycielski property asks for a single A} set A with Ey < a! Eo [ A so that (A}, = Axp, Axpg, A
is contained inside a comeager set. If one is interested in combinatorial properties of the quotient “2/Ey,
such as the Jénsson property, then one is only concerned with three sets A, B, and C' with the same Ejy-
saturation. With this consideration, the 3-Mycielski property seems unnecessarily restrictive. The weak
3-Mycielski property was defined to remove this demand.

One other curiosity of the 3-Mycielski property is that Theorem allows a (topologically) dense open
subset of 3(“2) to be a counterexample to the 3-Mycielski property. Let D C 3(“2) be any dense open
set. There are three strings o, 7, and v of the same length so that N, .. C D. Let p,q,r be any three
perfect Ep-trees so that s = o, s9 = 7, s" = v, and for all n € w and i € 2, vi? = v59 = v5". Then
[p] X &, [q] XE, [r] € D. Also [[pl]g, = [[d]]E, = [[r]]E,- So no dense open set can be a counterexample to the
weak 3-Mycielski property.

Using the more informative structure theorem for Ey proved above and the argument in Theorem a
comeager subset of 3(+2) is used to show Ej does not have the weak 3-Mycielski property.

Theorem 8.2. For each k € w, let
Dy, = {(2,y,2) € *(*2): Bn > k)(z(n) # y(n) Az(n) # z(n) Ay(n+1) # z(n + 1)) }.

Each Dy, is dense open.

Let C = \,e Dn- C is comeager.

For any Al sets Ay, A1, and Ay such that
(1) Eo <ar Eo [ Ao, Eo <a1 Eo [ A1, Eo <a1 Eo [ A2
(1) [Ao]g, = [A1]E, = [A2]E,

AO X By Al X Eo A2 SZ C.

C does not have the weak 3-Mycielski property.
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Proof. Let Ag, A1, Ay be any three Al sets so that Ej <Al Ey | A; and have the same Ey-saturation. By
Theorem there are Fy-trees, p, ¢, and r so that

(i) |s?] =[5 = |s"| = k

(ii) viP = v%4 = vh" for alln € w and i € 2

(iil) [p] C Ao, [¢] C A1, and [r] C As.

Note that the only differences among the three Ey-trees occurs in the stems. Hence by the same argument
as in Theorem [p] X g, [g] X B, [1] € Di. Hence Ag X g, A1 xXg, A2 € Dy. So Ay Xg, A1 Xg, A2 £ C. O

9. SURJECTIVITY AND CONTINUITY ASPECTS OF Ej

From Holshouser and Jackson’s proof of the Jénsson property for “2; the Mycielski property was used
primarily to show an arbitrary function f on ™(“2) could be continuous on [[p]]® for some perfect tree p.
Using the continuity of f [ [[p]]Z, they show that there is some perfect subtree ¢ C p so that f[[[q]]Z] # “2.

As the previous section shows that Fy does not have the 3-Mycielski property, it is natural to ask if by
some other means it is possible to find for any f: 3(“2) — “2, some A} set A so that Ej <a:! Eo [ A and
[ 1 [A]%, is continuous. Also if the function f | [A]3, is continuous, is it possible to find some A} B C A
with Ey <a1 Eo | B so that f[[B]};,] does not meet all Ey equivalence classes? This section will provide an
example to show both of these properties can fail. This example will also be modified in the next section to
show the failure of the 3-Jénsson property for Ey.

Fact 9.1. Let A= {z € “3: (Vn)(x(n) # x(n+1))}. There is a continuous function P : [“2]3, — A so that
for any Eo-tree p, P[[[p]]},] = A. Moreover, if p, q, and 1 are Eq-trees so that |sP| = |s?| = |s"| and for all
1€2andn €w, vpP = vl =l then P[[[p]] X&, [[¢]] XE, [[r]]] meets all Ey-classes of A, where the latter
Ey is defined on “3.

Proof. Let (x,y,2) € [“2]},. Let Lo be the largest N € w so that 2 | N =y [ N = z | N. Define

0 z(Lo) =y(Lo)
ap =141 x(Lo) = z(Lo) -
2 y(Lo) = 2(Lo)
Suppose L, and a, have been defined. Let L, 11 be the smallest N > L,, so that 2(N) # y(N) if a,, = 0,
2(N) # z(N) if a, =1, and y(N) # 2(N) if a,, = 2. Define
0 2(Lnt1) = y(Lnt1)
ant1 =91 @(Lpt1) = 2(Lpt) -
2 Y(Lnt1) = 2(Lnt1)
Define P(z,y,z) € A by P(z,y,2)(n) = an. P is continuous.
Now let p be an Ej tree. Let s and v}, for n € w and i € 2, be associated with the Eyp-tree p. Let

® : “2 — [p] be the canonical homeomorphism.
Let v € A. Let

0,1)  o(i)

(@i, b;) =< (1,0) v(4)

(1L,1) o)

Let a,b € “2 be defined by a(n) = a, and b(n) = b,. Then (®(0), ®(a), ®(b)) € [[p]]%, and P((2(0), ®(a), ®(b)))
= v. Hence P[[[p]]};,] = A. The second statement is proved similarly after noting the three Eo-trees are the
same after their stems. O

0
1.
2

Theorem 9.2. There is a continuous Q : [*2]%, — “2 so that for any Eo-tree p, Q[[[p]]},] = “2.

Proof. Let tg = 00, t; = 01, and to = 10.
Let Q" :“3 — “2 be defined by Q'(z) = t4(0) tz1) ... Q" is a continuous injection.
Q'[A] is a perfect subset of “2. Q'[A] = [T] for some perfect tree T'. Let Q" : Q'[A] — “2 be the continuous
bijection naturally induced by 7T
Let Q = Q" o Q' o P. Q has the desired property. O
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Corollary 9.3. There is a A} function K : 3(“2) — “2 so that on any X1 set A so that Ey <a! Eo [ A,
K[[A]?]Eo] = “2. Moreover, for any 1 sets Ay, Ay, and Ay so that for all i < 3, Ey <a! Ep | A; and

E w
[Aolm, = [Arle, = [A2]m,, K125 Aille, = 2.
Fact 9.4. There is a Ay function P':3(“2) — A so that for all Eo-tree p, P’ | [[p]]%, is not continuous.
Proof. Let P be the function from Fact Define P’ by

01 (z,,2) & [“2]%,
Pl(z,y,2) = ﬂx,y,z) (VK)(3n > k)(P(z,y,2)(n) = 2) .
01 (Fk)(Vn > k)(P(z,y,2)(n) < 2)

Suppose P’ is continuous on some [[p]]3, . Let s € <2 be so that for all n < |s| — 1, s(n) # s(n+ 1) and
there exists some n < |s| so that s(n) = 2. By continuity7 (P7LNg N [[p]]?f% is open in [[p]]}, . There is
some u, v, w € <¥2 so that |u| = |v] = |w| and Ny (u),p(v),p(w) N [[p]]%0 C (P NN [lp HEO

Let # = u'0, y = v"01, and z = w"10. Then (<I>( ) ®(y), ®(2)) € (P')~[Ns] N [[p]]%, . However, there is a

k so that for all n > k, P(®(z), ®(y), P(2))(n) < 2. Therefore, P'(P(x), P(y), P(2)) = 01 However, 01 ¢ N,
since there is some n so that s(n) = 2. O

Theorem 9.5. There is a A} function K : 3(“2) — “2 so that for all 1 sets A so that Ey <a: Eo [ 4,
K | [A]}, is not continuous.

Proof. Let Q' be the function from the proof of Theorem Let P’ be the function from Fact
K = Q' o P’ works. O

As a consequence, one has another proof of the failure of the 3-Mycielski property for Ej.
Corollary 9.6. Ey does not have the 3-Mycielski property.

Proof. Let C' C 3(“2) be any comeager set so that K | C is a continuous function, where K is from Fact
Then C' witnesses the failure of the 3-Mycielski property for Ejy. |

10. “2/Ey DoEs NOT HAVE THE 3-JONSSON PROPERTY

Definition 10.1. For n € w, let E; be the equivalence relation defined on “n by x E7;, vy if and only if
(Fr)(3s)(Va)(z(r + a) = y(s + a)).

Fact 10.2. The function P : [*2]2 — A from Fact is Eo to E2, invariant, which means for all
(z,y,2),(2',y,2) € [“’2]%0 such that x Ey ', y Eo ¢, and 2z Ey 2, P(z,y,2) EX, P(2',y, 7).

Proof. Using the notation from Fact [9.1] u, let (L : k € w) and (ay : k € w) be the L and a sequences for
(,y,2) and let (Ji : k € w) and (b;C k € w) be the L and a sequences for (2,4, 2").

Let M € w be so that x>y = x>M, Y>M = y>M, and z>y = Z>M Let r € w be largest so that L, < M,
and let s € w be largest so that J, < M.

(Case I) Suppose L,11 = Jgt1. Then a,1 = bsy1. Since for all n > 1, Lyqp, Jspn > M, Lypgy = Jsqn
and ay4pn = bsyy. Hence P(x,y,2) E2, P(2',y', 7).

