THE SIZE OF THE CLASS OF COUNTABLE SEQUENCES OF ORDINALS
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ABSTRACT. Assume ZF + AD + DCg. There is no injection of <*1w; (the set of countable length sequences
of countable ordinals) into “ ON (the class of w length sequences of ordinals). There is no injection of [w;]“1
(the powerset of w1) into <“1ON (the class of countable length sequences of ordinals).

1. INTRODUCTION

Mathematical size between two sets is compared through injections and bijections. If A and B are two
sets, then |A| < |B| indicates that there is an injection from A to B. One writes |A| < |B] if and only if
|A] < |B| and not |B| < |A|. One writes |A| = |B| if there is a bijection between A and B. In ZF, the
Cantor-Schroder-Bernstein theorem asserts that |A| < |B| and |B| < |A| imply that |A| = |B|. The axiom
of choice, AC, implies every set can be wellordered and is in bijection with an ordinal and the least such one
is called its cardinality. Thus under AC, the class of cardinals is wellordered under the injection relation.
A frequent phenomenon is that the relation between the size of two sets with explicit definitions are often
independent of ZF + AC. The continuum hypothesis is a notable example.

The axiom of determinacy, AD, asserts that all integer games between two players of a certain form
have a winning strategy for one of the two players. Cardinalities of sets are no longer wellorderable under
injections. However, under AD and its extensions, mathematical size of sets become more natural in that
size corresponds more closely to the identity of the object or its fundamental combinatorial properties. The
computation of size under determinacy involves techniques that are closely connected to definability. For
instance, under AD, |R| and w; are incomparable cardinalities. Even under AC, it seems that one cannot
explicitly specify a wellordering of the reals without imposing conditions on the structure of the universe,
such as the reals all belong to the constructible universe L or some other canonical inner model. Moreover,
various large cardinal principles imply that wellorderings of the reals must necessarily be quite complicated.
Under AD, the incomparability of |R| and w; follows from the measurability of w;. Measurability of w; can
be proved using the Martin measure on the Turing degrees. Alternatively, Solovay showed the club measure
on wj is a normal measure using the X1 boundedness principle.

Let ON denote the class of ordinals. Let ¢ € ON and X C ON be a set or class. Let ¢X be the set of
functions f: e — X. Let <°X = J;_.°X. Let [X] be the set of functions f : ¢ — X which are increasing.
Let [X]<¢ = s [X]°.

Suppose x and § are two ordinals greater than 1. The main question in this paper is whether <*1x can
inject into “d. These two sets seem to have a fundamental difference. <“'x consists of sequences of arbitrary
countable length and “¢ consists entirely of sequences of one fixed length w. Assuming the axiom of choice,
these sets may not be distinguishable through size since, for example, |[w1]“| = |[w1]<“*| under ZFC.

Observe that |<“12| = |[w1]<“!| = |<“!w;|. Thus a negative answer to the above question follows from a
negative answer to the following question.

Question 1.1. Is there an injection from [wy]<“! into “ON?

Another related question is that if k and ¢ are two ordinals greater than 1, then does |“' k| < |<“14| hold?
Again these two sets have a fundamental difference: “'k consists of sequences of length w; and <“'§ consists
of countable length sequences. Observe that [“12] = |2 (w1)| = |[w1]“?|. Thus a negative answer to the
above question follows from a negative answer to the following question.

uestion 1.2. Is there an injection from [w;]*! into <“1ON?
J
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Woodin [I7] was aware of a negative answer to a particular instance of Question under ZF +DC+ ADg,
namely that [w1]<“? does not inject into [w1]¥. Result from [3] show that Question has a negative answer
under a fragment of ADT. These earlier results however pass through an analysis of a set S; which uses
AD™ techniques. This article will answer these questions using classical determinacy techniques which hold
under AD + DCg.
The theory AD™ isolated by Woodin ([I8] Section 9.1) consists of the following statements.
o DCp.
e Every set of reals has an oo-Borel code. (An co-Borel code is a pair (S, ¢) where S is a set of ordinals
and ¢ is a formula of set theory. Let B (g ) = {r € R: L[S, 7] F ¢(S,7)}. (S5, ) is an co-Borel code
for a set A C R if and only if A =B g,,).)
e Ordinal Determinacy, which is the statements that for every A < ©, X C R, and continuous function
7 :“X — R, the two player game on \ with payoff set 7=1(X) is determined.

Results of Kechris and Woodin showed that if AD holds, then L(R) = AD™. The relation between AD and
AD™ as well as the relations between the three statements in AD" are not known.

Let S1 = {0 € [w1]<* : wlL[a] = sup(o)}. Woodin [I7] was aware that under ZF + ADg + DC, |S;| <
[[w1]<**| and S; does not inject into [wy]¥. Moreover, since S C [w1]<“!, a negative answer to Question
follows from AD™ by the following result.

Fact 1.3. ([3]) Assume ZF4+AD+DCg and all sets of reals have an co-Borel code. Then there is no injection
of S1 into “ON. As a consequence, there is no injection of [wi]<“* into “ON.

This result uses co-Borel codes to absorb fragments of functions into suitable ZFC models. To the authors’
knowledge, the most interesting properties about S; (and even to distinguish |.S1| from |R|) require arguments
using co-Borel codes. Unlike Sy, [wi]<“! is a more combinatorial object and [5] distinguished [w;]* and
[w1]<“' in AD alone using the almost everywhere continuity property (on sequences of a fixed countable
length).

First, this paper will show that under just ZF 4+ AD, one can prove the following.

Theorem Assuming ZF + AD, —(|[w1]<“*| < |“(ww)])-
Then one will obtain the conclusion of Fact under just ZF + AD + DCg.
Theorem Assume ZF + AD 4 DCg. There is no injection of [w1]<“* into “ON.
These two theorems are then used to prove the following theorem.

Theorem Assume ZF + AD + DCg. There is no injection of [wy]** into <“*ON.
Assuming just ZF + AD, = (|[w1]“t] < <9t (wy,)])-

Fact is proved using techniques that clearly have an AD" flavor. In contrast, the results of this
paper are proved using an eclectic combination of classical determinacy arguments and more recent results
of classical flavor. Almost everywhere continuity results for functions ® : [w1] — w1 from [5] use the Kunen
tree which is an important tool for analyzing the ultrapower of w; by the partition measures. Various almost
everywhere club uniformization results will be employed. One consequence of these club uniformization
results is the almost everywhere continuity property for functions of the form @ : [wy]“* — w; from [4].
Generic coding arguments, category notions, and the Banach-Mazur games will be used to make uniform
selection of cofinal sets and uniform selection of 33 bounding prewellorderings. Martin’s good coding system
and the Martin style games, which are used to prove the partition relations, will indirectly appear in the
almost everywhere good code uniformization.

Ideas involving S7 require forcing techniques over ZFC-models that do not seem to generalize to cardinals
higher than w;. [5] used classical determinacy arguments to prove —(|[w1]<“!| < |[w1]*]) under just AD, but
the techniques used could be generalized to prove —(|[ws]<“?| < |[ws]*|) under AD which has no known AD™
style proof to the authors’ knowledge. The methods used here seem to be more suitable to generalizations
of the main questions to higher strong partition cardinals such as 3.
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2. BELOW w,,

This section will give a negative answer to Question below w,, under just ZF + AD. A brief review of
Kunen functions and the ultrapower representations of w,, for n < w will be given. Fact [2.6] will show under
AD that |[w]*| < |[w1]<“*|. Using the ultrapower representations, Fact [2.6] will be used to show that [w;]<**
does not inject into “w,, (Theorem [2.8)) or even “(w,,) (Theorem [2.9). Later, the main result (Theorem [4.4)
will be derived by reducing back to Fact

Let ¢ € ON and f : ¢ — ON. The function f is discontinuous everywhere if and only if for all a < ¢,
sup(f [ @) < f(«). The function f has uniform cofinality w if and only if there is a function F : € x w — ON
so that for all @ < e and n € w, F(a,n) < F(a,n + 1) and F(a) = sup{F(o, k) : k € w}. The function
f has the correct type if and only if it is discontinuous everywhere and has uniform cofinality w. If X is a
set or class of ordinals, then [X]¢ and [X]5€ are the subsets of [X]¢ and [X]<¢ (respectively) consisting of
those functions of the correct type. Using the ideas from [4] Fact 2.2, one can show that if e < k and & is a
cardinal, then |[x]¢| = |[x]5|. The notion of having correct type is used to formulate a correct type partition
property which provides club homogeneous sets.