(Case II) Suppose a, = bs. Then one must have for all n € w, Lyyp = Jsipn and @iy = bsyn. Hence
P(x,y, ) Etaﬂ P(x/7ylazl)'

(Case III) Suppose a, # bs and L,y; # Jsy1. Without loss of generality, L,+1 < Jst1, a = 0, and
bs = 2. This implies that for all M < k < L,y1, z(k) = 2/'(k) = y(k) = ¢/'(k) = z(k) = Z/(k). However,
2(Lry1) # y(Lry1) and y(Lry1) = ¥/ (Lry1) = 2/ (Lrg1) = 2(Lrq1) because Lp1 < Jsq1. Hence a,yq = 2.
For any k so that L,41 < k < Jgy1, y(k) = ¢'(k) = z(k) = 2/(k). However, y'(Js+1) # 2'(Js41) hence

Y(Jsi1) # 2(Js41) and Jgqq is the smallest N > L, ;1 for which this happens. Hence LT+2 = Jg11. Also

arq2 = bsy1. Hence for all n € w, a(r42)y4n = b(s41)4n- This implies P(z,y, 2) E3 ., Py, 7). a
Fact 10.3. EZ; <a1 E}; | A. Hence Ey =a1 B}y [ A
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Proof. Let ® : “2 — A be defined by ®(z) = x @ 2, where

_Jx(k) n =2k
(@@ y)n) = {y(k) n=2k+1

Suppose z E2 . y. Then there are some a,b € w so that for all n, z(a +n) = y(b+n). For all n € w,
D(x)(2a +n) = D(y)(2b + n).

Suppose —(xz E2; y). Let a,b € w. Suppose a is even and b is odd. Then ®(z)(a + 0) € 2 but
®(y)(b+ 0) = 2. The same argument works if a is odd and b is even. Suppose a and b are both even.
Let a = 2a’ and b = 2. Since —(z EZ; y), there is some k so that z(a’ + k) # y(V' + k). Then
O(x)(a + 2k) = (' + k) # y' + k) = ®(y)(b+ 2k). Suppose a and b are both odd. a = 2d’ +1
and b = 2b' + 1. Since —(z E2; y), there is some k so that xz((a’ + 1) + k) # y((b' + 1) + k). Hence
O(z)(a+ (1+2k)) # ®(y)(b+ (1 + 2k)). This shows —(®(z) E2; ®(y)).

Since B2, =a1 Eo and EJ ;) [ A <a1 B}y =a1 Eo, one has By =a1 EX; [ A. O

ail
Theorem 10.4. (ZF + AD) “2/Ey does not have the 3-Jénsson property.

Proof. Let P be the function from Fact Let P: [*2/Eo)2 — A/E3 be defined by P(a,b,c) = d if and
only if
(Vo y,2)((r €anNy €bAz €)= Plx,y,z) € d).

By Fact P is a well defined function. Since Ej =A! E2. I Aby Fact let U: A/E2 ., — “2/E, be
a bijection (given by Fact .

Let F': [*2/Eg]2 — “2/Eq be defined by U o P.

Let X C “2/Ey be such that there is a bijection B : “2/Ey — X. By Fact AD implies B has
a lift B : D — |JX, where D C “2 is some comeager set. Since B was a bijection, B’ is a reduction
of Eg | D to Ey | |JX. Using AD, there is a comeager set C C D so that B’ [ C : C — (JX is a
continuous reduction of Ey [ C to Ey [ |JX. There is a continuous function witnessing Ey < ar Eo | C. By
composition, there is a continuous reduction witnessing Fy < Al Ey | B'[C]. There is an Ey-tree p so that
[p] € B'[C] € UX. By Fact (9.1, P[[[p]]%; ] = A. This implies that P[[X]2] = A/E} . Since U is a bijection,
U[P[[X]2]] = F[[X)2] = “2/Ey. F witnesses “2/FE, does not have the 3-Jénsson property. O

As mentioned earlier, since this paper is often concerned with sets without well-orderings, the Jénsson
property is defined using sets of tuples [A]™. The usual definition of the Jénsson property (of cardinals)
involve the n-elements subsets of A, #"(A). This paper calls this the classical n-Jénsson property. With a

slight modification, one can also obtain the failure of the classical 3-Jénsson property for ¥2/Ey.

Definition 10.5. Let S5 be the permutation group on 3 = {0,1,2}. S5 acts on “3 in the natural way: if
p € Sz and x € “3, then (p- z)(n) = p(z(n)).
Let F be an equivalence relation on “3 defined by « F y if and only if (Ip € S3)(p-z E2 v).
Fact 10.6. Let A= {z € “3: (Vn)(z(n) #z(n+1))}. F'| A=a1 Eo.
A

Proof. Note that E2. | A is hyperfinite by Fact Note that E3, | A C F | A and each F |
equivalence class is a union of at most six E2. | A equivalence classes. By a result of Jackson, F | A is
hyperfinite. Hence, F' [ A <a1 Ep.

Next a reduction ® : “2 — A will be produced witnessing EZ <ar F 1A

®(z) = £(0)°2012102°%(1)°2012102°2(2)...

If x B2, y, then ®(z) F ®(y).

Suppose ®(z) F ®(y). This means there is some g € S5 so that g-®(z) E2
for each g € S3: g will be presented in cycle notation.

g =id: It is clear that g - ®(z) E2; ®(y) implies that z E2; y.

g = (0,1): Then a portion of g - ®(x) looks like

(1)) 2102012°g(2(i + 1))"2102012 g (x(i + 2)) ...

®(y). Consider what happens

g=1(0,2):
L g(2(i))°0210120°g(2(i + 1))°0210120°g(2(i + 2))"...
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g=1(0,1,2):
2g(@(i))°0120210°g((i 4 1))°0120210°g(x (i + 2))"...
9=10,2,1):
2g(x(i))" 1201021 g( (i + 1))"1201021°g(x (i + 2))"...
In all these cases, ®(y) will contain a block of 2012102, but g - ®(z) can not possibly contain such a block.
So it is impossible that g - ®(z) E2, ®(y).
g=(1,2):
2g(x(1))"1021201 g( (i + 1))"1021201°g(z (i + 2))"...

The only way that some tail of g - ®(z) contains blocks of 2012102 is if z EZ 1. This however forces
g-®(z) B2, ®(1). This implies that both z E2, 1 and y E2, 1. z E2, y.
This shows that ® is a reduction of Etzail into F' | A.

This completes the proof that Ey =a1 F A. ]

Theorem 10.7. (ZF + AD) “2/Ey does not have the classical 3-Jdnsson property.

Proof. Let P : [*2]}, — A be the function from Fact [9.1] Fact shows that P is Ey to E2 invariant.
Note that if (zg,z1,z2) € [WQ]?EO and g € Sz, then there is some other h € S3 so that P(24(0), Zg(1), Zg(2)) =
h - P(xzg,x1,x2).

Define a function ¥ : &3(“2/Ey) — A/F as follows: Let D € 923(“2/Ey). Choose any (zg,¥1,%2) €
[‘*’2]%0 so that D = {[Jfo]Eo, [561]]50, [zQ]EO}. Let ‘IJ(A) = [P($0,$1,1‘2)]F.

By the above observations, ¥ is a well-defined surjection onto A/F. By Fact there is a bijection
I': A/F - “2/Ey. Let ® =T o V. By an argument similar to Theorem & witnesses “2/FEy does not
have the classical 3-Jonsson property. O

11. FAILURE OF PARTITION PROPERTIES OF “2/FEj IN DIMENSION HIGHER THAN 2

This section will use the failure of the classical 3-Jonsson property to show that the classical partition
property in dimension three fails for R/Ey. Note that for any Y, the failure of “2/Fy — (¥2/Ey)3- implies
the failure of “2/Eq — (“2/Ep)3-.

Theorem 11.1. (ZF + AD) For any set Y with at least two elements, “2/Eq — (“2/Ey)3- fails.
In fact, if Y is a set so that there is a partition of “2/Ey by nonempty sets indexed by elements of Y, then
there is map f : 23(“2 |Eo) — Y with the property that for all C C “2/Eq with C' =~ “2/Ey, f[23(C)] ~ Y.

Proof. Let a,b € Y. Partition “2/E, into two nonempty disjoint sets A and B. Let A : “2/FEy — Y be

defined by
a reA
AMz) = {b z€B

Let @ be the classical 3-Jénsson function from the proof of Theorem [10.7]

Define f: 23(“2/Ey) =Y by f = Ao ®.

Suppose C' C “2/Ey and C =~ “2/Ey. Suppose ap € A and by € B. Since ¢ is a classical 3-Jénsson
map, there are some R, S € 223(C) so that ®(R) = ag and ®(S) = by. Since f(R) = a and f(S) = b.
PO =2.

For the second statement, suppose (4, : y € Y) is a partition of “2/E, into nonempty sets. Define
A:¥2/Ey =Y by A(x) =y if and only if z € A,. Let f = A o ®. This maps works by an argument like
above. (]

Given a set X and n € w, one can define dx (n) to be the smallest element of w, if it exists, such that for
every k and every function f : Z"(X) — k, there is some S C k with |S| < dx(n) and A C X with A~ X
so that f[2™(A)] C S. Say that dx(n) is infinite if no such integer can be found.