Definition 2.1. Let ¢ < k be ordinals. Let k —, (k)§ indicate that for all P : []S — 2, there is a club

C C k and an i € 2 so that for all f € [C]S, P(f) =i. If K —. (k)§ for all € < &, then & is said to be a weak
partition cardinal. If k —, (k)5, then « is said to be a strong partition cardinal.

Fact 2.2. (Martin; [7] Theorem 12.2, [2] Fact 4.9, [2] Corollary 4.27) Assume ZF + AD. For all € < wy,
w1 = (w1)§. (Martin and Paris; [2] Theorem 5.19) For all € < wa, wa —>x (w2)5.

For 1 < ¢ < wy, define the filter W§ on [w1]¢ by A € W if and only if there is a club C' C w; so
that [C]¢ € A. The partition relations imply that W is a countably complete measure. In particular,
w1 is a measurable cardinal. Using the Kunen tree analysis, it can be shown in ZF + AD (without DCg)
that for each 1 < n < w, H[wl]" w1 /W7 is a wellordering under the usual ultrapower ordering and in fact
Wntl1 = H[wl]" w1 /W{. The Martin and Paris weak partition property for ws from Fact follows from
the ultrapower representation of ws (see [2] Theorem 5.19 for the details). These partition properties on
wo imply that wsy is measurable (for instance using the w-club filter or the w;-club filter on ws) and hence
regular. The ultrapower representation also shows that for all n > 3, cof(w,) = ws.

One can explicitly give an wsy cofinal sequence through w, when n > 2. Let U be the subset of the
ultrapower [, w1/ Wi consisting of those elements which have a representative f : w; — w; which is an
increasing function of the correct type. Since |[],,, wi/W}| = wa, one also has that || = wy. For n > 2 and
frwr — wi, define K, (f) : [wi]"! — w1 by K, (f)(a1, ...y n—1) = f(an_1). Define p, : U — w1 wi/
Wit = w, by pu(([f] wi) = [Kn (f)]Wln—l. (Observe that p, is well defined and independent of the choice
of representative f.) One can check that p,, : U — w, is cofinal. (See [6] Section 4 and [12] Theorem 5.2.)

Fact 2.3. (Kunen; [2] Theorem 5.10; [6] Lemma 4.1) Assume ZF + AD. Let f : w1 — wy be a function.
There is a function K : wy X wy — wy so that for each w < o < wy, f(a) < sup{K(e,B) : 8 < a} = {K(«, ) :
B < a}. (The latter means that the set {K(a, ) : 8 < a} is the ordinal sup{K(«,B) : 8 < a}.)

Fact 2.4. Assume ZF+AD. Let 6 < e < w; and ® : [w1]S — wy have the property that there is a club C C wq
so that for all f € [C]S, ®(f) < f(0). Then there is a club F C wy so that for all f,g € [FIS, if f =g ]9,
then ®(f) = @(g).

Proof. Let §, ¢, @, and C be as in the statement. Let ¢ = 6 + 1+ (e — ). Let h : € — w;. Define
main(h) : € = wy by
h(a) a<d

main(h)(a) = {h(a +1+(@—0) a>§

Let extra(h) € w; be extra(h) h(6). Define a partition ® : [C]¢ — 2 by P(h) = 0 if and only if
®(main(h)) < extra(h). By w; —, (w1)§, let Dy € C be a club homogeneous for P. Next, it will be shown
that Dy is homogeneous for P taking value 0. Let D; C Dy be the set of limit points of Dy. Pick f € [Ds]5.
Since f € [C]¢, ®(f) < f(6) € Dy1. Let v € Dy be so that sup(f [ §) < v < f(d). Let h: € — Dy be such
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that main(h) = f and extra(h) = ~. Since P(h) = 0 and h € [Dy]< , this shows Dy is homogeneous for P
taking value O.

Let nextp, : w1 — Dy be defined by nextp, («) is the least element of Dy larger than a. For any f € [D1]S,
®(f) < nextp, (sup(f [ 0)). This follows from P(h) = 0 where h : € — Dy is defined so that main(h) = f and
extra(h) = nextp, (sup(f | 8)). For each o € [D1]%, let V,, : [D1\ (sup(c0)+1)]$° — nextp, (sup(c)) be defined
by V,(k) = ®(c"k). By the countable completeness of W¢=°, there is a club E and a 7, < nextp, (sup(c))
so that for all k € [E]S°, V, (k) = 7.

Define @ : [D1]¢ — 2 by Q(f) = 0 if and only if ®(f) = v¢15. By w1 —« (w1)$, there is a club F' C D,
which is homogeneous for Q. Pick any o € [F]J. There is a club E C F so that for all k € [E]S°, V, (k) = 7,.
Pick a k € [E]S° and let f = 0"k. Then ®(f) = ®(c'k) = V,(k) = 7o = Vs15- So Q(f) = 0 and hence F'
must be homogeneous for ) taking value 0. Thus F' is the desired club. (|

The following is the almost everywhere continuity property for functions @ : [w1]¢ = w; when € < wy.

Fact 2.5. ([B] Theorem 2.15) Assume ZF + AD. Let € < wy and @ : [w1]¢ — wi. There is an § < € and a
club C C wy so that for oll f,g € [C]S, if sup(f) =sup(g) and f [ 6 =g | 0, then O(f) = D(g).

Proof. In [5], this fact is derived from a finer and complete analysis of continuity given by [5] Theorem 2.14.
The following is a simpler proof of just the coarser continuity stated above.

Define a partition P : [w;]s*t — 2 by P(h) if and only if ®(h | €) < h(e). By wi —» (w1)5™, there is a
club Cy C w; which is homogeneous for P. Pick an f € [Cy]¢ and let v € Cy be such that ®(f) < . Define
h = fv. Since h € [Co]st! and P(h) = 0, this shows that Cp is homogeneous for P taking value 0. For
all f € [Cols, ®(f) < nextc,(sup(f)) by using the fact that P(h) = 0 where h € [Cp]¢t! is defined so that
h 1 e= f and h(e) = nexte,(sup(f)). By Fact there is a function K : wy X w; — w; with the property
that for all w < a < wy, nexte, (@) < sup{K(a, B) : < a} = {K(«a,5) : 8 < a}. Since for all f € [Cy]s,
O(f) < nexte, (sup(f)), define U : [Cp]s — wr by ¥(f) is the least 8 < sup(f) so that ®(f) = K(sup(f),5).
For each f € [CyS, let 05 be the least ¢ so that W(f) < f(d). Since WT is countably additive, thereis a § < e
and a club Cy C Cy so that for all f € [C1]S, df = d. Fact implies there is a club C' C C so that for all
frg €[Cl5 A f 16 =916, then W(f) =U(g). For any f,g € [C]5, if f [ § =g [ § and sup(f) = sup(g),
then ®(f) = K(sup(f), ¥(f)) = K(sup(g), ¥(g)) = ®(g). C is the desired club. O

[5] uses Fact [2.5 to give an argument in ZF + AD that [w]<“* does not inject into “w;. Since this result
is the backbone of all other results in the paper, the proof will be given for completeness.

Fact 2.6. (5] Theorem 2.16) Assuming ZF + AD, —(|[w1]<“*| < [“w1|). In particular, |[w1]?] < |[w1] <.

Proof. Suppose there is an injection ® : [wq]<“! — “w;. For each € < wy and n € w, define DE : [w1]¢ — w
by ®¢(f) = ®(f)(n). By Fact[2.5] thereis a § < e and a club C' C wy so that forall f,g € [C]S,if f [ =g ]
and sup(f) = sup(g), then @ (f) = P (g). Let 5 be the least such §. For each n € w, let A, : w1 — wy
be defined by A, (€) = 5. Since A,, is regressive and the club measure Wi is normal, there is a §,, < w; so
that there exists a club C' C w; with the property that A, (¢) = d,, for all € € C. By the Moschovakis coding
lemma, there is a surjection 7 : R — #(wy). Define R C w x R by R(n,x) if and only if m(x) is a club with
the property that for all € € 7(x), An(€) = 6,. By ACE, there is a sequence (z, : n € w) so that for all
n € w, R(n,zy,). Let Cp, = w(zy,) and C =, ¢, Cn. Let 0 = sup{d, : n € w} and note that § < w; since w;
is regular. Fix an ordinal € > § + 1 with ¢ € C'. Using the Moschovakis coding lemma and AC§ again, there
is a sequence (D,, : n € w) of club subsets of w; with the property that for all n € w, for all f, g € [D,]¢

* 9

if f 05, =g 65, and sup(f) = sup(g), then @, (f) = @5,(g9). Let D =(,,c,, Dn. Pick f,g € [D]S so that

f10=g1ld,sup(f) =sup(g), and f # g. Since § > d,, = d5, (since € € C) for all n € w, one has that
®(f) = ®(g). This contradicts ® being an injection. O

Let club,,, denote the collection of club subsets of w;. The following is the everywhere w; club uniformiza-
tion.

Fact 2.7. ([2] Fact 4.8) Assume ZF + AD. Suppose R C w;y x club,, is a relation which is C-downward
closed in the club coordinate. (This means for all « € wy, if C C D are club subsets of wy and R(a, D), then
R(a,C).) Then there is a function ® : dom(R) — cluby, so that for all « € dom(R), R(«a, ®(a)).
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The following is useful notation. If f : w; — wy and € < wy, then let drop(f,€) : w; — wy be defined
by drop(f,€)(«) = f(e + «). The following argument appears in [5] for just we. The next result adapts the
arguments for all w,, such that 2 <n < w.

Theorem 2.8. Assume ZF + AD, —(|[w1]<*!| < “wy,) for alln € w.

Proof. Suppose ® : [w1]<¥t — “w, is an injection. Fact implies this is impossible if n < 1. So suppose
n > 2 and inductively this result has been shown for all k¥ < n.

For each € < wj, define a partition P. : [w1]¥* — 2 by P.(f) = 0 if and only if sup(®(f | €)) <
pn(ldrop(f, €)lw:), where p, : ¥ — wy, is cofinal. (Note that sup(®(f [ €)) < wy, since @(f [ €) € “w,
and cof(wy,) = we.) By wi —, (w1)5?, there is a club C' C w; which is homogeneous for P.. Next, one
will show C' is homogeneous for P. taking value 0. Pick any o € [C]S. Since p, is cofinal, there is an
h € [C]¢ with sup(o) < h(0) and sup(®(0)) < pn([hlw:). Let f = o’h. Note that f € [C]{* and
P(f) = 0 since sup(®(f | €)) = sup(®(0)) < pn([h]w1) = pn([drop(f,€)lw1). Thus C is homogeneous
for P taking value 0. Fix a g € [C]¢*. Let 8 = pn([glwy). For any o € [C]S, let 7, be the least
v < wi so that sup(c) < g(v). Let f, = o°drop(g,7,) and note that f, € [C]¥*. P(f,) = 0 implies that
sup(®()) < pu([drop(fs, €)lwa) = pnl[glwa) = B since [drop(fs,€)lws = [glwa. Let B be the least ordinal
~ for which there exists a club D C w; so that for all o € [D]S, sup(®(0)) < v. (The previous argument
shows such objects exists as witnessed by 8 and C above.)

Define a relation R C w; X club,, by R(e, D) if and only if for all o € [D]S, sup(®(c)) < Bc. Note that R
is C-downward in the club,, coordinate and dom(R) = w;. By Fact there is a sequence (C. : € < wy)
so that for all € < wy, R(e,Ce). Let § = sup{fe : € < w1} and note that § < w, since cof(w,) = wa. Let
B : 6 — w,—1 be an injection. Define an injection ¥ : |J._, [C]¢ — “wn—1 by ¥(o)(n) = B(®(a)(n)).
This is well defined since for all o € [C], ®(0)(n) < Bc < 0. Since |U, ., [Cels| = [[wi]<**|, ¥ induces an

injection of [w1]<“! into “w,_1, which is impossible by the induction hypothesis. O
Note that the next result implies Theorem 2.8} however, the proof is more tedious.
Theorem 2.9. Assume ZF + AD, —(|[w1]<“!| < |¥(ww)])-

Proof. Suppose there is an injection ® : [w;]<“* — “w,,. By the countable additivity of W}, for each n € w
and € < wy, there is a club C and an integer b so that ®(o)(n) < wy for all o € [C]¢. Let b5, be the least
such integer. Again by the countable additivity of Wi, for each n € w, there is a club D and an integer b,
so that for all e € D, b¢, = b,,. By the Moschovakis coding lemma and AC§7 there is a sequence (D,, : n € w)
of club subsets of w; so that for all € € D, b, = b,,. Let D* = ﬂn@) D,,.

Claim 1: For each n € w, there is a sequence (E. : ¢ € D*) of club subsets of w; and an injection
I:A— wy, where A= {®(0)(n):0 € U.cp-[Eei}-

To see Claim 1: Fix n € w. Recall for each i > 2, there are cofinal maps p; : ¥ — w; of Y (which has
cardinality wy) into w;. Define R C D* xclub,,, by R(e, C) if and only if for all o € [C]S, ®(0)(n) < wp, . Since
R is C-downward closed in the club,,-coordinate and dom(R) = D*, Fact implies there is a sequence
(CL: € € D*) so that for all € € D*, R(e,Cl). Let Ci» = C., ap, = by, and Uy, : J.cp-[C"]S — wa,,
be defined by ¥, (o) = ®(o)(n). (In the following construction, the indices of the objects created will be
decreasing.)

Suppose for 0 < k < b, the following objects have been defined.

For all £ < j <b,, aj <b, and for all k < j < by, if a; > 1, then a;_1 < a;.

For all k < j < by, (C? : € € D*) is a sequence of clubs and for all k < jo < j; < b, CJ0 C CJ1.
For all k < j < by, ¥; : U.ep-[CY]S = wa,-

For k < j <bp, I; : Tj = wq,_, is an injection where T; = {U;(0) : 0 € U.cp-[C]<}.