[1] showed that assuming the appropriate sets have the Baire property, for every n,k € w and function
f:P"(“2) — k, thereisan S C k with |S| < (n—1)! and a set A C “2 with A ~ “2 so that f[Z"(A4)] C S.
Hence for n > 0, dwa(n) < (n — 1)! assuming AD.

Under AD™, dws, g, (2) is finite and equal to 1, but for n > 3, dus, g, (n) is infinite.
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12. ]IAD?;EO Is PROPER

Fact shows that @%U is proper by having a very flexible fusion argument. Moreover, below any
condition (p,q) € ]}A‘%O and countable elementary submodels M, one can find a (M, I@%O )-master condition
(9, ¢") so that every element of [p'] x g, [¢] is a ]IA"%O—generic real over M. This fusion argument for I@%O is also
used to prove numerous combinatorial properties in dimensif(\)n 2. The analog of most of these properties in
dimension 3 fails. No fusion with the type of property that P2E0 has can exist for IE”?};O. The natural question

to ask would be whether @‘]350 is proper at all.

This section will show that @%ﬂ is proper via a fusion argument. However, one loses control of when
exactly dense sets are met.

Definition 12.1. Suppose (p, q,7) € @%Q Let (u,v, 2) be a triple of strings in <“2 of the same length n+1 so

that {0, 1} = {u(n), o(n), 2(n)}. Suppose (p',':1") <y (E(p,u),Z(g,v). Z(,2)). Let 3prune(s/’?, (p.q.7)

be the unique condition (a, b, ¢) S%jl (p,q,r) so that Z(a,u) = p’, 2(b,v) = ¢’ and E(¢, 2) = 1'.
Eq

In the above, the relation §§3 is defined as coordinate-wise S]’P?EO. 3prune(“’v’z) (p,q,7) has an explicit

(®.q' ")
Eo
definition that is obtained by copying p’, ¢’ and 7’ below the appriopriate part of (p, g, r) like in Definition
0. 3!

Fact 12.2. (With Zapletal) ]IA”%O is a proper forcing.

Proof. Let (p,q,r) € I@?};O Let = be some large regular cardinal. Let M < Vz be a countable elementary

substructure containing (p,q,r). Let (D, : n € w) enumerate all the dense open subsets of @?j;o that belong
to M. One may assume that D,,y; C D, for all n € w.
If there exists some condition (p/,¢’,r") S%% (p,q,r) with (p',¢’,r") € Dg, then by elementarity there is

such a condition in M. Let (po, go,r0) be such ?cx condition in M. Otherwise, let (po, go,70) = (p, ¢, 7).

Suppose (pn, Gn, ) have been defined. Let {(u;,v;,2;) : i < K} enumerate all the strings in <“2 with
length n + 1 so that {u(n),v(n), z(n)} = {0,1}.

Let (a—1,b_1,¢-1) = (Pn,qn, ). For i with —1 <1i < K — 1, suppose (a;, b;, ¢;) has been defined.

Let (a;_ll,b;_:l,c;_ﬁl) = (as,bi,¢;). Suppose for j with —1 < j < n + 1, (a{+1,bg+1,cg+1) has been
defined. If there exists some condition below (E(agﬂ,ui+1),5(bf+l,vi+1),E(cgﬂ,ziﬂ)) that belongs to
Dj41, then choose, by elementarity, such a condition (a’,0’,¢’) € M N Dj;q. Let (afill,bfill,czill) =

(Wit 1,Vi41,2i41) (G J ] iy : JH+1 g+l g+1y (g J j
3prune /i (@i, bl ¢lyy). I no such condition exists, then let (a7, b/, ¢/i1) = (aj4q,bi11, ¢l 1)
1 gn+l  netl
Let (ait1,bit1,ci01) = (a0 ). Let (Pugt1s Gng1stng1) = (ax—1,bx—1,¢x—1). Note that
+1
(pn+1,f1n+17rn+1)§§% (Pns Gy 7).
0

((Pn, qnsTn) : 1 € w) forms a fusion sequence in @?}50 Let (pw, qu, rw) be the fusion of this fusion sequence.
The claim is that this is a (M, @%ﬂ)—master condition below (p, g, 7).
It needs to be shown for each n that (p.,qu,7w) IFgs MND,NG # 0. Let G be any @%O—generic
E

0
over M containing (pu,qw,7w). There is some (p',¢’,7") € G N D,. Since G is a filter, there is some

", q",r") gﬁ%o (Pws qu,Tw) so that (p”,q",r") € GND,,. By genericity, one may assume there is some m > n

and some (u,v,z) € ™2 so that (p”,q",7") <gs (2(pw,u), E(qw,v), E(1w, 2)). During the construction while
Eo

producing (pm, gm, 'm ), the strings (u, v, z) = (u;, v;, 2;) for some 7 in the chosen enumeration of strings. Note
that (p”,q",r") <ss (Z(al ™ ug), O ), E(cP 1, ) and (p”,¢”,7") € D,,. At this stage, one would
Eo

(3 K3

have chosen some (a',b',c’) € M N D, below (Z(a? ', u;), 20} 1 v;),E(c) 1, 2)) and set (a, b7, cl)

[ 7 ) 191 =
3pruneEZ’i::'i,f’g) (a?‘l, b?_l, C:-L_l). Note that (p//, L]”, 7,/’) S@%O (E(pw7 u)’ E(qw, ’U), E(Tw, Z)) S@Eo (a’7 b/7 C’)-
Since G is a filter and (p”,¢", ") € G, (a/, V', ') € GNM N D,,. This shows that ]IA”%O is a proper forcing. [
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In the proof, one extends a portion of the three trees to get into a dense set D only if it was possible and
otherwise ignored D. Because of this, one cannot prove that [p.,] X g, X[qw] X E, [rw] consists entirely of reals

which are ]P’?jzo-generic over M.

13. F1 Does NoT HAVE THE 2-MYCIELSKI PROPERTY

This section will give an example to show FE; does not have the 2-Mycielski property. The notation of
Definition 23] will be used in the following.
As in earlier sections, an understanding of the structure theorem of E1-big 31 sets is essential:

Definition 13.1. Ej is the equivalence relation on “(¥2) defined by = E; y if and only if there exists a k
so that for all n > k, z(n) = y(n).

Definition 13.2. [I3] Let s be an infinite subset of w. Let 7, : w — s be the unique increasing enumeration
of s. A homeomorphism & : “(“2) — “(“2) is an s-keeping homeomorphism if and only if the following hold:
1. For all n € w, if z(n) # y(n), then ®(x)(ms(m)) # (y)(7s(m)) for all m < n.
2. For all n € w, if for all m > n, x(m) = y(m), then for all k > 7s(n), ®(z)(k) = ¢(y)(k).

Fact 13.3. Let BC“(“2) be 1. E; | B =a1 By if and only if there is some infinite s C w and s-keeping
homeomorphism ® so that ®[~(“2)] C B.

Proof. This result is implicit in [I5]. See [13], Section 7.2.1. O

Theorem 13.4. Let D = {(z,y) € 2(*(+2)) : (3n)(x(n)(0) # y(n)(0))}. D is dense open and for all A} B
such that By | B =a1 Ey, [Blg, € D.
FE4 does not have the 2-Mycielski property.

Proof. Suppose (x,y) € D. There is some n € w so that z(n)(0) # y(n)(0). Let 0,7 : (n +1) — '2 be
defined by o(k) = z(k) | 1 and 7(k) = y(k) | 1. Then (z,y) € N, C D. D is open.
Let 0,7 : m — <¥2. Define ¢/, 7' : (m+ 1) — <“2 by

1o Jo(k) k<m v JT(R) k<m
J(k)—{<0> e —m and T(k)—{<1> e

Ny 7+ € Ny and Ny »» € D. D is dense open.

Let s C w be infinite. Let 75 : w — s be the unique increasing enumeration of s. Let ® : “(¥2) — “(“2)
be an s-keeping homeomorphism.

Let &, : (ms(n) + 1) — 12 be defined by 6, (k) = ®(0)(k) | 1. A strictly increasing sequence (m,, : n € w)
of natural numbers and functions o, : m,, — "2 satisfying the following for all n € w will be defined:

1. on(k) C opt1(k) for each k < m,,.
2. ®[N,, ] C Ns, .
3. There exists a j < my, such that 0,(n)(j) = 1 and for all k£ > n and i < my, o,(k)(i) = 0.

Let m_y=0and o_1 =6d_1 = 0.

Suppose m, and o, have been defined and satisfy conditions 2 and 3 if n > 0. Define y € N, by
y(i)(j) = 0 if (i,5) € mp x my,. Then ®(y) € Ns,. Since y(k) = 0(k) for all k > n and ® is an s-keeping
homeomorphism, ®(y)(k) = ®(0)(k) for all k > m4(n). Thus ®(y) € N, ,,. By continuity of ®, there is some
M > m,, so that if 7 : M — M2 is defined by 7(i) = y(i) | M, then ®(N,) C N; Let mp+1 = M +1 and
define

n+1"°

U B! i=n+1Aj=M
n+1(0)(7) = y(0)(4) otherwise '

my41 and 0,41 satisfy conditions 1, 2, and 3.