Next, one will define ay_;, C¥~! for each € € D*, Uy, I}, and T} with the above property at k — 1.
(Case I: a;, > 1.) Fix e € D*. Define P* : [CF]“r — 2 by P¥(f) = 0 if and only if Ui(f | €) <
Pay ([drop(f, €)lw1). By wi = (w1)3", thereis a club K C C* which is homogeneous for P*. Fix a o € [K]S.
Pick any ¢ € [K]{" so that £(0) > sup(o) and Wy (0) < pa,([f]w1) which is possible since po, : T — wq,
is cofinal. Let f = o"¢. Note that P*(f) = 0 since ¥y (f | €) = ¥y(0) < Par ([llw) = pay ([drop(f, €)lw1).
Since f € [K]¢*, K is homogeneous for P* taking value 0.
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Now fix an £ € [K|¢* and let 8 = pq, ([(]y;). For any o € [K]S, let 7, be the least v so that sup(o) < £(7).

Let fo = odrop((,75). PF(fs) = 0implies that Uy,(0) = T (fo [ €) < pa, ([drop(fo, )lw;) = pa, ((lwy) = B
since [drop(fo, €)]ws = [{Jw;. It has been shown that there is a 3 so that there exists a club K C C* with
the property that for all o € [K]¢, ¥.(0) < B. Let B be the least such 3 > w with this property. Let
d = sup{f. : € € D*}. Since aj, > 1, cof (wg, ) = w2 S0 § < W,

Now define S C D* x club,, by S(e, K) if and only if K C C* and for all o € [K]S, Ui(o) < 6. Note
that dom(S) = D* by the previous discussion and S is C-downward closed in the club,,,-coordinate. By
Fact there is a sequence of clubs (CF~1 : ¢ € D*) with the property that for all € € D*, S(e, C*~1).
For all o € U cp-[CETS, Wi(o) < Bio) < 0 < wy,. Since w < § < wg,, there is an ax—1 < aj, so that
Wayy <0 <way y41. Let Iy 1 6 = wy,_, be an injection. Let T, = {¥(0) : 0 € U, cp-[C¥1]<} and note
that the restriction Iy, : T}, — wq,_, is an injection. Let W31 : (J.cp- [CF=1]e — Way_, be defined by Ij, o Uy.

(Case II: ar < 1) Let ax—1 = ag, CF~' = CF for each e € D*, Ty, = {Uy(0) : 0 € Upep-[CFSD,
Iy, : T}, = wq, _, be the inclusion map, and ¥;_; = Uy

By recursion, one has constructed (ay : 0 < k < b,), (Ck:e€ D*): 0<k <b,), (Th : 0 < k < by,),
and (I : 0 < k < b,). Since ar—1 < ai, for all 0 < k < b, such that a; > 1 and ap, = b, one must have
that ap < 1. For each € € D*, let E. = CY and I : A — w; be defined by I = I} o... 0 I, , where recall that
A={®(0)(n):0 € U.ep-Feli}. This completes the proof of Claim 1.

Using Claim 1, the Moschovakis coding lemma, and ACE, there exist sequences ((E" : € € D*) : n € w)
and (I, : n € w) so that for all n € w, I, : A,, — w; is an injection where A,, = {®(0)(n) : 0 € J.cp- LIS}
For each € € D*, let E. =, o, B Let ¥ : (J.cp«[Ec]s = “wi be defined by X(0)(n) = I,(®(0)(n)). Now
suppose 09,01 € U, cp-[Fel¢ and og # o1. Since ® is an injection, ®(0¢) # ®(o1). Thus there is some n € w
so that ®(og)(n) # ®(01)(n). Since ®(0p)(n), ®(o1)(n) € A,, and I,, : A,, — w1 is an injection, one has that
Y(00) # X(01) because X(og)(n) = In(®(00)(n)) # I,(P(o1)(n)) = X(o1)(n). It has been shown that ¥ is
an injection. Since || ¢ p-[Eels| = [[w1]<*"|, ¥ induces an injection from [wi]<“* to “w;. This is impossible
by Fact 2.6 O

3. UNIFORM CHOICE OF UNBOUNDED SUBSETS AND BOUNDING PREWELLORDERINGS

Since AD has a limited amount of choice, this section will establish two results concerning the ability
to make uniform choices. Fact will show that if (v, : @ < wi) is a sequence of limit ordinals bounded
below O of cofinality less than or equal to wq, then there is a sequence (K, : a < wi) so that each K|,
is an unbounded subset of v, of size less than or equal to wy. Fact will show that if (6 @ @ < wi)
is a sequence of limit ordinals bounded below © with cofinality greater than wq, then there is a sequence
((Pa,=a) : a < wq) so that each <, is a X} bounded prewellordering on P, of length §,. These two results
will be used to establish Theorem [£.4]

Definition 3.1. Let 2 < o < wy. For s € <“a, let N* = {f € “a: s C f}. Give “« the topology generated
by {N& : s € <“ta} as a basis. Using this topology, one can define the usual category notions. Note that
since « is countable, “a is homeomorphic to the usual topology on “w. Let surj, be the set of functions
f:w — a which are surjections, i.e. flw] = a. Observe that surj, is a comeager subset of “a.

Under AD, the meager ideal on “w has full wellordered additivity. That is, if A € ON and (A, : @ < A)
is a sequence of meager subsets of “w, then J, .\ Ao is a meager subset of “w. Since, “w and “a are
homeomorphic for each o < wy, the meager ideal on “« also has full wellordered additivity.

The following is a simple form of the Kechris-Woodin generic coding function [I1] for w;.
Fact 3.2. There is a function & : “w; — WO so that for a < wn, if f € surj,, then ot(&(f)) = a.

Proof. Let f € Ya. Let Ay = {n € w: (Ym)(m < n = f(m) # f(n))}. Define &(f) to be the element of
WO with domain Ay so that for all m,n € Ay, m <g(s) n if and only if f(m) < f(n). Note that if f € surj,,
then (A, <g(y)) is order isomorphic to a. a

Fact 3.3. Assume ZF + AD. Let (v, : a < wy) be a sequence of limit ordinals so that for all o < wy,
cof (Vy) < w1 and sup{v, : @ < w1} < O. Then there is a sequence (K, : a < wy) so that for all @ < wy,
Ko Cva, |Ko| Swi, and sup Ko = v,
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Proof. Let 6 = sup{v, : @ < w1} < ©. By the Moschovakis coding lemma, there is a surjection 7 : R —
P(9). Define a relation S € WO x R by S(w,r) if and only if m(r) codes a function p : w1 — Veg() such
that sup plw1] = Vog(w). By the finer form of the Moschovakis coding lemma ([14] 7D.5 or [6] Theorem 2.12)
applied to the pointclass X3 and the X} (and even ITj) prewellordering on WO given by the ordertype
function, there is relation R with the following properties.

e RC Sand Ris 1.

e For all @ <wy, RN (WO, x R) # 0.

Let T € WO x R be defined by
T(w,r) < (Fv)(v € WO Aot(v) = ot(w) A R(v,r)).

T is X3, dom(T) = WO, and for all w € WO, T(w,r) if and only if 7(r) codes a function p : w1 — Vog(w)
such that sup plwi] = Vog(w). Since T is X3, the scale property for X3 ([9] Corollary 3.8) implies (by [14]
4E.4) that T has a uniformization function ¥’ : WO — R, i.e. for all w € WO, T'(w, ¥’ (w)). For each
w € WO, let ¥(w) = 7(¥'(w)), i.e. ¥(w) is the unbounded function from w; into vy () coded by ¥'(w).

Define a partial function H as follows. For a < wy, 8 < w1, and s € <“a, («, 3, s) € dom(H) if and only
if there is an 1 < v, such that {f € N®Nsurj,, : ¥(&(f))(8) = n} is comeager in N&. If («, 5, s) € dom(H),
then let H(a, 83, s) be the unique n with the above property.

Define K, = {H(«, 3,5) : (o, 8,8) € dom(H)}. Note |K,| < wy. It remains to show that sup Ky = v,
Fix v < vo. For each f € surj,, let By be the least 8 < wi so that ¥(&(f))(8) > . For each 8 < wy,
let Bg = {f € surj, : By = B}. Since surj, is comeager, surj, = Uz, Bs, and wellordered unions of
meager subsets of “o are meager, there is a 8" < w; so that Bg« is nonmeager. For each ¢ > 7, let
Cc = {f € Bg- : ¥(&(f))(8*) = (}. Since Bg- is nonmeager, Bg- = |J-., C¢, and wellordered unions of
meager subsets of “« are meager, there is a (* >« so that C¢« is nonmeager. By the Baire property, there is
an s € Y« so that Ce+ is comeager in N&. Then for comeagerly many f € N&, U(&(f))(8*) = ¢* > ~. Hence
(o, B, 8) € dom(H) and H(«, 8*,8) = ¢* > ~. Thus ¢* € K,,. Since v < v, was arbitrary, sup K, = v,. 0O

Let T be a (boldface) pointclass, T' be the dual pointclass of I', and A = I'NT". Let §(T') be the supremum
of the prewellorderings on R which belong to A. Let v(T") be the supremum of the I wellfounded relations
on R. If A € #(R), then let rkyy(A) denote the Wadge rank of A (which exists assuming DCg). If T' is a
pointclass, then let o(T') = sup{rky (A) : A € T'}.

Fact 3.4. ([6] Lemma 2.18 and 2.16) Suppose T is a nonselfdual pointclass, closed under V&, V, A, and has
the prewellordering property. Then §(T') = v(T') and is a regular cardinal.

Fact 3.5. ([10] Lemma 2.3) Assume ZF + AD 4+ DCg. Suppose A is a (boldface) pointclass closed under —,
A, and V®. Then o(A) = §(A).

Fact 3.6. Assume ZF + AD + DCgr. Suppose I is a nonselfdual pointclass closed under IR VR A, V, and
has the prewellordering property. Let A =T NT. Then § = §(T') = §(A) = o(A) is a regular cardinal. Let C
be the set of 1 < & so that T, = {A C R : rkw (A) < n} is a pointclass closed under IX. C is a club subset
of 9.

Proof. The first statement follows from Fact and Fact It remains to show that the set C' defined
above is a club subset of 4.

If A C R, then the pointclass 31(A) is the smallest nonselfdual pointclass containing A and closed under
F® A, and V. Uniformly from A, one can obtain a universal set U for £1(A). (See [I3] Section 3.) Note
that A is also closed under 3%, ¥® A, and V. Thus if A € A, then 21(A4) C A.

Let v < 6. Since § = o(A), find some A € A so that v < rky(A4). Let Ap be a universal set for
31(A). If A, has been defined, let 4,1 be a universal set for Z1(R\ A,) C . Let &, = rky (A,41)
and note that &, < 0 since Ap+1 € A. Let n = sup, ¢, & and observe that n < ¢ since § is regular. The
claim is that Y, is closed under 3¥. Suppose B C R x R and rky/(B) < 1. There is an n < w so that
ki (B) < &,. Thus B € £1(R\ 4,). Since Z}(R\ A,) is closed under ¥, F*B € B1(R\ A,,) and thus
rky (F®B) < 1k(A,41) = &, < n. It has been shown that n € C and y < 1. This shows that C' is unbounded.
Suppose ¢ is a limit of elements of C'. Suppose B C R x R and rky (B) < £ There is a ¢’ < ¢ with ¢’ € C
so that rky (B) < £’ < €. Since B € T¢r and Y is closed under 3%, 3¥B € T¢. Hence rky (FXB) < ¢’ < €.
Thus Y¢ is closed under F%. It has been shown that C is a club. O
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For any A C R, an example of such a pointclass closed under 3%, V&, A, Vv, having the prewellordering
property, and containing A is ElL(A’R). Let 64 denote the first Xi-stable ordinal of L(A,R), i.e. the

least § so that Ls(A,R) <3 L(A,R). Arguments from [13] Section 2.4 and [I0] Lemma 2.3 imply that
5a = o(ATH)) = 5(mp ),

Fact 3.7. (Steel; [I5] Theorem 2.1) Assume ZF+AD+DCg. Let T be a nonselfdual pointclass and A = TNT.
Suppose IRA C A. Suppose k < cof(o(A)). If A is k-Suslin and B € T', then ANB €T.

The next result is a finer version of Steel’s result concerning Suslin bounded prewellorderings with a
particular emphasis on a bound for the Wadge rank of the desired prewellordering.

Fact 3.8. (Steel) Assume ZF + AD + DCr. Let 6 be such that cof(d) > we. Suppose k is such that
k > & and there is a pointclass T* which is closed under Y%, 3%, A, V, has the prewellordering property,
and o(T'*) = o(A*) = k, where A* = T* N T*. Then there is a prewellordering (P, =) with the following
properties.

e The length of (P, =) is 8. Let ¢ : P — § be the associated norm of <.

e v : P — § satisfies X3 bounding, which means that for all 3 S C P, there is a ( < & so that
e[S] € ¢.

o rky (P) < k and rky (%) < K.

Proof. This argument follows the template from [6] Theorem 2.28 with additional complexity calculations.
Let v = cof(d). Let 1 be the v*!-element of the club C' C k from Fact E Then Y,, = {A CR: rky(A) < n}
is a pointclass closed under 3*. Let B C R be such that rky (B) = 7. Let ' = {A CR: A <y B}. By a
basic property of the Wadge degrees ([16] Corollary 3.5), T' is nonselfdual because cof(rky (B)) > w. Also
observe T, =1'N I.

Fix some recursive coding of continuous functions F': R — R by R. If z € R, then let ¥, : R — R denote
the continuous function coded by x. Let 7 : w X w — w be a recursive bijection. If z € R = “w and n € w,
then let 2" (k) = z(n(n, k)).

Let E C R be defined by x € E if and only if E;[é] [B] = R\E;&] [B]. Note that E € A* since A* is closed
under V, A, =, V& and F®. Therefore rky (E) < k. Note that if z € E, then E;[}J] [B] =R\ Z;[}] [B] which
implies that E;[(l]] [B] e 'NI = T,; and for every A € T,, = 'NT, there is some € E so that A = E;[i] [B].
Define a prewellordering ¢g : E — 1 by @o(z) = rkW(Z;[(l)] [B]). For all z,y € E, define x <, y if and only
if po(z) < @o(y). Note that x <, y if and only if

(3%2) (270 [B] = 271 [E 0 [B]).

z yO]

Thus the prewellordering =<, associated to ¢ belongs to A* and hence has Wadge rank below k.
Next, one seeks to show that ¢g : E — 1 is X3 bounded. Let S C E be a X1 set (so it is also an w;-Suslin
set). Suppose for the sake of contradiction that sup ¢o[S] = 1. Define Fy C R x R by

Fo(z,y) © (x € SAE,0(y) € B) < (x € SAZ,u(y) ¢ B).

Since T, = I' N T is closed under 3* and w; < cof(n) = cof(o(Y,)), one has that F, belongs to T,
by applying Fact [3.7| to the w;-Suslin set S, the set B € T', and the set (R \ B) € I'. Now suppose
A € T, and thus rky (A) < n. Since sup ¢o[S] = 7, there is some = € S so that ¢o(z) > rky(A). Thus
A<y E;[é] [B] = (Fu)» <w Fpy. This shows that every set in T, is Wadge reducible to Fy. Thus rky (Fy) > 7
however rky (Fy) < n since Fy € T,,. This contradiction shows one must have sup ¢o[S] < 7. It has been
shown that there is 3} bounded prewellordering ¢q : E — 1 where 1 < , cof(n) = v, and the Wadge rank
of the associated prewellordering =<, is less than x.