Let 2 € “(“2) be so that {z} =1, c,, No,- —(0 E} z) since for all n, there exists a j so that z(n)(j) =1
by condition 3. However since ®(z) € Ny, for all n, (®(0),®(x)) ¢ D. From Definition ®is a By
reduction so ~(®(0) E; ®(z)). Hence [®(“(2))]3, € D.

So it has been shown that for all infinite s C w and s-keeping homeomorphisms ®, [®[~(“2)]]3,, € D.
By Fact every Al set B so that B, | B =a1 E1 contains ®[“(«2)] for some s and some s-keeping
homeomorphism ®. Therefore, [B]QE1 Z D for all such B. E; does not have the 2-Mycielski property. (I
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14. THE STRUCTURE OF Fjy

This section will give a proof of a result about the structure of Fs-big sets necessary for analyzing the
weak-Mycielski property for E5. The proof is similar to but a bit a more technical than the argument of [12]
Theorem 15.4.1. Some of the notation and terminology come from [12].

Definition 14.1. Suppose z,y € “2. Define

Suppose m < n < w. Suppose x,y € V2 where n < N < w. Define
" 1
5m(x,y):2{k+l:(m§k<n)/\(/€€xAy)}.

Let A,B C“2. Let m < n < w. Let ¢ > 0. Define 6, (A4, B) < ¢ if and only if for all z € A, there is some
y € B so that 67 (z,y) < € and for all y € B, there exists some = € A so that §7 (z,y) < e.

Definition 14.2. F, is the equivalence relation on “2 defined « Fs y if and only if (z,y) < co.

Lemma 14.3. Let m <n < w. Fix N so thatn < N <w. If n <w, then 3}, is a pseudo-metric on No. If
n = w, then 9}, is a pseudo-metric on any Ey equivalence class.

Lemma 14.4. Let m,p € w. Let ¢ € QF. Let ()A(Z i < p) be a sequence of L1(z) subsets of “2. Let
(x; : 1 < p) be a sequence in “2 with the property that x; € X; and 0% (xo,x;) < q. Then there exists a
sequence (X; 11 < p) of £1(z) sets with x; € X; and 6% (Xo, X;) < q.

Proof. Let

Xy = IEGXQI (321,...,217_1) /\ Z; GXl/\(s:Jn(‘I,Zi) <q
1<i<p
For 1 <i < p, define
X; = {;l: € Xi:(32)(x e XgAd“(x,2) < q)}
|

Lemma 14.5. Let m,p € w. Let ¢ € QF. Let ()A(Z i < p) be a sequence of ¥1(z) sets with 5‘;,2()20,)@) <q
for all i < p. Let j < p. Suppose A C X; is a X1(z) set. Then there exists a sequence (X; : i < p) of £1(z)
sets with the property that for all i < p, X; C X;, X; = A, and 0%, (Xo, X;) < q.

Proof. Let
Xo={zeXo: () (z€ AN (2,2) < q)}.
For all i < p and i # 7, let
X;={zeX;:(32)(z € XoNd“(x,2) < q)}
Let X; = A. O

Lemma 14.6. Let m,p € w. Let ¢ € Q. Let (X, :i < p) be a sequence of $1(2) sets with 6% (Xo, X;) < ¢
for all i < p. Let D be a dense open subset of P,. Then there exists a sequence (X; : i < p) of X1(2) sets
with X; C X;, X; € D, and 6% (Xo, X;) < q for alli < p.

Proof. Let Yi_1 = X;.

One seeks to define ¥1(z) sets Yij for all —1 < j < p with the property that if —1 < j < p — 1, then
Yin - Yij, and for any —1 < j<pand 0 <i<p, ij € D and 5%(}/})],}/;]) <q.

Suppose Yij has been defined with the desired properties for j < p — 1 and all i < p. Since D is dense
open in P,, pick some A C ijﬂ so that A € D. Use Lemma with {YZJ :i<p}and A C Yij to obtain
{YijJr1 : 1 < p} with the desired properties.

Let X; =Y/ 0
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In the previous three lemmas, the first set was distinguished. In the following argument, sets may be
indexed by strings and so in applications of the three lemmas, one will need to indicate what this distinguished
set is.

Lemma 14.7. Let z € “2. Let k,m,p € w. Let ;v € Qt. Let (B :s € 2 Ai < p) be a sequence of 1(2)
sets. Let (bl : s € F2 N i < p) be a sequence in “2 with b\ € BL. Suppose for all i < p, 62 (b5, b%) < r.
Suppose for each i < p and for all s € ¥2, 5%(bi)k>bi) <w. Let D be a dense open subset of P,.

Then there is a sequence (C% : s € *2\i < p} of £1(2) sets so that for alli < p and s € *2, 6%, (CQ,, CL) <
7, 6 (Cow, C5) < v, and Cg € D.

Proof. For each i < p, apply Lemma to {Bl:s € %2} and {b. : s € ¥2} using 0F as the distinguished
index to obtain a sequence of X1(z) sets {E! : s € ¥2} with the property that £ C B!, bl € E!, and
5% (Bl Bl < v.

Now apply Lemma m to {Ej. : i < p} and {b, : i < p} with 0 as the distinguished index to obtain
Y1(z) sets A; C EJ, so that 0%, (Ao, A;) < 7.

For each i < p, apply Lemma to {E!:s¢€ k2} with 0% as the distingiiished index and 4; C E/, to
obtain X1 (2) sets Gé’__l with the properties that Gg’,fl = A; and 6%((?%0’,:1, G <.

Note thatl since GB’,:l = A;, the sequence {G%1 1 i <PpAsE 2} has the property that for all i < p,
57“,’1(G8;C_1,G6’,:1) <r and for each i <p and s € ko, (5%(G10’,:1,G§_1) <w.

One wants to create G%7 for —1 < j < p, i < p, and s € *2 so that
i) For each i € w, s € kZ, and —1 <1 <j<p, G C G
ii) For all i < p, 03,(Gg . Gl ) <r.

iii) For each i < p and s € 2, 57‘%(6.1’6’,3, GY) <w.
iv)If j >1and 0 <1< j, then GY € D.

This already holds for 57 = —1. Suppose the construction worked up to stage j < p — 1 producing objects
with the above properties. Apply Lemma to {GIt1I 1 s € *2} to get sets {GIT1IFL 5 € ¥2) each in D
and 67“,’1(Géi1’j+17 GITLITL) <.

Next apply Lemma to {Gg,z : 1 < p} with 0 as the distinguished index and Géjl’jﬂ C Géjl’j to
obtain sets GS’,?H C Gyl with 57‘;’1(G8;€J+1, Gf)’,fﬂ) < r. (Note it is acceptable to use the notation Géil’ﬁ'l
since it is the same set as before by the statement of Lemma [14.5])

For each i # j + 1, apply _L_emma on {G% : s € "2} with Ok" as thq distinguished index and
Gilt! € GYi to obtain sets {G%9+! : s € k2} with the property that 6 (Gg7 ™", Gi/*+1) < v. This completes
the construction at stage j + 1.

Let C! = GLp~1, O

(
(
(
(

Definition 14.8. ([12] Definition 15.2.2) Let ¢ > 0 be a rational number. Let A C “2. Let a € A. The
g-galaxy of a in A, denoted Gal’(a), is the set of all b € A so that there exists ao,...,a; € A with a = ay,
b=a;, and 6(a;,a;11) < gforall 0 <i<l—1.

A C “2is g-grainy if and only if for all a € A and b € Gal%(a), §(a,b) < 1. A is grainy if and only if A is
g-grainy for some positive rational number q.

Fact 14.9. Let z € “2 and rational ¢ > 0. If A is a X1(2) q-grainy set, then there is some B 2O A which is
Al(2) g-grainy.

Proof. (See [12], Claim 15.2.4 for a more constructive proof.)
Let U C w x “2 be a universal X1(2) set. The relation in variables e, a, and b expressing b € Gal},. (a) is

Let A be the collection of all ¥1(z) g-grainy subsets of “2.

{e:U® € A} = {e: (Va)(Vb)(b € Gal},..(a) = d(a,b) < 1)}

This shows that A is a collection of ¥1(2) sets which is ITi(2) in the code. By $1(z) reflection, every X1 (z)
g-grainy set is contained inside of a Al(z) g-grainy set. O

Definition 14.10. Let z € “2. Let S, be the union of all Al(z) grainy sets. Let H, = “2\ S..
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Fact 14.11. Let z € “2. S, is I1}(z). Hence H, is ¥i(z).
Every nonempty $1(z) subset of H, is not grainy.