Since cof(n) = v, let pg : ¥ — 7 be an increasing cofinal map. Define p; : E — v by ¢ (x) is the least
a < v so that po(a) > ¢o(x). Suppose S C E is 1. Since ¢ is X3 bounded, there is some ¢ < 7 so that
©o[S] C ¢. Since pg is cofinal through 7, there is some £ < v so that po(€) > (. Thus p1[S] C £. Hence ¢
is also 33 bounded.

Since v < k = o(A*) = §(A*), there is a norm 1y : R — v whose associated prewellordering <, belongs
to A*. Define a relation S C R x E by S(z,y) if and only if po(¢o(x)) = ¢o(y). By the Moschovakis
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coding lemma, there is an R C S so that for all @ < v, RN (¢ '[{a}] x E) # 0 and R € A* (in fact
R € {(=Zy,) € A*). Note that z <, y if and only if

(VRG)(VRI))[(R(@7 b) A Yy jsao b) = jipo b]

Thus =,, € A* and rky (=,,) < k. It has been shown that there is a prewellordering ¢; : E — v which is
31 bounded and rky (=,,) < .

Since cof(d) = v, let p; : v — J be an increasing cofinal map. Since o(A*) = 6(A*) = k and § < &,
let Y1 : R — § be a surjective map so that rky (<y,) < k. Define S; C E x R by Si(z,y) if and
only if p1(¢1(z)) = ¢1(y). By the Moschovakis coding lemma, there is a relation Ry C S; such that
Ry € 1(=,,) € A* and for all a < v, Ry N (¢7 '[{a}] x R) # 0.

For each 3 < 4, define P3 C R by x € Pg if and only if

(el =gzl € EAB < pi(pi(a)).
Fix some w € R so that ¢1(w) = 8. Then x € P if and only if

Py (21 = oy (w) A (FR2)(FR0) (xm e EANzeEAp(zM) = p1(2) A Ri(z,0) Ay (w) < iy (v))

Using =y, € A*, Ry € A*, and the closure properties of A*, one has that Pg € A* for any 8 < ¢ and thus
rkw (Ps) < k. Let P = Jz_5 Pg. Since & is regular, sup{rkw (Ps) : 8 <} < k. Pick aset D € A* such that
for all 8 < 4, rky (Pg) < rkw (D). Define S; € R x R by Sy(z,y) if and only if Py, ) = X, '[D]. By the
Moschovakis coding lemma, there is a Ry C So with Ry € A* so that for all a < &, Ry N (17 *[{a}] x R) # 0.
Then x € P if and only if

(Fw) (F*y) (Ra(w, y) A By () € D).
Thus P € A* and hence rky (P) < k.

Define a norm ¢ : P — § by p(x) = ¢1(2l%). Since rky (=<y,) < & and rky (P) < &, one has that
rkw (=,) < k. Let T C P be B3, Let 7" = {z: (Jy)(y € T Az = yl)}. Since T C P, one has that 7" is a
31 subset of E. Since ¢ is 33 bounded, there is a ¢ < v so that ¢1[T”] C ¢. By definition of P = Up<s Ps
one has that ¢[T] C p1(¢) < d. It has been shown that ¢ : P — ¢ is a 31 bounded prewellordering of length
d so that rky (<,) < k. This completes the proof. O

Fix a coding of strategies by reals. If z € R, let p, : <“w — w denote the strategy on w coded by z. If
w € WO>,,, then p¥ : <“ot(w) — ot(w) denote the strategy on ot(w) which results from transferring p, via
the bijection B, : w — ot(w) naturally induced from w. In this way, one says that (w,z) with w € WO and
x € R codes the strategy pY.
Let @ < wy. A *-game on « takes the following form.

1 50 52 S4 Se

S1 S3 S5 S7
20 zZ1 zZ3 zZa z

For all i € w, s; € <Y« and 2; € w. Player 1 plays so; for all i € w. Player 2 plays sg;11 and z; for all
i € w. Let f = 50781"83... and z € “w be defined by z(i) = z;. The concept of a *-game on « does not
include any payoff set or winning conditions. A strategy for Player 1 or Player 2 in a *-game on « is merely
a strategy satisfying the above conditions for the respective player.

A Banach-Mazur game on « < w is a *-game on « with a certain payoff set: Let A C “aand B C “Yax“w.
G’ p is a *-game on « so that Player 2 wins G’ p if and only if f € A and B(f, 2).

The following (in the w case) is a well-known result concerning the unfolded Banach-Mazur game. If
2 < a < wy, then one has that “« is homeomorphic to “w so the result transfers to the countable ordinal a.

Fact 3.9. ([8] Theorem 21.8) Let « < wy. Let A C “a and B C “a x “w. Assume G’ p is determined (for
instance, under AD). If A is comeager in “a and A C dom(B), then Player 2 has a winning strategy in
G - Thus for every w € WO with ot(w) = «, there is an x € R so that p¥ is a Player 2 winning strategy
for G%) .
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Fact 3.10. Assume ZF + AD + DCg. Let {0, : @ < wy) be a sequence of limit ordinals such that sup{d, :
a<wi} <O and for all « < wy, cof(dy) > wa. Then there is a sequence ((Pa, =Zqa) : @ < wi) so that for all

a < wi, g 18 a prewellordering on P, of length §, so that the associated surjective norm @g, @ Py — 04 18
> bounded.

Proof. Let § = sup{d, : @ < w;} which is less than © by assumption. Let <s denote a prewellordering
on R of length 6. Let T’ be a nonselfdual pointclass closed under V&, 3% A, v, having the prewellordering
property, and containing <s (for example, Zf(jé’R)). Then o(T') > §. Let A* be a universal set in I" and
note that rkyy (A*) = o(T). Define a relation S C WO x R by S(w, ) if and only if X [A*] is a £} bounded
prewellordering of length d,¢(,,), where recall that ¥, : R — R is the continuous function coded by the real
x. Note that dom(S) = WO since by Fact for each a < wy, there is a ¥} bounded prewellordering
(P, =) of length 6, so that (P, <) <w A*. By the Moschovakis coding lemma, there is a 31 relation
R’ C S so that for all & < wy, B’ N (WO, x R) # 0. Define R C WO x R by R(w,z) if and only if
(Fv)(v € WO Aot(v) = ot(w) A R (v,z)). Note that R is 31 and dom(R) = WO. By the scale property on
31 and its associated uniformization properties, let ® : WO — R be a uniformization for R, which means
for all w € WO, R(w,®(w)). For each w € WO, let (Q,, <) denote the X} bounded prewellordering of

length 044y coded by Z;(lw)[A*]. Let @u : Qu — dot(w) be the associated surjective norm of (Qu, <w).

For each o < wy, let P, cousists of the collection of (w,x) such that w € WO, and & € R with the
following two properties.

(1) p¥ is a Player 2 strategy for #-games on .
For each p € “(<“a), let sh, = p(n). Let (s5,., : n € w) and (2! : i € w) be the response of
Player 2 using p¥. Let f(w,z,p) = sh"s)"sh... and let 3(w,x,p) € R be defined by 3(w,z,p)(i) = 2F.
(2) There exists a By < 0o so that for all p € “(<“a),

3(w,z,p) € Qo (f(w,ep)) AN Vs (j(w,a.p)) (3(W, 7,D)) = Pu.e

where & is the generic coding function from Fact

Define ¢ : Py — 0o by o ((w,x)) = Buw,- Let <, be the prewellordering on P, induced from .

Claim 1: %, is surjective.