Proof. Similar to Fact O

Theorem 14.12. Let z € “2. Let p € w. Suppose (X; :i < p) is a collection of ¥1(z) subsets of “2 with the

property that ﬂi<p[Xi N H.]g, # 0. Then there is a strictly increasing sequence (my, : k € w) and functions
i

9" Y2 — <¥2 for each i < p with the following properties:
1. If |s| = k, then for alli < p, g'(s) € ™*2.
2. If s Ct, then for all i < p, g'(s) C g'(t).
3. If|s|=t|=k>0and s(k—1) = t(k 1), then 7% (g'(s),g'(t)) < 2= (*+D),
4. If |s| = |t| = k >0 and s(k — 1) # t(k — 1), then |07 (g'(s), g (t)) — 5| < 27 (k+1),
5. Fori,j <p and s € ¥2 with k >0, 57 (g'(s), 7 (s)) < 27 k+D),
6. Define ®'(x) = U, e, 9" (@ [ n). ®:¥2 — X; N H, is a reduction witnessing Ea <ar B2 | X;NH,.

Moreover, fori,j < p, [®'[“2]]g, = [®/[“2]]E,-

Proof. During the construction, one will seek to create
(i) a strictly increasing sequence (my, : k € w),
(ii) for each i < p and s € <*2, ${(2) sets A,
(iii) and for each i < p, gi(s) € <w2.

These objects will satisfy the following properties:
(I) If |s| = k, then |g*(s)| = mg. s C t implies g'(s) C g*(t).
(I1) 0 # AL C X* N H, N Nyi(s). s Ct implies A} C AL
(IIT) If k > 0, |s| = k, then &%, (A}, AL) <27 (k+4) where 0F : k — 2 is the constant 0 function.
(IV) If k>0, |s| = |[t| = k, and s(k — 1) = t(k — 1), then 67 (g'(s), g'(t)) < 27+,
(V) If k>0, |s| = |t| =k, s(k — 1) # t(k — 1), then [67F_ (g'(s),g'(t)) — 3| < 2~ (k+1),
(VI) If |s| = k and i < p, 6%, (A2, A%) < 27 (h+6),
(VIL) If |s| = k and k > 0, then ] (g Z( ), 9% (s)) < 27 (1),
(VIII) Let D = (D,, : n € w) be the countable collection of dense open subsets of P, from Fact For all

se<“2andi<p, AL € Dy

Suppose these objects having the above properties could be constructed. It only remains to verify 6:

{®"(2)} = Niew Aetr by (II) and (VIII). Hence ®° maps into X; N H by (II). Note that 6(®(z), ®(y)) =

limy 00 69 (9% (x [ k),g’(y | k)). Also using (IV) and (V), for any k

136 (9" (@ 1K), ' (u 1K) = 05 (x TRy T )| < Y 270D <1
j<k
Hence ®(z) By ®'(y) & §(®(z), P (y)) < 00 & §(x,y) < 0o & x Ey y. This shows each ®° witnesses
Ey <a1 B | X;NH.. Using (VII), for each i,j < p and x € ¥2,

O (g’ (@ T k)97 (x 1)) < D270+ <1
j<k

Hence ®‘(z) Ey ®7(z). Hence [®'[“2]|g, = [97[*2]]g,. '

Next the construction: Since NicplXi N H.]p, # 0, let (b : i < p) be such that for all 4,j < p, bl E> b}y
and b, € X; N H,. Therefore, choose mo € w so that for all i < p, oy, (bo,ba) < 276, For each i < p, let
9'(0) = b@ ['m

Let Bj = X N H. N Ngiy. Apply Lemma 7/to {Bj : i € p}, {b}y : i < p}, and the dense open (in P.)
set Dy (where r =276 and v = 1) to obtain sets AZ with the desired properties.

Suppose the objects from stage k have been constructed with the desired properties.

As A, C H., Fact [14.11] implies that Aj, is not 2~ (k+5)_grainy. Hence there is a sequence ag, ..., apr of
points in A, so that for each 0 < j < M — 1, §(aj, aj+1) < 2~ (F+5) but §(ag, apr) > 1. Hence there is some

I so that é(ag,ar) > k%rl and §(ag, ar) — m < 9~ (k+5)
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Let bok 0 = ao and bok , = as. Since (57‘;’%(148,142) < 27 (k+6) by (VI), find bgkﬂ,békhl € Af)k so that
5(b0s1,bikrn) < 27*H0) and §(b,-,, biw-,) < 27 +0).

The claim is that for all i < p, [0% (bhei1,bhe-;) — k+1| < 27(F+4): To see this,

i 1
|83 (D15 Bye-y) — 1
L
k+1
< |57nk( ok+1ab6kj) 6 (bok+1v ok 1)| + |5 ( 0k+lybokA1) - 5:}nk (bgkﬂvbgkn” =+ 27(k+5)
< 03, (Vs Burn) + 8, (Buog, by ) +27HF9)
< 9-(k+6) 4 9—(k+6) | 9—(k+5) _ 9= (k+4)

< ‘5ﬁ1k(bék+1’béw1) - 5w (b0k+1’ 0k~ 1)‘ + |5 ( 0k+17b0’“1) -

This proves the claim.
Now fix a i <p By (IIT), 5wk(

such that 6% (b.- S(k),b;) —(ktd),

Suppose s € F+12 and s(k) =1

by A) < 27 for each t € ¥2. For each s € ¥12, let b € AL, be

1
‘6;)%( 0k+la z) m‘
od w (e i W (pi i 1
< |5mk( 0k+17 q) 6 ( Ok+15 0kA1)| + |5mk( 015 0’“1) — m|

< 6(b157 f)k 1) +2—(k+4) < 2—(k+4) +2—(/€+4) _ 2—(k}+3)

By (I), (IT), and the fact that bgk+1,b6k - € Aok, there exists some my41 > my so that
(i) (it (Bsas b)) — 7| < 275 for all s € #12 with s(k) = 1.
(i) 0% . (b1, bisr) < 27*FD for all i < p.

ME+1

(iii) 0%, . (B)esr,bL) < 27(F3) for all s € FH12,

mk+1

Let g*(s) = b% | myy1. Suppose s(k) = t(k). Without loss of generality, suppose s(k) = t(k) = 1. Then
S (g7 (5), g* (1)) < O+ (DL, b-y) + Ot (b, bh) < 27 HD) 4 o= (k) = 9= (k+8) o= (k+2)
= Oy 'Y )

)9
(I
Suppose s(k) #

This establishes (IV).
t(k). Without loss of generality, suppose s(k) = 1. Hence t(k) = 0.
, , 1
ME+1 (4 2 [
7 (6'(5), (1) — g
o o 1
< Gt (s b) = Ot (b, O )|+ [0 (0, by ) — Y
< 5T’lels+1 (bz7 6’04—1) 4 2—(k+3) < 2—(k+4) + 2—(k+3) < 2—(k+2)

This establishes (V).
Let s € ¥¥12. Without loss of generality suppose s(k) = 0. Suppose i, j < p. Observe:

St (g (5), 97 (5)) < 0o, (b5, b2) < 85, (L, byiess) + Oy, (B, b)
S 6;;)% (b;> 6k+1) + 5w ( 6k+1ab0k+1) + 6w (bgk+17b§)
< G (05, biyess) + 03, (B, Biess) + G (B01cs1, D) + Gy, (B, 1)
< 9 (D) 4 9= (k+6) | o—(k+6) | o—(k+d) < 9—(k+3) | 9—(k+5) _ 9—(k+2)
This establishes (VII).
For s € #+12, let B! = Airk_ani(s). Apply Lemma(14.7jon {B : i < pAs € FH12Y {bL i < pAs € P12}
r=2"+7) = 2=(+5 "and Dy, to obtain the desired objects (A% : i < p A s € ¥+12) which satisfy the

remaining conditions.
This completes the proof. O

By relativizing to the appropriate parameter, one can obtain the following result.
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Corollary 14.13. Let p € w. Suppose (X; :i < p) is a collection of X1 subsets of “2 with the property that
for alli <p, Es <ar B | X; and for all i,j < p, [Xilg, = [X;|E,. Then there exists a sequence of strictly
increasing integers (my, : k € w) and maps g* : <¥2 — <¥2 satisfying conditions 1 - 5 of Theorem|14.14.

Fact 14.14. Let B C “2 be a X1 so that Fy <a! FEs | B. There there exists a strictly increasing sequence
(mg : k € w) with mg =0 and function g : <“2 — <¥2 with the following properties:

1. If |s| = k, then |g(s)| = my.

2. If s Ct, then g(s) C g(t).

3. If [s| = |t| =k >0 and s(k — 1) = t(k — 1), then 6,3 (g(s),9(t)) < 2~ (kt1)

4

Cf|s| = t| =k >0 and s(k — 1) # t(k — 1), then |67 (g(s),9(t)) — 1] < 2~ (kt1),

mE—1
5. Let @ : 2 — “2 be defined by ®(x) = U, e, 9(z [ n). Then ® is a A function such that ®[~2] C B and
O witnesses Eo SA% E> | B.

Proof. This is implicit in [7]. Also see [I2] Theorem 15.4.1 and [13] Theorem 7.43. The proof is quite similar
to Theorem [14.12 O
15. E5; DoeEs NoT HAVE THE 2-MYCIELSKI PROPERTY

Theorem 15.1. Let D C 2(“2) be defined by
D ={(z,y) €*(*2) : (3i < j)(6](w,y) > 2A (¥n)(i <n < j = a(n) #y(n)))}

D is dense open.
Let (my, : k € w), g, and @ be as in Fact, (®(0), ®(01)) ¢ D.
For any A3 set B so that Ey | B=a1 Es, [B], € D.
FE5 does not have the 2-Mycielski property.