To see Claim 1: Fix a § < 6,. Let A = surj, which is a comeager subset of “a. Let B C surj, x R be
defined by (f, z) € B if and only if z € Qg(f) and pe(s)(2) = 8. Since f € surj, implies &(f) = a, one has
that dom(B) = surj, = A. Fact implies that there is a (w,z) with w € WO,, and = € R so that p¥ is a
Player 2 winning strategy in G% p. From the definitions, one has that (w,r) € P, and 1q((w,z)) = S.

Claim 2: 1, is 33 bounded.

To see Claim 2: Recall the following basic fact about Banach-Mazur type games. For any (w,z) € P,,
there is a comeager set K,, , of f € “a so that there exists a p : w — <“« such that f(w,z,p) = f. For each
f € Ky, there is a canonical p/'*® : w — <“a so that f(w,z,p/**®) = f. For a fixed f, there is a Borel
function with the property that given a (w, z) such that f € K, 5, the function will output plwe,

Let S C P, be Xi. Fix an f € surj,. Let S¢ = {(w,z) € S: (3p)(f(w,z,p) = f)} which is a 3} set. For
any (w,z) € Sy € S C Py, one has that 3(w,z,p/"*) € Qg(p). Thus Ty = {3(w,z,p""*) : (w,z) € Sy}
is a subset of Qg (s) and is Xj. Since ¢g(y) is X3 bounded, let 75 be the least ordinal below d, so that
venTsl Sy

For each v < 64, let B, = {f € surj, : 74 = v} and B, = {f € surj, : 74 < 7}. The claim is
that there is a v* so that B..,- is comeager. Suppose not, then for all v, B, is not comeager. Since
surj, \ B<y = Uw,2 - B, and wellordered union of meager sets are meager, one must have some ' > v such
that B,/ is nonmeager. Thus it has been shown that for all v < d,, there exists a 7/ so that v < ' < 4,
and B,/ is nonmeager. Let €y be the least ordinal € > 0 so that B¢ is nonmeager. Suppose 3 < w; and for
all ¢« < f3, ¢, has been defined. Let (g = sup{e, : ¢ < B} and observe that (g < d, since cof(do) = we and
B < wi. Let eg be the least ordinal e greater than or equal to (g so that B, is nonmeager. This defines
a sequence (B, : ¢t < wy) of disjoint nonmeager subsets of “«a. Since AD implies all sets of reals have the
Baire property, the existence of this sequence contradicts the countable chain condition of the topology on
“a. Thus it has been shown that there is a v* so that B~ is comeager.
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Now fix a (w,z) € S. Since Ky, and B.,~ are comeager, Ky, N Beys # 0. Let f € Ky o N By,
Observe that

’L/)a((w,(ﬂ)) = ﬁw,r = <p®(f(w,x,pf=w=z)(3(wvxapf’w’a:)) = P&(f) (5(w’x,pf,w,w)) <7r < 7*'

The second equation follows from the definition of (w,x) € P,. The third equation comes from the fact that
f € K, and the definition of p/*»*. The first inequality follows from the fact that 3(w,z, p/*:*) € Ty. The
second inequality is obtained from f € B<,~. Thus it has been shown that ¢,[S] C v*, and so v, satisfies
! bounding. O

4. GENERAL RESULT FOR ALL ORDINALS

This section will establish the two main results. Theorem [£.4] will show that there is no injection of [wy]<**

into “ON. Theorem [4.7| will show that there is no injection of [w;]“* into <“*ON.
The following is the good coding system for functions from € < w; into w;. Such coding systems are used
to prove partition properties.

Definition 4.1. (Martin, [2] Fact 4.9) Let € < w;. Fix w* € WO so that w* codes a wellordering with
domain w of ordertype € (assuming without loss of generality that w < €). For n € w, let ot(w*,n) € €
denote the rank of n in the wellordering w*. For each @ < €, let num(w*, &) € w denote the integer n so that
ot(w*,n) = a. Define decode : R — 2 (e x w;) by decode(x)(3,7) if and only if z[m*"Ml € WO,. Define
GCs,, CR by z € GCg, if and only if decode(z)(5,7).

Observe that if 2 € GCg , then for any { < wi, if decode(x)(5,£) holds, then one must have that v = &.
By AC%, for any f : e — wy, there is some 2 € R so that decode(x) is the graph of f.

This defines a good coding system (3}, decode, GCp , : f < €, < wi) for ‘wi. Let GC =, U,
Thus for all z € GC, decode(z) is the graph of a function f: e — wy.

GCps 1.

<wi

Fact 4.2. ([1]) Fiz e < w;. Let (21, decode, GCp - : B < €, < w1) be a fized good coding system for ‘w;. For
any club D C wy, there is a club C C D so that INC*(C), which is the set of x € GC so that decode(z) € [C]¢,
is TI3.

If e <wy and f:w:-e— wq, let block(f) : € = wy be defined by block(f)(a) = sup{f(w-a+n):n € w}.

Fact 4.3. ([2] Theorem 3.8; [1]) (Almost Everywhere Good Code Uniformization) Assume ZF + AD. Let
€ <wy and (X},decode, GCps, : B < w-€,7 < wi) be a good coding system for “ wy. Suppose R C [w1]S x R.
Then there is a club C C wy and a Lipschitz continuous function Z : R — R so that for all x € INC*¢(C),
R(block(decode(x)), E(x)).

Theorem 4.4. Assume ZF + AD + DCg. There is no injection of [w1]<** into “ON.

Proof. Suppose there is an injection @ : [w1]<“* — “ON. By the Moschovakis coding lemma, there is a
surjection 7 : R — [w1]<“*. Define ¥ : R X w — ON by ¥(r,n) = ®(v(r))(n). Thus U[R x w] is a surjective
image of R. There is a § < O so that Y[R x w| has ordertype ¢. This implies that that there is an injection
D' : jwy]<t — @ where § < ©. Thus it suffices to show that there is no injection @ : [w1]<*“* — “§ where
d < O. For the sake of contradiction, fix such an injection ®. For each € < w; and n € w, let O, : [w1]® — 4
be defined by @< (f) = ®(f)(n).

Claim: For each € < w; and n € w, there is a club C' C wy so that |5[[C]5]| < ws.

Given the claim, the theorem follows: If C'is a club, let AL, = {{ < ¢ : (3f € [C]S)(3En € w)(2(f)(n) = £}
Fixing an € < wj, one can use ACE and the claim to show that there is a sequence (C,, : n € w) so that for
all n € w, |®5[[Cr]¢]| = wi. Letting C' =, ,, Cn, one has that A; C U, ., ®,[[Cn]<] and hence [AG| < wy.

It has been shown that for all € < w1, there is a club C' so that |AL| < wy. By Fact there is a sequence
(Ce: € <wi) so that for all € <wi, |[AG | <wi. Let T =J,,, AG, and note that |T'| = w;. Observe that
if f €Uy, [CelS, then ®(f) € “T. Since @ is an injection, [, [Cels| = |[wi1]<**], and |T| = w;, one has
that @ induces an injection of [w1]<“* into “w;. This is impossible by Fact

Thus it remains to show the claim: Now fix € < w; and n € w. Let S_1 = {d}. Suppose k € {—1} Uw and
Sk C 6 + 1 has been defined with |Si| < wy. Let SY = {y € S : v is a successor ordinal}, Si = {y € S :
7 is a limit ordinal and cof(y) < w1}, and S = {y € S, : v is a limit ordinals and cof(y) > w;}. (If any of
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S’g, Sli, or S,% are empty, then disregard the corresponding case in the following construction. Thus assume
all three sets are nonempty.) Let ¢ : w1 — S,g, 1w — S’,i, and o : w1 — S,% be surjections.

Let ¢¢ = 1o(&) which is a successor ordinal. Let ¢¢ be the predecessor of .

Let ve = ¢1(§). Applying Fact to (ve + € < wi), there is a sequence (K¢ : & < wy) so that for all £ < wy,
K¢ Cue, |Ke| < wi, and sup K¢ = vg.

Let 6¢ = t2(€). Applying Fact to (0¢ : € < wr), there is a sequence ((Pe, <¢) : £ < wy) of prewellorder-
ings so that for each &, (P, =¢) is a X3 bounded prewellordering of length d¢ with ¢ : P — J¢ being its
associated surjective norm.

Fix an f € [wi]5. Consider the relation Sy € WO x R defined by Sy(w, ) if and only if (2 € Pygyw)) A
(®5(f) < Pot(w) (). Note that w € dom(Sy) if and only if ®F(f) < dop(w)- Fix a X3 set U C R x R? which
is universal for 3 subsets of R%. By the Moschovakis coding lemma, there is a z € R so that U, C Sy and
for all £ < wy, U, N (WO¢ x R) # 0 if and only if Sy N (WO¢ x R) # 0. Such a z € R will be called an
f-selector.

Define T' C [w1]¢ X R by T'(f, 2) if and only if z is an f-selector. Note that dom(T") = [w1]S. After fixing
a good coding system (X1},decode,GCps : 8 < w-€,7 < wy) for ““w; and using Fact there is a club
D C w; and a Lipschitz function = : R — R so that for all € Inc” (D), T(block(decode(z)),E(x)). By
Fact there is a C’ C D so that Inc”"¢(C") is IT. Thus ZE[Inc”"“(C")] is a X3 set. Let C C C’ be the club
subset of limit points of C’. Fix a £ < w;. Let

Ve ={x: (32)(3w € WO¢)(z € E[Inc”“(C")] AU, (w, x))}.

Ve is X3 and Ve C P since all elements of Z[Inc*(C’)] are f-selectors for some function f (so that there
exists an u € Inc”"“(C’) with block(decode(u)) = f). Since P: is X3 bounded, there is a v < d¢ so that
@e[Ve] € . Note that if f € [C]S, then there is a u € Inc”“(C”) so that block(decode(u)) = f. (To see this,
because f € [C], there is a g € [C']* € so that block(g) = f. Choose u € GC so that decode(u) = g.) Then
E(u) is an f-selector. If ®f,(f) < d¢, then there is some w € WO¢ and = € P: so that Uz, (w, ). Hence
x € Vg and therefore @5, (f) < pe(x) < v < .

Thus it has been shown that there is a club C so that for all £ < wy, there is an ordinal v < d¢ with
@F(f) < or (f) > ¢ for all f € [C]S. For each £ <wy, let 57 be the least ordinal v < ¢ so that for all
f € [CI5, @5() < 7 or @,(f) > de.

Now let Sky1 = {5 1 € <wi} U (Ugoy, Ke) U{0; : € <wi}. Note that Sy11 has the following property.

(1) Sg+1 €6 and |Sk+1| = wi.

(2) If £ € S is a successor ordinal, then its predecessor belongs to Sk1.

(3) If € € Sk is a limit ordinal with cof(¢) < wy, then sup(Sk+1 NE) = &.

(4) There is a club C so that for all £ € Sy with cof(§) > w1, there is a £* < £ with £* € Sk41 so that
for all f € [C]<, B5(f) < € or D5(f) > €.

The construction of Siy1 depends on S C ¢ and the surjections ¢, t1, and 3. Since § < O, there is a
surjection of R onto &?(§). Thus DCg is sufficient to create a sequence (S : k € w) so that the relation
between S}, and Sy is as specified above. Let S = J, ., Sk and observe that |S| = w;.

Using ACE, there is a sequence (C : k € w) which witnesses (4) for Sy (recall S_; = {6}). Let C =
Mkew Ck, and one will show that ®¢[[C](] € S. So suppose otherwise that there is an f € [C]{ so that
@ (f) ¢ S. Let v =@, (f). Let v_1 = 4. Suppose vy, € Sy, has been defined with v < vy. If vy, is a successor
ordinal, then by (2), the predecessor ¢ of v belongs to Sk11. Since v € S, ¢ € Spy1, and v < v, one has
v<¢<¢+1=uwg If cof(v) < wq, then (3) implies there is some ordinal { € Si41 such that v < { < .
If cof(vg) > wi, then by (4) for Sk, there is a v} € Sky1 so that ®5(f) = v < v} <. Thus in all cases, let
V41 be the least ordinal { € Si41 so that v < ¢ < vg. Then (v : k € w) is an infinite descending sequence
of ordinals which is impossible.

It has been shown that there is a club C' C w; so that ®[[C]¢] € S. Since |S| < wy, |P5[[CIE]] < wi.
This proves the claim. |

The next result is the almost everywhere continuity property for functions of the form ® : [w1]“* = wy. It
follows from the almost everywhere short length club uniformization for relations of the form R C [wq]5“" x
club,,, which are C-downward closed in the club,, coordinate ([4] Theorem 3.10) proved under AD. Unlike
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Fact the everywhere version of this uniformization fails in L(R) = AD ([4] Fact 3.9); however, the
everywhere version does hold under ZF 4+ ADg ([4] Theorem 3.7).

Fact 4.5. ([4] Theorem 4.5) Assume ZF + AD. Let ® : [w1]** — wyi. Then there is a club C C wy so
that @ | [C]¥* is continuous. That is, for all f € [C]¥", there is an o < wy so that for all g € [C]¥Y, if
fla=gla then ®(f) = 2(g).

Fact 4.6. ([4] Theorem 4.6) Assume ZF + AD. For all functions ® : [w1]¥* — wq, there is an oo < wy so that
[~ {a ]| = [l ]2
Proof. By Fact there is a club so that ® [ [C]¥* is continuous. Pick any f € [C]¥* and let 8 = ®(f).

By continuity, there is an a < w; so that for all g € [C]¥* with f | @ = g | a, ®(g9) = ®(f) = B.
Let Nfcfa ={g€[C]¥r : g | «a = f | a}. Note that \Nfcra| = |[w1]¥"| and Nfcra C ®71[{B}]. Thus

27 {BH] = [lwr]e . O

The above argument is inefficient since it uses the almost everywhere continuity property (Fact 4.5) which
follows from a suitable almost everywhere club uniformization property. The proof of this club uniformization
property at a cardinal § requires more than § being a strong partition cardinal and even more than the
existence of a good coding system for %3. [1] isolates a strengthening of the good coding system sufficient to
prove the necessary club uniformization and the almost everywhere continuity property. However, Fact [£.6]
can be proved by purely combinatorial arguments using only the strong partition property. In particular,
[1] shows that under ZF, if § is a cardinal so that § —, (0)3, & € ON, and ® : [§]2 — &, then there exists an
a < k so that |~ [{a}]| = |[0]2].

Theorem 4.7. Assume ZF + AD + DCg. There is no injection of [w1]** into <“*ON.
Assuming just ZF + AD, =(|[w1]¥*] < <" (wy)])-

Proof. Since R surjects onto [w1]“* by the Moschovakis coding lemma, any injection Y : [w]** — <“*ON

induces an injection ® : [w1]“' — <¥14 for some § < ©. If o0 € <14, then let length(o) = |o|. Let

U [w1]“* — wy be defined by ¥ = length o ®. By Fact and the fact that |[w1]¥*| = |[w1]“*], there is an

€ < wy so that |U~1[{e}]| = |[w1]*!]. So ® : ¥~1[{e}] — 6 induces an injection from [w;]<“! into “§ since

[[wi]<“t] < |[w1]*“?| and |6| = |“d]. However this is impossible by Theorem The second result is the

same argument using Theorem [2.9 |
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