Proof. Let (z,y) € D. There is some i < j so that for all n with i < n < j, z(n) # y(n) and 8 (z,y) > 2.
Let o=z (j+1)andlet r=y [ (j+1). Then (z,y) € N, C D. D is open.

Let 0,7 € <2 with |o| = |7|. Let i = |o]. Find a j > i so that Y, ;=45 > 2. Let o/,7" € 7+12 be
defined by B
k k<i k k<i
=W E<E g = {TR) R
0 otherwise 1 otherwise

Nyt 71 € Ngr and Ny - € D. D is dense open.
Note that one must have

meg—1<m<my

because % —27k=1 > 9=k _9=k=1 — 9=k=1 and so otherwise, condition 4 could not hold for any s,t € *2
with s(k — 1) # t(k —1).

This implies that for any s and ¢ so that s(k—1) = t(k — 1), there must be some m with mg_; < m < my
so that g(s)(m) = g(t)(m).

Note that for all s,t € *+12.

G (5),9(0)) = 8 ((5),9(0)) + O3 (9(s),0(0)) < £+ 274 4 s 42 R 2 <2
Hence for any s,t, if there exists ¢ < j so that 6g(g(s),g(t)) > 2, then there is some & > 1 so that
1< Mmp_1 <mp < mig1 < J.

Now suppose that there is some 7 < j so that 5{(@(()),@(6?)) > 2. There is some k£ > 1 so that
i <mp_1 < mp < mpy1 < j. Without loss of generality, suppose k is even. 0(k) =0 = (,ﬁ(k) By the above,
there is some [ with my, < I < mg41 so that ®(0)(1) = ®(01)(1). This shows (®(0), ®(01)) ¢ D. —(0 E, 01)
so =(®(0) E; ®(01)). Hence [®[~2]]%, Z D.

It has been shown that for all (my, : k € w), g, and associated ®, [®[“2]]3, € D. If B C “2 is A{ with
the property that Ey [ B =a1 E», then Fact El implies that there is some (my : k € w) and g so that
®[%2] C B. This shows that for all such B, [B] 5, £ D. E> does not have the 2-Mycielski property. O
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Theorem 15.2. For each n € w, let
D, = {(z,9) €2(“2): Gi < j)(n < i <jA (x,y) >3A(Ym)(i <m < j=x(m) #y(m)))}.

Each D,, is a dense open subset of ?(¥2). Hence C =, c,, Dn is a comeager subset of 2(“'2).
Suppose (my, : k € w), ¢°, g*, ®°, and ®' have properties 1 - 6 from Theorem . Then (®°(0), <I>1(E)T)) ¢
C.
For any A} sets By and By with Ey <a! B> | By, Eo <a! B | B1, and [Bo|g, = [Bi]|g,, Boxg,B1 £ C.
FEs5 does not have the weak 2-Mycielski property.
Proof. Using Theorem|(14.12} if |s| = |¢| = k > 0 and s(k—1) # t(k—1), then |07 (¢°(s), g' (1)) — | < 27"
To see this:

M 1 1
o1 (9°(s), 9" (1)) = 7|

< lome_,(9°(5),9" (1) — bt (9" (5), 9" D) + 1ot (9 (5),9" (1)) — 2|

k
m 0 1 —(k+1 —(k+1 —(k+1 —k
< Oy (9°(5), g () 270D < 270 97D = 9
Also if |s| = [t{ =k > 0 and s(k — 1) = t(k — 1), then 67 (¢%(s), " (t)) < 27*. To see this:

m Mg m _ o—(k —(k _ o—k
S (9°(5), 6" (1)) < 0 (9°(5),9"(5)) + Syt (9" (), g () = 270D 27 — 9

D,, is dense open by the same argument as in Theorem [15.2
Note that if £ > 0, then
Y oozt
m+1

mp—1<m<myg

because £ —27% > 2-(*k=1 _ 2=k = 2=k and so otherwise |67 (g°(s),g*(s)) — £| < 27* could not hold.
Therefore if |s| = [t| > 0, and s(k — 1) = t(k — 1), then there must be some m with my_1 < m < my so
that g%(s)(m) = g* (t)(m).
Note that for all s,t € **12 with k > 0,

m m m 1 _ 1 _

e (s), 9(00) = Ot 0(s),900)) + O3 (9(s),0(0)) < 1+ 27 4 g+ 27 WD <3
Hence for any s,t, if there exists i < j so that 67 (g%(s),g'(t)) > 3, then there is some k > 1 so that
1< mg_1 <mg < Mmpg1 < J. - -

Now by essentially the same argument as in Theorem[15.1} (®°(0), ®'(01)) ¢ D,,. Hence (#°(0), ®'(01)) ¢
C.

Now suppose that By and Bj are some A} sets so that Es <a: E> | By, Es <a! Es | By, and
[Bolg, = [Bi]g,- By Corollary [14.13] there is a sequence (my : k € w), ¢°, g%, ®° and ®! as above so
that ®1[“2] C B;. By the earlier argument, By X, B; € C. Hence Ey does not have the weak 2-Mycielski
property. O

16. SURJECTIVITY AND CONTINUITY ASPECTS OF Fs

Fact [14.14] states that every E% set B C “2 so that Es SA% FE> | B has a closed set C C B so that
Ey =a1 E5 TC. Fact @ even asserts that C is the body of a tree on 2 with a specific structure:

Definition 16.1. A tree p C <“2 is an Es-tree if and only if there is some sequence (my : k € w) and map
g : <¥2 — <¥2 satisfying the conditions of Fact [14.14]so that p is the downward closure of g[<“2]. Note that
if ® is the map associated with (my, : k € w) and g, then [p] = ®[“2].

The following notation is used to avoid some very tedious superscripts and subscripts in the following
results:

Definition 16.2. If z,y € “2 and m,n € w with m < n, then let ¢(m, n,z,y) = o (x,y).

Fact 16.3. There is a continuous function P : [“2]}, — “3 so that for any Ey-tree p, P[[[p]]},] = “3.
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Proof. For (z,y) € [“2]}, and any n,m € w, define
S (2, y) = min{k € w: 0} (z,y) > 3"}

Each Sy m is continuous on [+2]3; .
If (z,y,2) € [“2]%,, then define a strictly increasing sequence of integers (L, : n € w) by recursion as
follows: Let Ly = 0. Given L, let

Ln+1 = min{SLn,n(xa y)7 SLn,n(xa Z)7 SLn,n(ya Z)}
(It is implicit that L,, depends on the triple (z,y,2).) By induction, it can be shown that each L,, as a
function of (x,y, z) is continuous on [*2]%, .
Define
0 SL”,n<xay) < SLm’ﬂ(x?Z) and SLn7TL($7y) < SL,,“n(y,Z)
P(z,y,z)(n) =91 Sp,n(z,2) < S, a(@,y) and Sp,n(z,2) < S0y, 2)
2 Sp,n(y,2) < S, n(x,y) and Si, »n(y, 2) < St n(z,2)
P is continuous on [*2]%, .
Also define the sequence of integers (N, : n € w) by recursion as follows: Let Ny = 0 and if N,, has been
defined, then let

1 .
Nor=min{kew: 3 (b o)) 5 gne2
+1 = min w ‘ <i+1 >3
N;<i<k

Note that N1 > N, + 2 for each n € w. By the definition of N, 41, one has that

Z 1 _ 2—i—2 < 3n+2.
i+ 1 -

Np<i<Npi1—1

These two facts imply

1 1 .
1 —— <3Py — 277 <3 41
(1) Y. ISRyt X <324
N, <i<Np41 N, <i<Np41—1
Let k, = Npy1 — N,,. Fix a v € “3. Define o, 7, € kng by
{i Ik v(n) =0 {i[kn v(n) =1
T =

01 [ kn otherwise 10 [ kn otherwise

Op =

Let 2 =0,y = 0¢°01°0%"..., and z = 79", "Ty.... Note (z,y,2) € [“2]%,.

Fix an Es-tree p. Let (my : k € w), g : <¥2 — <¥2 and ® : “2 — “2 be the associated objects of p
coming from the definition of an Fs-tree.

Suppose v(n) = 0, then

(2)
s(mu,,mn, ., ®(x),®(y)) = Z s(mi,mis1, ®(x), ®(y)) > Z < I 2‘i—2> S gn+2

, - i+ 1
N, <i<Np41 N, <i<Npq1

using the definition of N, ;1. Also

1 —n—2 n+2 —1—2 n+2 3

(38) s(mw,,mn, 0 (@), @) < Y <¢+1+2 ><3 D DI AR
N, <i<Nnpi1 Nyp<i<Np41
using equation for the second inequality.
Note also
g(mNmmNnﬂvq)(x)’q)(z)) = g(mNn7mNn+17(I)(x)7(I)(y» + Z g(mi7mi+1,q)(m),(l>(z))
Ny <i<Nnt1
1 1 1 ,
< - 2= n—2 _ - 2—1—2
N, +1 + + 2 Z 141 + Z
Np<i<Npj1 Np<i<Npj41
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N W

1 1 1 1 .
= — _ 2—2—2 73n+2
5 Y mrtilean)t X e

Ny <i<Np41 Np<i<Np41
using equation . In summary,

1 3
(@) G D), B() < L34 + 2
Similarly, <(mx,,, mn, .., ®(y), ®(2)) < (3"*?) + 2. The case for v(n) =1 and v(n) = 2 are similar.

It remains to show that P(®(x), ®(y ) D(2)) = v In the following, let (L, : n € w) be the sequence
defined as above using (®(z), ®(y), P(z)). The following statements will be proved by induction on n:
(I) mn, < Ln+1 < MN, 1
(1) P(®(x), B(y), &(=))(n) = o(n).
(IIT) The following holds:

maX{C(LTH-l? MN, 115 (I)(LE), (I)(y))’ g(LTH-lv MN, 415 (I)(LE), @(z)), §(Ln+1, MN, 415 q)(y)v ( ))} < (3n+2) + %

Suppose properties (I), (IT), and (IIT) holds for all k¥ < n. Suppose v(n) = 0. (The other cases are similar.)
L, <my, by definition if n = 0 and by the induction hypothesis otherwise. Therefore,

§(an mNn.Hv(I)(x)» CI)(y)) > g(mNn’ MN, 415 (I)(x)v @(y)) > 32

using equation . This shows Lp4+1 < Sp, o (®(x), ®(y)) < mu
definition when n = 0,

.41+ Using the induction hypothesis or the

3
max {¢(Ly, mn,,, 2(2), 2(y)), s(Ln, mn,,, ®(z), ©(2)),s(Ln, mn,, (y), 2(2))} < (3"“)4- 5 <3mE
Hence L1 < my, is impossible. This proves (I).

Observe that
§(Ln, N, 115 (I’(J?), (I)(Z)) = g(Ln’ mn,, q)(x)’ (I’(Z)) + g(mNn y TN 415 ‘I)(x)’ (I)(Z))
3 1

1 3
- 37’L+1 et - 3n+2 e <3’!L+2
<@+ +5E") + 5 <

using the induction hypothesis and equation . This shows Sz, n(®(x),®(2)) > my, ,. Similarly,
Sram(®W), ®(2)) >mn,.,. Sp,n(®(x),®(y)) < my,,, has already been shown above. Thus

P(®(z), 2(y), ®(2))(n) = 0 = v(n).
This shows (II).
Note that

g(Ln+17 MN, 115 (13(.7;), CI)(z)) < g(mNn y TN,y (I)(x), (I)<Z))

using equation . Similarly,

1 3
Z(3nt2 Z
<2( )+2

1 3
g(Ln+17mNn+1?(I)(y)7 é(z)) < 5(3n+2) + 5

Finally,
§(Ln7 MN, 415 (I)(w)a (D(y)) = §(TI’LN" y TN, 415 ¢(m)> Q)(y)) - (g(Ln7 Ln+17 (I)(.’E), (I)(y)) - g(LTH mn,, , (I)(aj)7 (D(y)))
3 1 3 3
n+2 Y _ aqn+2 n+1 n+2 e
<3 +3 3 +2(3 )+2<2(3 )+2
using equation , the definition of the sequence (L, : n € w), and the induction hypothesis. This proves
(I1I1). O

Theorem 16.4. There is a continuous function Q : [“2]3, — “2 so that for any Ey-tree p, Q[[[p]]EQ] =w2.
There is a A} function K : 3(“2) — “2 so that on any X set A with By <a1 By [ A, K[[A]},] = “2
(and in particular the image meets each Es-equivalence class).

Proof. @ can be obtained by composing the function from Fact with a homeomorphism from “3 — “2.

K can be obtained by mapping elements of ?(“2) \ [*2]%, to 0 and mapping elements in [~2]3, according

to . Note that by Fact every such set A contains an Es-tree. O
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Lemma 16.5. Let X and Y be topological spaces. Let B C P(X) be a nonempty family of subsets of X.
Let A CY be Borel. Suppose f: X =Y is a Borel function with the property that for all B € # and open
U C X with UNB # 0, there exists an x € B with f(x) ¢ A and an ' € UN B with f(x') € A. Then there
is a Borel function g : X —'Y such that g [ B is not continuous for all B € A.

Proof. The assumption above implies that A is Borel but not equal to either () or Y. The topology of Y is
not {@,Y}. There exists some y1,y2 € Y and open set V CY with y; € V and ys ¢ V. Define

ol fl@)gA
g(x) {y2 Ha)eA”

Suppose there was some B € % so that g [ B is a continuous function. By the assumptions, there is a
x € B so that f(z) ¢ A. So g(z) = y1. By continuity, g~ 1[V] N B is a nonempty open set containing = € B.
There is some U C X open so that ¢g71[V]N B = UN B. By the assumptions, there some 2’ € UN B so that
f(z') € A. Hence g(z') = y2 ¢ V. Contradiction. O

Fact 16.6. There is a A} function P’ : [“2]}, — “3 so that on any Ey-tree p, P' | [[p]]}, is not continuous.

Proof. This result is proved by applying Lemmato X =[“2]%,,Y =¢3, B ={[[pll}, : p is an Ey-tree},
f is the function P from Fact and A = {z € “3: (3k)(Vn > k)(z(n) = 0)}. It remains to show that
these objects satisfy the required properties of Lemma [16.5]

Fix an Eo-tree p. Let (my : k € w), g : <¥2 — <“2 and ® be the objects associated with p from the
definition of an Fs-tree. Fact implies P[[[p]]3,] = “3. Hence there is some (z,y,z) € [[p]]%, so that
P(z,y,z) ¢ A. Let U C [“2]3, be open so that U N [[p]]}, # 0. There are some s,t,u € <“2 so that
0 # Nerw N [PIE, CUN[PE,. Let 2/ =50,y =t1, and 2’ = w'01. Using the computation from the
proof of Fact if k is chosen so that Ly > myy, then for all n > k, P(®(z'), ®(y'), (2'))(n) = 0. Hence
(®(2'), 2(y"), (=) € U N [[pllz, and P(2(2"), 2(y'), 2(")) € A. 0

Theorem 16.7. There is a Al function K : 3(¥2) — “2 so that for any X1 set A with Es <a! B> [ 4,
K | A is not continuous.

Proof. Use the usual arguments to adjust the domain and range of the function from Fact Then apply
Fact 0414 (]

Corollary 16.8. Es does not have the 3-Mycielski proprety.

Proof. Let C C 3(“2) be any comeager set so that K | C' is continuous. Then C witnesses the failure of the
3-Mycielski property for Es. O

17. THE STRUCTURE OF Ej3

This section will give the characterization of F3-big X1 sets coming from its dichotomy result. See the
references mentioned below for the details.

Definition 17.1. Ej3 is the equivalence relation on “(¥2) defined by x E3 y if and only if (Vn)(z(n) Eo y(n)).

Definition 17.2. Let (-,-) : 2w — w be some recursive pairing function.
Let 71,7 : 2w — w be projections onto the first and second coordinate, respectively.
Let A C w. Define dom(A) = {(4,7) : (i,j) € A}.
If A C w is finite, let L(A) = sup 71 [dom(A4)].
If s € 2, let grid(s) : dom(n) — 2 be defined by grid(s)(7, 5) = s((i, j)).

Definition 17.3. Z, is the group (2,+7%2,0) where +%2 is modulo 2 addition and 0 denotes the identity
element.

Let “Zy = (“2,+ %2,0) where 4+ %2 is the coordinate-wise addition of +%2 and 0 is the constant 0 function.

Let “(“Zy) = (*(%2),+ (“%2) 0) where 4+ ("%2) is the coordinate-wise addition of 4+ %2 and 0 € “(¥2) is
defined by 0(k)(j) =0 for all k,j € w.

Let Z C “2 be defined by Z = {x € “2: (3k)(Vj > k)(z(j) =0)}.

Do Zo = (Z, +7%2.0) is the w-direct product of Zj.
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“(Brew Z2) = (¥ 27, +7(“22) 0) is the w-product of @ne‘d

If g € “(D,,cy, Z2), define supp(g) = {n € w: g(n) # 0}.

“(B,,c., Z2) acts on ¥ (“2) by left addition when “(¥2) is considered as “(“Zy). That is, g-x = g+ 22) 4.
Fact 17.4. x E3 y if and only if there is a g € “(€D,,¢,, Z2) so that x =g -y.

Definition 17.5. A grid system is a sequence (gs ¢ : s,t € <“2A[s| = [t|}) in “ (P
properties:
(I) If s,t,u € ™2 for some n € w, then gs = Gr.u +7(@new Z2) Js,t-
(IT) For all m < n, s,t € "2, u,v € ™2 and [ € m1[dom(n)] with u C s, and v C ¢, if
grid(s) [ dom(n\ m) N ((I1+1) x w) = grid(¢) [ dom(n\ m)N (I +1) X w)
then for all ¢ <1, gs+(2) = gu,»(%).

Z5) with the following

new

Fact 17.6. Let B C “(¥2) be X} so that E3 | B =a1 Es. Then there is a continuous injective map
O :w(“2) —» “(¥2), a grid system (gs, : s,t € <“2A|[s| = |t]), and sequences (k; : i € w) and (Pm; : M, € w)
in w with the following properties:

(i) ®[*(*2)] € B.

(”) Ifs7t € "2, then Supp(gs,t) c (kL(n) + 1)

(i1i) For each m € w, (k; : i € w) and (pm,; : © € w) are strictly increasing sequences.

(w) For all x,y € “(¥2) and m,j € w, if x(m)(j) = 0 and y(m)(j) = 1, then ®(z)(km)(pm,;) = 0 and
@(y) (k) (Pm.j) = 1.

(v) Let x,y € “(“2) and |l € w. Suppose

(¥(.5) € (4 1) x ) \ dom(m) (2(i)(j) = y(0)5) )

Let s,t € "2 be such that for all (i,7) € dom(n), grid(s)(i,5) = z(i)(j) and grid(¢)(i,j) = y(i)(j). Then
(gs.¢ - 2(2)) (1) = @(y) (D).
Proof. This is implicit in [§]. See the presentation in [I2] Chapter 14, especially Section 14.5 and 14.6. O

Note that ® as above is an F3 reduction.

18. EF3 DoEs NoT HAVE THE 2-MYCIELSKI PROPERTY

Definition 18.1. For each s € <“2, let Nyiq(s) = {2 € “(“2) : (V(,7) € dom(]s|))(z()(4) = s({4,5)))}
Each Ngiq(s) is an open neighborhood of “(“2) and also the collection {Ngyiq(s) : s € <2} forms a basis
for the topology of “(“2).

When o : m — <¥2, then N, will refer to the usual basic open neighborhood of “(“2). Both types of
open sets will be used in the proof of the following result.

Theorem 18.2. Let D = {(z,y) € 2(“(“2)) : 2(0) # y(0)}. D is dense open.
For all 3} sets B C “(“2) with E3 | B =1 B, [B]3, € D.
FE5 does not have the 2-Mycielski property.

Proof. Suppose (z,y) € D. There is some n so that 2(0)(n) # y(0)(n). Let 0,7 : 1 — <2 be defined by
0(0) =z(0) [ (n+1) and 7(0) = y(0) | (n+1). Then (z,y) € N, C D. D is open.
Suppose o, 7 : m — <“2 have the property that for all k < m, |o(k)| = |7(k)|. Define o/, 7" : m — <“2 by

o otk k0 o ) k0
U(k)_{a(kyo k—o ™ T(k)_{T(k)n k=0

Ny 7+ € Ny and Ny -+ € D. D is dense open.

Fix ® and the other objects specified by Fact Note that for any s € <2, g, ; = 0. In particular,
90,0 = 0. ~

Let py, : 1 — <¥2 be defined by p,(0) = ®(0)(0) | n. If s € <¥2, then define x5 € “(“2) by

oy s((i,7))  (i,4) € dom(]s])
z5(1)(j) = : :
0 otherwise
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Let sg = 0.

Suppose s, € <2 has been defined so that z, (0) = 0 and ®(x,,)(0) = ®(0)(0). By continuity, find some
u € <¥2 with s, C u and x5, € Ngia(u) 50 that Ngiqu) € ®~'[N,,.,]. Now find the least k& > |u| so that
k = (1,q) for some q € w. Let s,+1 2 u be of length &k + 1 defined by

u(j) 7 <|ul
sn+1(j) = {1 J=k
0 otherwise

Note that since x,,,(0) = 0 = 0(0), (g9,0 - ®(s,,,))(0) = ®(0)(0) by condition (v) of Definition [L7.6]
This implies that ®(z,, ,)(0) = ®(0)(0).
Now define z € “(¥2) by

w(i)(j) = (U grid(sn>> (i..)-
necw
Since Ngrid(s,) € [N, ] for all n € w, ®(x)(0) = ®(0)(0). Hence (®(x), ®(0)) ¢ D. However, there are
infinitely many ¢ € w so that z(1)(q) = 1. Since @ is an E3 reduction, ~(®(z) E3 ®(0)).
It has been shown that for any map ® as in Fact [17.6] [®[*(“2)]]3, € D. Since any X} set B C “(+2)
with the property that Fs [ B =al E5 has some such map ® so that ®[“(“2)] C B, no such B can have the

property that [B}%S C D. E5 does not have the 2-Mycielski property. a

19. COMPLETENESS OF ULTRAFILTERS ON QUOTIENTS
Without the axiom of choice, the notion of completeness of ultrafilters needs to be defined with care.

Definition 19.1. Let X be a set. Let U be an ultrafilter on X. Let I be a set. U is I-complete if and
only if for any set J which inject into I but is not in bijection with I, and any injective function f : J — U,

Njes fU) €U.

U is IT-complete if and only if for all J which inject into I and all injective functions f : J — U,

Njes fG) €U.

N;-complete is often called countably complete. A well-known result is that there are no countably
complete ultrafilters on “2. There are countably complete ultrafilters on quotients of Polish spaces by
equivalence relations.

Fact 19.2. Let C C P(“2/Ey) be defined by A € C if and only if | J A belongs to the comeager filter on “2.
C is a countably complete ultrafilter on “2/Ey.

Proof. C is an ultrafilter follows from the generic ergodicity of Ey. Countable completeness is clear; in fact
under AD, every ultrafilter is countably complete. O

A natural question is whether this ultrafilter or any ultrafilter on “2/Ej could be more than just countably
complete. R injects into “2/Fy. Is C RT-complete? Note the function f in Definition is required to be
injective. Otherwise this notion becomes clearly trivial using the function f : R — C defined by z — (“2/
Eo)\{[*]E, }- The next fact will show using a modification of the above function that there are no nonprincipal
R*-complete ultrafilters on quotients of Polish spaces.

Fact 19.3. (ZF + AD) Suppose E is an equivalence relation on a Polish space X so that =< E (where <
denotes the existence of a reduction). Then no nonprincipal ultrafilter on X/E is RT-complete.

Proof. Let U be a nonprincipal (R)T-complete ultrafilter on X/E. Let ¥ : “2 — X be a reduction witnessing
=< E. Let ®:“2 — X/FE be defined by ®(z) = [V(2)]g. ® is an injective function.
Let L = (X/E)\ ®[“2] =, cws(X/E)\ {®(x)}. L € U since U is both nonprincipal and R*-complete.
Let L =JL. L must be uncountable. Hence L is in bijection with “2. Define f : L — (X/E) by
f(@) = (X/E)\{[z]p, D(2)}
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To show f is injective, it suffices to show that the map on L defined by « — {[x]g, ®(z)} is injective: Suppose
x #y and {[z]g, [Y(@©)] e} = {[¥]E, [Y(y)]r}. Since ¥ is a reduction, (¥ (xz) E ¥(y)). Therefore, one must
have that  E ¥(y). This is impossible since [z]g € (X/E) \ ®[“2]. This shows f is injective.

Since for all 2 € L, [z]g ¢ f(z), LN N,er f(x) = 0. Since LeU, Nuer f(z) € U. U is not R*-complete.
Contradiction. O

Fact 19.4. (ZF+ ADg or ZF + ADT +V = L(Z(R)) Let X be a Polish space and E be an equivalence
relation on “2. If “2/E is not well-ordered, then there is no RT -complete nonprincipal ultrafilter on X/E.

Proof. Under ZF + ADg, results of Woodin and Martin show that every set of reals is x-Suslin for some
k < ©. So the complement of F is x-Suslin for some x < ©. In ZF 4+ AD, [5] showed that if the complement
of E is k-Suslin, then either the identity reduces into E or “2/FE is in bijection with a cardinal less than or
equal to x (and hence can be well-ordered).

Under ZF + ADT +V = L(Z(R), [2] Theorem 1.4 (along with [2] Corollary 3.2) states that for any set
X, either X is wellordered or R injects into X.

In either case, the result now follows from [19.3] O

20. CONCLUSION
This section includes some questions.

Question 20.1. Under ZF 4+ —~ACE, can there be w-Jénsson functions for “2?
In particular, is there an w-Jénsson function for “2 in the Cohen-Halpern-Lévy model H (see Question

)

Question 20.2. It was shown that Fs does not have the 2-Mycielski property. An interesting question
would be: what is the relation between the n-Mycielski property, n-Jénsson property, and the surjectivity
properties in dimension n for Ey?

In particular, does the 2-dimensional version of the results in Section [16] hold?

Does “2/FE5 have the 2-J6nsson property, 3-Jénsson property, or full Jénsson property?

Question 20.3. For F; and Fj3, this paper only considers the Mycielski property. One can ask about some
of the other properties of £y or E3 which had been studied for Fy and E5. For example:
Does “(“2)/E; or “(¥2)/E3 have the Jénsson property?

Question 20.4. Assuming determinacy, if R/FEy injects into a set X, can X have the Jénsson property?
More specifically, if E is a Al equivalence relation on R so that Ey < ar E, can R/FE have the Jonsson
property?
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